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Resonant flux motion andl -V characteristics in frustrated Josephson junctions
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We describe the dynamics of fluxons moving in a frustrated Josephson junctiop-ith, and f-wave
symmetry and calculate thieV characteristics. The behavior of fluxons is quite distinct in the long- and
short-length junction limits. For long junctions the intrinsic flux is bound at the center and the moving integer
fluxon or antifluxon interacts with it only when it approaches the junction’s center. For small junctions the
intrinsic flux can move as a bunched-type fluxon introducing additional steps ih-Yheharacteristics. A
possible realization in quantum computation is presented.
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[. INTRODUCTION contains an intrinsic half-fluxon, is current biased the half-
fluxon becomes unstable for certain values of the external
The determination of the order parameter symmetry incurrent with respect to transforming into an anti-half-fluxon
high-T, superconductors is a problem which has not yet beemnd emitting an integer fluxatf.Also when a 07-0 junc-
completely solved=® The Josephson effect provides a tion, which contains two half vortices, is current biased, for
phase-sensitive mechanism to study the pairing symmetry afertain critical current, a transition occurs between the two
unconventional superconductors. In Josephson junctions irdegenerate fluxon configurations and a voltage pulse is
volving unconventional superconductors, the sign change ajenerated?
the order parameter with angle measured fromxlais in In this paper we study the dynamic properties of fluxons
the ab plane introduces an intrinsic phase shift®fin the  and calculate thé-V characteristics in frustrated junctions
Josephson current phase relation or alternatively a negatiwgith B4, E,, andB,¢X E, pairing symmetry. The last two
Josephson critical current. The effect of shifting the phase bgre candidates pairing states for ruthendt@he nodeless
7 is equivalent to shifting the critical current versus the mag{-wave order parameter witk, symmetry has been pro-
netic flux pattern in a superconducting quantum interferenc@osed by Rice and SigrfStwhile the B1¢X Ey has been pro-
device (SQUID) that contains ar junction (called a frus- posed by Hasegawet al?! In junctions involving unconven-
trated junction by ®y/2, where ®,=h/2e is the flux tional superconductors the behavior of fluxons is typically
quantun? different in the long- and short-length junction limits. In the
The presence of spontaneous or trapped flux is a generling limit the fractional fluxon is confined at the center and
property of systems where a sign change of the pair potentidhe moving fluxon interacts with it only when it approaches
occurs in orthogonal directions kspace. Its existence has the center. However, in the short limit the bound fluxon be-
been predicted for example in ruthendtedere the pairing comes able to move as a bunched-type solution with integer
state is triplet as indicated in Knight shift measurem&nts or half-integer magnetic flux. For the,, case thd -V pat-
and the time-reversal symmetry is broken as shown by théern is shifted by a voltage that corresponds to the intrinsic
muon spin rotation £SR) experiment where the evolution phase shift. Also the frustrated Josephson junction can be
of the polarization of the implanted muon in the local mag-considered as a way to build a quantum “bigjubit) which
netic environment of the superconductor gives informations the generalization of the bit of the classical computer. A
about the presence of a spontaneous magnetic field. Morgeadout and a preparation protocol is proposed.
over, the pairing state has line nodes within the gap as indi- The article is organized as follows. In Sec. Il we develop
cated by specific heat measureméAfhis spontaneous flux the model and discuss the formalism. In Sec. Ill we present
shows a characteristic modulation with the misorientatiorthe results for the long-junction and in Sec. IV for the
angle within the Ru@ plane that can be checked by shorter-junction limits. In Sec. V we discuss the implemen-

experiment? tation of the qubit and finish with the conclusions.
The one-dimensional Josephson junction with total reflec-
tion at the end boundaries, betweswave superconductors, Il. CORNER JUNCTION MODEL

supports modes of the resonant propagation of fluxois.

the plot of the current-voltagel{V) characteristics these =~ We consider the junction shown in Fig(al between a
modes appear as near-constant voltage branches known $igerconductoA with a two-component order parameter and
zero-field stepg(zps’s)_ﬁ—” They occur in the absence of @ superconductdB with sswave symmetry. The supercurrent
any external field. The ZFS'’s appear at integer multiple ofdensity can be written as

Vi=®,cs/l, wherecg is the velocity of the electromagnetic

waves in the junction antdis the junction length. The mov- J(Pp)=T,sin(p+ b)), (h)
ing fluxon is accompanied by a voltage pulse which can be 5
detected at the junction’s edges. where J.. is the Josephson critical current densidy,is the

When the contact between a 0 amdjunction, which  relative phase difference between the two superconductors,
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with the following in-line boundary conditions:
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— D ax| T2 &

where the timé is in unitScogl, wherewy= \ 2. /D ,C is
the Josephson plasma frequency @nid the capacitance per
unit length. y=G/wyC is the damping constant which de-
b pends on the temperature, aGd * is an effective normal
(b) resistance. The value used in the numerical calculations
vy=0.01. The lengthx is normalized in units of the Joseph-
son penetration depth;=\®o/27J.L,, andL, is the in-
d,p, or f-wave ductance per length and is given ly,=ud, whered
=2\ +1t,y is the magnetic thickness of the junctioy, is
the London penetration depth,, is the thickness of the in-
sulating oxide layer, anglo=4mx 10"’ H/m. The velocity
of the electromagnetic waves in the junction is givency
=4L,C. I is the normalized inline bias current in units of
Ayde.

In a previous publicatidhwe used overlap boundary con-
s-wave ditions, where the current is uniformly distributed in space.
However, in actual experiments in tlsavave case, the bi-
ased current in the overlap geometry may be concentrated at
the edges within a length; rather than distributed in
spacé®® Therefore it is more appropriate to use in-line

S

FIG. 1. (a) A single Josephson junction between superconduct

ors A and B with a two-component order parameter. Also a small o !
. T R boundary conditions. However, in the case of the overlap
coordinate system indicatirjandb crystalline directions is shown.

(b) The geometry of the corner junction between a mixed-symmetrype.ometry only details of the fl.uan propagation are quanti-
superconductor and awave superconductor. tatively different, e.g., the oscillations of the bound fluxons

about their equilibrium position and their interaction with the
d_moving fluxons. However, the basic physics of the problem,
I.e., the shift of the voltage values, is independent of the
choice of boundary conditions.

and ¢, is the intrinsic phase shift. We describe a frustrate
junction of lengthl; i.e., the two segments have different
characteristic phases, i.@h; in 0<x<I1/2 and ¢, in 1/2
<x<l. By introducing an extra relative phase in one part of
this junction, this one-dimensional junction can be mapped . LONG-JUNCTION LIMIT
in the corner junction that is seen in Figbl The charac-
teristic phasesp;; and ¢, distinguish the various pairing
symmetries and can be seen in Table I. For the orientation q}, J:0n The number of grid points i¥=1000. We discuss
the junction that we consider in which tleeand b crystal first the case where the junction length is lohg20. We

axes gre Galg r_lght~angles to the_ _mterface a Slmplepresent in Fig. 2 thé-V characteristics for the first and sec-
calculatior?®*® gives J;=1 for the pairing states that we ond zFS's that correspond to the case where one or two

A fourth-order Runge-Kutta method with fixed time step
t=0.01 was used for the integration of the equations of

consider. . S fluxons are moving into the junction. The pairing stat8ig
~ The phase difference across the junction is then the solyy), £, (b), and B1,XE, (). For By, the external current
tion of the time-dependent sine-Gordon equation cannot move the fractional fluxorf{) which is confined at

x=0 [see Fig. 8)]. However, for certain values of the bias
TABLE I. We present the characteristic phagkg and ., for  cyrrent theff is transformed into an fractional antifluxon
the various pairing symmetrieshc, and ¢, are the extra phase (faf) and an integer fluxofF) is emitted which is traveling
differences in the two edges of the corner junction due to the dify, the |eft. TheF hits the left boundary and transforms into
ferent orientations of tha axis of the crystal lattice. an integer antifluxon&F) which moves to the right. When
the AF reaches the center it interacts with theef but is not

Pairing state a1 o2 able to change its polarity and results in faf and anAF
Big 0 T moving to the right. The antifluxon hits the right boundary
E, 0 —ml2 and transforms into a fluxon which moves to the center
B1gXEy 0 w2 where it meets the oscillatinga f and interacts with it, form-

ing aff, and the period is completed.
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FIG. 3. Phaseap(x) vs x for the solutions in the first ZFS, at
various instants, during one period separated Aoy=2.8. The
curves are shifted by 0.5 to avoid overlappihg.20, | =1.6, and
y=0.01: (@ ff and(b) faf. The pairing state i8,, wave.

full period of motion back and forth takes time=2I/cg
=40, and since the overall phase advancers the normal-
= ized voltage will beV= ¢,=47/40=0.314 for the first ZFS.
0 02 04 06 08 1 So when the junction length is large, the ZFS’s occur at the
Normalized voltage same values of the dc voltage independently of the pairing
symmetry, since one full fluxon or antifluxon propagates in
FIG. 2. Normalized current vs the normalized voltage for thethe junction. These values match exactly the ones for con-
in-line geometry, for the first and second ZFS's. The solutions forventionals-wave superconductors junctions. The direction of
the first ZFS are théf andfaf corresponding to a bound fluxon or the voltage pulse depends on the sign of the intrinsic flux and
antifluxon in the junction’s center. For the second ZFS the solution€an be used for the qubit implementation.
are labeled by the relative distance between the fluxbnswhere The different character of the various fluxon solutions can
=20 is the junction length, ank=1,2,3,6, respectively,y  also be seen from the plot of the instantaneous voltagat
=0.01. The pairing state iéa) B;, wave, (b) E, wave, and(c)  the center of the junction for the various fluxon configura-
B1gX E, wave. tions. This plot is seen in Fig. 4 for the solutions regarding
the first ZFS. During the time of one period three peaks
When afaf exists at the junction center, by applying the appear in this plot by the time the fluxgantifluxon) passes
external current it emits aAF which moves to the right and through the junction center. For the first ZFS thgevst plot
it converts itself to &f [see Fig. 88)]. The AF hits the right can be used to probe the existence offaor faf at the
boundary and transforms intoFawhich moves to the left. junction center. The height of the middle peak is smaller for
When theF reaches the center it interacts with theand a boundff at the junction center than for a bouhdf. We
results in af f and aF moving to the left. The fluxon hits the note that for theswave case theb; vs t pulses have equal
left boundary and transforms into an antifluxon which movesheight for the forward and backward directions. The plot of
to the center where it meets the oscillatiffgand interacts ¢, at the edges shows two peaks at time instants which differ
with it, forming afaf, and the period is completed. by half a period. The characteristic oscillations &f be-
In the relativistic limitcg~1 reached at high currents a tween the peaks are due to the oscillation of the bound solu-
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FIG. 4. Instantaneous voltage in the middle of the junctian ( t

=0) vs timet, for the solutions in the first ZFS=20, y=0.01, FIG. 5. () Normalized current vs the normalized voltage for the

andl=16: (8 ff and(b) faf. The pairing state i8,, wave. in-line geometry, for theff solution, for different values of the

. . . I damping constany. | =20. The pairing state iB;, wave.(b) In-

tion about _the junction center. These oscillations have th%tantgngous voItane in the middF:e of?he junctiéqm()) ve tir)net,

same amplitude for théf andfaf cases. . for the solutionff, | =20 andl =1.6. The pairing state 8,4 wave.
For the B;4 case the bound fluxon and antifluxon have o damping constant ig=0.03.

equal magnitudes or contain equal magnetic flux and the

critical current is the same as seen in Figp)2However, for

theE, case thd f contains less flux thafaf and has smaller

critical current as seen in Fig(l9. For theB,,X E, case the

shifts thel-V curve upwardgsee Fig. 5a)] and the fluxon

reaches the critical current velocity only for currents that are

ff contains more flux thafiaf and has greater critical cur- Very close to the critical current where the jump to the resis-
tive branch occurs. In this case the ZFS’s are not “vertical.”

rent as seen in Fig.(@). ; X
For the second ZFS multiple solutions exist in which two !N the plot of the instantaneous voltage at the middle of the

fluxons are propagating in the junction in different configu-junction versus the timgsee Fig. )] the difference in
rations. These solutions can be classified depending on tH¥ight between the peaks when theor AF interacts with
fluxon separation as seen in Fig. 2 and give distinct criticaf® boundff is larger for greater values of damping. The
currents in thd -V diagram. For all the modes in the second Scillations between the peaks become very large by increas-

ZFS we can estimate the value of the constant dc voltag9 the damping and finally make the solution unstable. We
where they occur as follows. A full period of motion back believe that these solutions are more stable for small values

and forth takes timd =40, and since the overall phase ad- of the damping at least for in-!ine bogndary conditiqns. In

vance is &, in the relativistic limit whereu=1 reached at € overlap casénot presented in the figuréhese solutions

high currents, the dc voltage across the junction will\be are more stable compared to the in-line case.

=0.628. So compared to the case of conventigiaiave

superconductor junc'gions we obser\{e seyeral curves for the IV. SHORT-LENGTH LIMIT

second ZFS depending on the relative distance between the

fluxons and this may be used to probe the presence of intrin- When the junction length is small=2 the fractional

sic magnetic flux. fluxon or antifluxon does not remain confined at the junc-
We also considered damping effects due to the quasipation’s center but is able to move along the junction as a

ticles because the Josephson junctions made of higha-  bunched-type solution. The moving fluxon configuration

terials are highly damped. In tHeV curves higher damping could have fractional flux and additional steps are introduced
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FIG. 6. Normalized current vs the normalized voltage for the ~ FIG. 7. Phas@(x) vsxfor the solutions in the first three ZFS's,
in-line geometry, for a junction of length=2 and y=0.01. The at various instants, during one period separated\by=-0.2. The
different modes are labeled by the value of the normalized voltag®@iring state isB, wave. The curves are shifted by 0.5 to avoid
divided by in which they occur. The pairing state(@ By, wave, ~ Overlappingl=2,1=0.25, andy=0.01.

(b) E, wave, and(c) B4 X E, wave. ) ) o
the normalized voltage will b& = 7/2 as seen in Fig. (@)

in thel-V diagram. We plot in Fig. 6 thé-V characteristics for the solution labeled as 1/2. Note that this value is half of
for theBq4-, Ey-, and B14X E,)-wave pairing states, for the the case where a full fluxon moves into the junction. In Fig.
small junction lengtH = 2. 8(a) we plot theg, vst at the center of the junction where the
For theB,4 pairing state and the first ZFS, the moving successive peaks correspond to the passage of the fluxon
fluxon configuration to the right is a combination of a frac- combination from the junction center. Tl pulse is com-
tional fluxon and a fractional antifluxon which contains half- posed of two peaks, a positive and a negative one, corre-
integer magnetic fluxsee Fig. 7a)]. When it hits the right sponding to theAF and ff for the fluxon traveling in the
boundary it transforms to a configuration with opposite signforward direction. The pulse structures corresponding to the
of flux which moves to the left. Then it hits the left boundary forward and backward directions are the same due to the
and transforms into a configuration that moves to the centesymmetrical configuration of the fluxons traveling in the for-
and the period is completed. In the relativistic limit reachedward and backward directions.
at high currents a full period of motion back and forth takes It is also possible to have solutions where an integer
timet=2I/cg=4, and since the overall phase advancess 2 fluxon plus a fractional fluxon is propagating into the junc-
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15 . . . . V=5mx/2 as seen in Fig.(@) for the solution labeled as 5/2.
(a) In Fig. 8(c) we plot ¢, vst at the center of the junction where
; ) A 1 1 the periodic pattern of three peaks corresponds to the passage
10 ¢ 1 of the integer fluxons and the half-integer fluxon from the

I

I

i junction’s center.

,' | So for theB,, pairing state the ZFS'’s appear at values of

| 1
l
ol
} \ \ I
<9 | ‘l | ll the normalized voltage that are displaced by 1/2 compared to
| i | i | the case ols-wave superconductor junctions. This value of
0 v/ }/ “M/ | / | | the voltage corresponds to the intrinsic phase shift. This is
," i i ‘\,r' l”' analogous to the shift of the critical current versus the mag-
i i i \ \ netic flux in a corner SQUID ofi-wave superconductdrs
—2140 5143 B4 548 Bi4E 215D and is expected to be confirmed by experiment.

For theE, and B;gXE, cases, we can have additional
solutions where the moving fluxon has integer flux and the
voltage steps appear at valuds=ns in addition to V
,,'Q =nm/2 as seen in Figs.(6) and Gc) for solutions labeled
Bt with integer numbers. For thB,,-wave case the forward
i and backward configurations are symmetric and successive
,' ] peak structures in theé; vst diagram have the same form. In
,’ the E, andB,4X E, cases, successive peaks, corresponding
|
|
|
/

{

125 +

o,

|
l'
7.5 !
l
|
|

to the structure of the fluxon configuration that moves in the
forward and backward directions, have different amplitudes,
indicating that the fluxon configurations moving in the for-
ward and backward directions have different structure.

: . . . . We examined also the case where the pairing symmetry of
2140 2142 2144 2146 2148 2150 the superconductor id+is. In this case, due to the differ-

t ence in the flux content of the static solutionthe critical

15 . . currents for theff and faf modes of the first ZFS do not
(c) coincide.

2.5

———

10 V. QUBIT IMPLEMENTATION

Also the frustrated junction could be considered as a way
to build a qubit. This idea has also been implemented using
swaveH-waveb-wave junction exhibiting a degenerate
ground state and a double-periodic current-phase refdtion
or superconducting Josephson junction arfdysso the dy-
namics of a Josephson charge qubit, coupled capacitively to
%140 2142 2144 2146 2148 2150 a current-biased Josephson junc_tion, _has been stériite o

t two segments of the frustrated junction have characteristic
energiesE(¢) andE(¢+ 7), and the resulting energy ex-

FIG. 8. Instantaneous voltage in the middle of the junctien ( hibits a degenerate ground state. The bofihdndfaf can
=0) vs timet, for the solutions in the first three ZFS’s. The pairing be considered as the two quantum levels of our system.
state isB;4 wave.l=2, y=0.01, and =0.25. A possible method to prepare the system in the desired

ground state, i.eff or faf, is to apply an external magnetic
tion [see Fig. T)]. In this case the magnetic flux is equal to field (positive or negativeand then slowly decrease it. De-
1.5. In a junction of lengthi=2 the propagating fluxon ac- pending on the sign of the external field the system will go
complishes an overall phase advance af i a full period  either in theff or in the faf state. Another method is to
T=4. Thus the voltage across the junction will B¢ consider the modulation of the intrinsic magnetic flux with
=3m/2 as seen in Fig.(@) for the solution labeled as 3/2. In the misorientation angle proposed in our previous work.
Fig. 8b) we plot ¢, vst at the center of the junction where  The flux state can be determined by applying an external
the successive peaks correspond to the passage of the fluxomrrent. A bunched-type solution containing 05d.5) flux
combination from the junction center. The moving fluxon oris generated if the actual ground state of the system is
antifluxon has internal structure and therefore a double-peakf (faf) which propagates into the junction to the left
structure appears in thé; vst diagram. (right) and generates a voltage pulse which can be deter-

Finally in Fig. 7(c) we presenip(x), for the case where mined at the boundaries.
two integer fluxons with a fractional fluxon in between move  In theE, andB,4X E, cases the actual ground state of the
into the junction. This configuration contains magnetic fluxsystem is not degenerate; i.e., thieandfaf carry different
equal to 2.5. Thus the dc voltage across the junction will bélux. Moreover, the traveling fluxon caring half the flux

2
<
<
<.
<

———
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guantum to the left has different structure than the one travjunction. However, the change of the junction contour was
eling to the right and thep, at the ends are different for the not a problem for the realization of the intrinsic fluxon in the
ff andfaf. In the long-length limit the presence of tli¢  static problem, so why should it prevent the realization of its
andfaf at the center can be deduced from a measurement afiotion?

the ¢, at the edges since the direction of the moving integer We should also mention that when a conventigialave
flux depends on the sign of the intrinsic flux. In this case theJosephson junction is biased with external magnetic field,

intrinsic flux cannot escape from the junction’s center. Fiske steps(FS’s) occur in thel-V characteristics with a
voltage asymptote spacing just half of the ZF&'Fhis situ-
VI. CONCLUSIONS ation is analogous to what we have reported in the present

paper for frustrated junctions where the role of the external
The fluxon dynamics in frustrated Josephson junctionsnagnetic field plays the intrinsic field.

with p-, d-, andf-wave pairing symmetry is different in the A final comment is that the frustrated junctions that we
long- and short-junction limits. Whehis large, the bound  consider in this paper are realized in thebj plane of the
intrinsic flux remains confined at=0, and the moving inte-  ynconventional superconductors due to the sign change of
ger fluxon or antifluxon interacts with it only when it ap- the order parameter. This type of junctions is different from
proaches the center. However, when the length is small thg,e series array of intrinsic Josephson junctions in High-
bound fluxon becomes able to move as a bunched-type solgypercondcutors where the Josephson effect is observed in

tion. Ford-wave junctions the-V curves are displaced by a the ¢ axis, for instance, in BBr,CaCuOg crystals?®
voltage that corresponds to the intrinsic phase shift.

The resonant fluxon motion also can be determined ex-
perimentally in one-dimensional ferromagnetic#0junc- ACKNOWLEDGMENTS
tions where the width of the ferromagnetic oxide layer deter-
mines the region of the junction where the Josephson critical Part of this work was done at the Department of Physics,
current is positive or negativ&?’ In this case the junction University of Crete, Greece. The author wishes to thank Dr.
contour does not have to change as in the case of a cornd. Lazarides for valuable discussions.
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