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Resonant flux motion andI -V characteristics in frustrated Josephson junctions

N. Stefanakis
CNRS-CRTBT, 25 Avenue des Martyrs, BP 166-38042, Grenoble ce´dex 9, France

~Received 13 February 2002; revised manuscript received 23 July 2002; published 31 December 2002!

We describe the dynamics of fluxons moving in a frustrated Josephson junction withp-, d-, and f-wave
symmetry and calculate theI -V characteristics. The behavior of fluxons is quite distinct in the long- and
short-length junction limits. For long junctions the intrinsic flux is bound at the center and the moving integer
fluxon or antifluxon interacts with it only when it approaches the junction’s center. For small junctions the
intrinsic flux can move as a bunched-type fluxon introducing additional steps in theI -V characteristics. A
possible realization in quantum computation is presented.
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I. INTRODUCTION

The determination of the order parameter symmetry
high-Tc superconductors is a problem which has not yet b
completely solved.1–8 The Josephson effect provides
phase-sensitive mechanism to study the pairing symmetr
unconventional superconductors. In Josephson junctions
volving unconventional superconductors, the sign chang
the order parameter with angle measured from thex axis in
the ab plane introduces an intrinsic phase shift ofp in the
Josephson current phase relation or alternatively a nega
Josephson critical current. The effect of shifting the phase
p is equivalent to shifting the critical current versus the ma
netic flux pattern in a superconducting quantum interfere
device ~SQUID! that contains ap junction ~called a frus-
trated junction! by F0/2, where F05h/2e is the flux
quantum.2

The presence of spontaneous or trapped flux is a gen
property of systems where a sign change of the pair pote
occurs in orthogonal directions ink space. Its existence ha
been predicted for example in ruthenates9 where the pairing
state is triplet as indicated in Knight shift measuremen10

and the time-reversal symmetry is broken as shown by
muon spin rotation (mSR) experiment11 where the evolution
of the polarization of the implanted muon in the local ma
netic environment of the superconductor gives informat
about the presence of a spontaneous magnetic field. M
over, the pairing state has line nodes within the gap as i
cated by specific heat measurements.12 This spontaneous flux
shows a characteristic modulation with the misorientat
angle within the RuO2 plane that can be checked b
experiment.13

The one-dimensional Josephson junction with total refl
tion at the end boundaries, betweens-wave superconductors
supports modes of the resonant propagation of fluxons.14 In
the plot of the current-voltage (I -V) characteristics thes
modes appear as near-constant voltage branches know
zero-field steps~ZFS’s!.15–17 They occur in the absence o
any external field. The ZFS’s appear at integer multiple
V15F0cS / l , wherecS is the velocity of the electromagneti
waves in the junction andl is the junction length. The mov
ing fluxon is accompanied by a voltage pulse which can
detected at the junction’s edges.

When the contact between a 0 andp junction, which
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contains an intrinsic half-fluxon, is current biased the ha
fluxon becomes unstable for certain values of the exte
current with respect to transforming into an anti-half-flux
and emitting an integer fluxon.18 Also when a 0-p-0 junc-
tion, which contains two half vortices, is current biased,
certain critical current, a transition occurs between the t
degenerate fluxon configurations and a voltage pulse
generated.19

In this paper we study the dynamic properties of fluxo
and calculate theI -V characteristics in frustrated junction
with B1g , Eu , andB1g3Eu pairing symmetry. The last two
are candidates pairing states for ruthenates.9 The nodeless
p-wave order parameter withEu symmetry has been pro
posed by Rice and Sigrist20 while theB1g3Eu has been pro-
posed by Hasegawaet al.21 In junctions involving unconven-
tional superconductors the behavior of fluxons is typica
different in the long- and short-length junction limits. In th
long limit the fractional fluxon is confined at the center a
the moving fluxon interacts with it only when it approach
the center. However, in the short limit the bound fluxon b
comes able to move as a bunched-type solution with inte
or half-integer magnetic flux. For theB1g case theI -V pat-
tern is shifted by a voltage that corresponds to the intrin
phase shift. Also the frustrated Josephson junction can
considered as a way to build a quantum ‘‘bit’’~qubit! which
is the generalization of the bit of the classical computer
readout and a preparation protocol is proposed.

The article is organized as follows. In Sec. II we devel
the model and discuss the formalism. In Sec. III we pres
the results for the long-junction and in Sec. IV for th
shorter-junction limits. In Sec. V we discuss the impleme
tation of the qubit and finish with the conclusions.

II. CORNER JUNCTION MODEL

We consider the junction shown in Fig. 1~a! between a
superconductorA with a two-component order parameter a
a superconductorB with s-wave symmetry. The supercurren
density can be written as

J~f!5 J̃c sin~f1fc!, ~1!

where J̃c is the Josephson critical current density,f is the
relative phase difference between the two superconduc
©2002 The American Physical Society24-1
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and fc is the intrinsic phase shift. We describe a frustra
junction of length l; i.e., the two segments have differe
characteristic phases, i.e.,fc1 in 0,x, l /2 andfc2 in l /2
,x, l . By introducing an extra relative phase in one part
this junction, this one-dimensional junction can be mapp
in the corner junction that is seen in Fig. 1~b!. The charac-
teristic phasesfc1 and fc2 distinguish the various pairing
symmetries and can be seen in Table I. For the orientatio
the junction that we consider in which thea and b crystal
axes are at right angles to the interface a sim
calculation5,6,13 gives J̃c51 for the pairing states that w
consider.

The phase difference across the junction is then the s
tion of the time-dependent sine-Gordon equation

FIG. 1. ~a! A single Josephson junction between supercondu
ors A and B with a two-component order parameter. Also a sm
coordinate system indicatinga andb crystalline directions is shown
~b! The geometry of the corner junction between a mixed-symm
superconductor and ans-wave superconductor.

TABLE I. We present the characteristic phasesfc1 andfc2 for
the various pairing symmetries.fc1 and fc2 are the extra phase
differences in the two edges of the corner junction due to the
ferent orientations of thea axis of the crystal lattice.

Pairing state fc1 fc2

B1g 0 p
Eu 0 2p/2
B1g3Eu 0 p/2
21452
d
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d2f

dx2
2

d2f

dt2
5J~f!1g

df

dt
, ~2!

with the following in-line boundary conditions:

df

dx U
x50,l

56
I

2
, ~3!

where the timet is in unitsv0
21, wherev05A2p J̃c /F0C is

the Josephson plasma frequency andC is the capacitance pe
unit length.g5G/v0C is the damping constant which de
pends on the temperature, andG21 is an effective normal
resistance. The value used in the numerical calculation
g50.01. The lengthx is normalized in units of the Joseph

son penetration depthlJ5AF0/2p J̃cLp, and Lp is the in-
ductance per length and is given byLp5m0d, where d
52lL1tox is the magnetic thickness of the junction,lL is
the London penetration depth,tox is the thickness of the in-
sulating oxide layer, andm054p31027 H/m. The velocity
of the electromagnetic waves in the junction is given bycS

5ALpC. I is the normalized inline bias current in units o
lJJ̃c .

In a previous publication6 we used overlap boundary con
ditions, where the current is uniformly distributed in spac
However, in actual experiments in thes-wave case, the bi-
ased current in the overlap geometry may be concentrate
the edges within a lengthlJ rather than distributed in
space.22 Therefore it is more appropriate to use in-lin
boundary conditions. However, in the case of the over
geometry only details of the fluxon propagation are qua
tatively different, e.g., the oscillations of the bound fluxo
about their equilibrium position and their interaction with th
moving fluxons. However, the basic physics of the proble
i.e., the shift of the voltage values, is independent of
choice of boundary conditions.

III. LONG-JUNCTION LIMIT

A fourth-order Runge-Kutta method with fixed time ste
Dt50.01 was used for the integration of the equations
motion. The number of grid points isN51000. We discuss
first the case where the junction length is longl 520. We
present in Fig. 2 theI -V characteristics for the first and se
ond ZFS’s that correspond to the case where one or
fluxons are moving into the junction. The pairing state isB1g
~a!, Eu ~b!, and B1g3Eu ~c!. For B1g the external current
cannot move the fractional fluxon (f f ) which is confined at
x50 @see Fig. 3~b!#. However, for certain values of the bia
current thef f is transformed into an fractional antifluxo
( f a f) and an integer fluxon~F! is emitted which is traveling
to the left. TheF hits the left boundary and transforms in
an integer antifluxon (AF) which moves to the right. When
theAF reaches the center it interacts with thef a f but is not
able to change its polarity and results in anf a f and anAF
moving to the right. The antifluxon hits the right bounda
and transforms into a fluxon which moves to the cen
where it meets the oscillatingf a f and interacts with it, form-
ing a f f , and the period is completed.

t-
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RESONANT FLUX MOTION AND I -V . . . PHYSICAL REVIEW B66, 214524 ~2002!
When af a f exists at the junction center, by applying th
external current it emits anAF which moves to the right and
it converts itself to af f @see Fig. 3~a!#. TheAF hits the right
boundary and transforms into aF which moves to the left.
When theF reaches the center it interacts with thef f and
results in af f and aF moving to the left. The fluxon hits the
left boundary and transforms into an antifluxon which mov
to the center where it meets the oscillatingf f and interacts
with it, forming a f a f , and the period is completed.

In the relativistic limit cS'1 reached at high currents

FIG. 2. Normalized current vs the normalized voltage for t
in-line geometry, for the first and second ZFS’s. The solutions
the first ZFS are thef f and f a f corresponding to a bound fluxon o
antifluxon in the junction’s center. For the second ZFS the soluti
are labeled by the relative distance between the fluxonsl /x, where
l 520 is the junction length, andx51,2,3,6, respectively,g
50.01. The pairing state is~a! B1g wave, ~b! Eu wave, and~c!
B1g3Eu wave.
21452
s

full period of motion back and forth takes timet52l /cS
540, and since the overall phase advance is 4p, the normal-
ized voltage will beV5f t54p/4050.314 for the first ZFS.
So when the junction length is large, the ZFS’s occur at
same values of the dc voltage independently of the pair
symmetry, since one full fluxon or antifluxon propagates
the junction. These values match exactly the ones for c
ventionals-wave superconductors junctions. The direction
the voltage pulse depends on the sign of the intrinsic flux
can be used for the qubit implementation.

The different character of the various fluxon solutions c
also be seen from the plot of the instantaneous voltagef t at
the center of the junction for the various fluxon configur
tions. This plot is seen in Fig. 4 for the solutions regardi
the first ZFS. During the time of one period three pea
appear in this plot by the time the fluxon~antifluxon! passes
through the junction center. For the first ZFS thef t vs t plot
can be used to probe the existence of af f or f a f at the
junction center. The height of the middle peak is smaller
a boundf f at the junction center than for a boundf a f . We
note that for thes-wave case thef t vs t pulses have equa
height for the forward and backward directions. The plot
f t at the edges shows two peaks at time instants which d
by half a period. The characteristic oscillations off t be-
tween the peaks are due to the oscillation of the bound s

r

s

FIG. 3. Phasef(x) vs x for the solutions in the first ZFS, a
various instants, during one period separated byDt52.8. The
curves are shifted by 0.5 to avoid overlapping.l 520, I 51.6, and
g50.01: ~a! f f and ~b! f a f . The pairing state isB1g wave.
4-3
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N. STEFANAKIS PHYSICAL REVIEW B66, 214524 ~2002!
tion about the junction center. These oscillations have
same amplitude for thef f and f a f cases.

For the B1g case the bound fluxon and antifluxon ha
equal magnitudes or contain equal magnetic flux and
critical current is the same as seen in Fig. 2~a!. However, for
theEu case thef f contains less flux thanf a f and has smaller
critical current as seen in Fig. 2~b!. For theB1g3Eu case the
f f contains more flux thanf a f and has greater critical cur
rent as seen in Fig. 2~c!.

For the second ZFS multiple solutions exist in which tw
fluxons are propagating in the junction in different config
rations. These solutions can be classified depending on
fluxon separation as seen in Fig. 2 and give distinct criti
currents in theI -V diagram. For all the modes in the seco
ZFS we can estimate the value of the constant dc volt
where they occur as follows. A full period of motion bac
and forth takes timeT540, and since the overall phase a
vance is 8p, in the relativistic limit whereu51 reached at
high currents, the dc voltage across the junction will beV
50.628. So compared to the case of conventionals-wave
superconductor junctions we observe several curves for
second ZFS depending on the relative distance between
fluxons and this may be used to probe the presence of in
sic magnetic flux.

We also considered damping effects due to the quasi
ticles because the Josephson junctions made of high-Tc ma-
terials are highly damped. In theI -V curves higher damping

FIG. 4. Instantaneous voltage in the middle of the junctionx
50) vs time t, for the solutions in the first ZFS.l 520, g50.01,
and I 51.6: ~a! f f and ~b! f a f . The pairing state isB1g wave.
21452
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shifts theI -V curve upwards@see Fig. 5~a!# and the fluxon
reaches the critical current velocity only for currents that
very close to the critical current where the jump to the res
tive branch occurs. In this case the ZFS’s are not ‘‘vertica
In the plot of the instantaneous voltage at the middle of
junction versus the time@see Fig. 5~b!# the difference in
height between the peaks when theF or AF interacts with
the boundf f is larger for greater values of damping. Th
oscillations between the peaks become very large by incr
ing the damping and finally make the solution unstable.
believe that these solutions are more stable for small va
of the damping at least for in-line boundary conditions.
the overlap case~not presented in the figure! these solutions
are more stable compared to the in-line case.

IV. SHORT-LENGTH LIMIT

When the junction length is smalll 52 the fractional
fluxon or antifluxon does not remain confined at the jun
tion’s center but is able to move along the junction as
bunched-type solution. The moving fluxon configurati
could have fractional flux and additional steps are introdu

FIG. 5. ~a! Normalized current vs the normalized voltage for t
in-line geometry, for thef f solution, for different values of the
damping constantg. l 520. The pairing state isB1g wave. ~b! In-
stantaneous voltage in the middle of the junction (x50) vs timet,
for the solutionf f , l 520 andI 51.6. The pairing state isB1g wave.
The damping constant isg50.03.
4-4
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RESONANT FLUX MOTION AND I -V . . . PHYSICAL REVIEW B66, 214524 ~2002!
in the I -V diagram. We plot in Fig. 6 theI -V characteristics
for theB1g-, Eu-, and (B1g3Eu)-wave pairing states, for the
small junction lengthl 52.

For theB1g pairing state and the first ZFS, the movin
fluxon configuration to the right is a combination of a fra
tional fluxon and a fractional antifluxon which contains ha
integer magnetic flux@see Fig. 7~a!#. When it hits the right
boundary it transforms to a configuration with opposite s
of flux which moves to the left. Then it hits the left bounda
and transforms into a configuration that moves to the ce
and the period is completed. In the relativistic limit reach
at high currents a full period of motion back and forth tak
time t52l /cS54, and since the overall phase advance is 2p,

FIG. 6. Normalized current vs the normalized voltage for t
in-line geometry, for a junction of lengthl 52 andg50.01. The
different modes are labeled by the value of the normalized volt
divided byp in which they occur. The pairing state is~a! B1g wave,
~b! Eu wave, and~c! B1g3Eu wave.
21452
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the normalized voltage will beV5p/2 as seen in Fig. 6~a!
for the solution labeled as 1/2. Note that this value is half
the case where a full fluxon moves into the junction. In F
8~a! we plot thef t vs t at the center of the junction where th
successive peaks correspond to the passage of the fl
combination from the junction center. Thef t pulse is com-
posed of two peaks, a positive and a negative one, co
sponding to theAF and f f for the fluxon traveling in the
forward direction. The pulse structures corresponding to
forward and backward directions are the same due to
symmetrical configuration of the fluxons traveling in the fo
ward and backward directions.

It is also possible to have solutions where an inte
fluxon plus a fractional fluxon is propagating into the jun

e

FIG. 7. Phasef(x) vs x for the solutions in the first three ZFS’s
at various instants, during one period separated byDt50.2. The
pairing state isB1g wave. The curves are shifted by 0.5 to avo
overlapping.l 52, I 50.25, andg50.01.
4-5
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N. STEFANAKIS PHYSICAL REVIEW B66, 214524 ~2002!
tion @see Fig. 7~b!#. In this case the magnetic flux is equal
1.5. In a junction of lengthl 52 the propagating fluxon ac
complishes an overall phase advance of 6p in a full period
T54. Thus the voltage across the junction will beV
53p/2 as seen in Fig. 6~a! for the solution labeled as 3/2. I
Fig. 8~b! we plot f t vs t at the center of the junction wher
the successive peaks correspond to the passage of the fl
combination from the junction center. The moving fluxon
antifluxon has internal structure and therefore a double-p
structure appears in thef t vs t diagram.

Finally in Fig. 7~c! we presentf(x), for the case where
two integer fluxons with a fractional fluxon in between mo
into the junction. This configuration contains magnetic fl
equal to 2.5. Thus the dc voltage across the junction will

FIG. 8. Instantaneous voltage in the middle of the junctionx
50) vs timet, for the solutions in the first three ZFS’s. The pairin
state isB1g wave. l 52, g50.01, andI 50.25.
21452
xon
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V55p/2 as seen in Fig. 6~a! for the solution labeled as 5/2
In Fig. 8~c! we plotf t vs t at the center of the junction wher
the periodic pattern of three peaks corresponds to the pas
of the integer fluxons and the half-integer fluxon from t
junction’s center.

So for theB1g pairing state the ZFS’s appear at values
the normalized voltage that are displaced by 1/2 compare
the case ofs-wave superconductor junctions. This value
the voltage corresponds to the intrinsic phase shift. This
analogous to the shift of the critical current versus the m
netic flux in a corner SQUID ofd-wave superconductors2

and is expected to be confirmed by experiment.
For the Eu and B1g3Eu cases, we can have addition

solutions where the moving fluxon has integer flux and
voltage steps appear at valuesV5np in addition to V
5np/2 as seen in Figs. 6~b! and 6~c! for solutions labeled
with integer numbers. For theB1g-wave case the forward
and backward configurations are symmetric and succes
peak structures in thef t vs t diagram have the same form. I
the Eu andB1g3Eu cases, successive peaks, correspond
to the structure of the fluxon configuration that moves in
forward and backward directions, have different amplitud
indicating that the fluxon configurations moving in the fo
ward and backward directions have different structure.

We examined also the case where the pairing symmetr
the superconductor isd1 is. In this case, due to the differ
ence in the flux content of the static solutions,5 the critical
currents for thef f and f a f modes of the first ZFS do no
coincide.

V. QUBIT IMPLEMENTATION

Also the frustrated junction could be considered as a w
to build a qubit. This idea has also been implemented us
s-wave/d-wave/s-wave junction exhibiting a degenera
ground state and a double-periodic current-phase relati23

or superconducting Josephson junction arrays.24 Also the dy-
namics of a Josephson charge qubit, coupled capacitivel
a current-biased Josephson junction, has been studied.25 The
two segments of the frustrated junction have characteri
energiesE(f) and E(f1p), and the resulting energy ex
hibits a degenerate ground state. The boundf f and f a f can
be considered as the two quantum levels of our system.

A possible method to prepare the system in the des
ground state, i.e.,f f or f a f , is to apply an external magneti
field ~positive or negative! and then slowly decrease it. De
pending on the sign of the external field the system will
either in the f f or in the f a f state. Another method is to
consider the modulation of the intrinsic magnetic flux wi
the misorientation angle proposed in our previous work.6

The flux state can be determined by applying an exter
current. A bunched-type solution containing 0.5 (20.5) flux
is generated if the actual ground state of the system
f f ( f a f) which propagates into the junction to the le
~right! and generates a voltage pulse which can be de
mined at the boundaries.

In theEu andB1g3Eu cases the actual ground state of t
system is not degenerate; i.e., thef f and f a f carry different
flux. Moreover, the traveling fluxon caring half the flu
4-6
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RESONANT FLUX MOTION AND I -V . . . PHYSICAL REVIEW B66, 214524 ~2002!
quantum to the left has different structure than the one tr
eling to the right and thef t at the ends are different for th
f f and f a f . In the long-length limit the presence of thef f
and f a f at the center can be deduced from a measureme
the f t at the edges since the direction of the moving inte
flux depends on the sign of the intrinsic flux. In this case
intrinsic flux cannot escape from the junction’s center.

VI. CONCLUSIONS

The fluxon dynamics in frustrated Josephson junctio
with p-, d-, and f-wave pairing symmetry is different in th
long- and short-junction limits. Whenl is large, the bound
intrinsic flux remains confined atx50, and the moving inte-
ger fluxon or antifluxon interacts with it only when it ap
proaches the center. However, when the length is small
bound fluxon becomes able to move as a bunched-type s
tion. Ford-wave junctions theI -V curves are displaced by
voltage that corresponds to the intrinsic phase shift.

The resonant fluxon motion also can be determined
perimentally in one-dimensional ferromagnetic 0-p junc-
tions where the width of the ferromagnetic oxide layer det
mines the region of the junction where the Josephson crit
current is positive or negative.26,27 In this case the junction
contour does not have to change as in the case of a co
J

.

,
.

hy
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junction. However, the change of the junction contour w
not a problem for the realization of the intrinsic fluxon in th
static problem, so why should it prevent the realization of
motion?

We should also mention that when a conventionals-wave
Josephson junction is biased with external magnetic fie
Fiske steps~FS’s! occur in the I -V characteristics with a
voltage asymptote spacing just half of the ZFS’s.28 This situ-
ation is analogous to what we have reported in the pres
paper for frustrated junctions where the role of the exter
magnetic field plays the intrinsic field.

A final comment is that the frustrated junctions that w
consider in this paper are realized in the (ab) plane of the
unconventional superconductors due to the sign chang
the order parameter. This type of junctions is different fro
the series array of intrinsic Josephson junctions in highTc
supercondcutors where the Josephson effect is observe
the c axis, for instance, in Bi2Sr2CaCu2O8 crystals.29
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