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Preface

The present report was written in partial fulfillment for the require-
ments of Ph.D. degree for the University of Crete, Greece. The work
was carried out at the Department of Physics, University of Crete, dur-
ing the period from (March 1) 1996 to 2001, under the supervision of
Assoc. Prof. N. Flytzanis.

Chapters 2,34 are based on published papers [22, 92, 88, 89] and
conference proceedings [87, 93, 86], chapter 5 is based on a paper ac-
cepted for publication [85], and has recently been presented in confer-
ences [90, 91].

The objective of the present report is to provide information con-
cerning the phase sensitive tests on the symmetry of the order parame-
ter in anisotropic superconductors, based on the Josephson effect. The
approach used is through the numerical solution of the sine-Gordon
equation. Of major importance is the concept of the trapped or sponta-
neous flux and its influence on observable quantities such as the critical
current and the critical magnetic field.

The objective of the first chapter is bilateral. Firstly, it serves as an
introduction to the basic theories developed in superconductivity (i.e.
BCS and Ginzburg-Landau) and it introduces the reader to the con-
cepts and the language (e.g. order parameter). Secondly a comparison
is made between conventional s-wave superconductors and unconven-
tional high temperature cuprate superconductors. Emphasis is given in
the experimental methods and theoretical techniques used to probe the
symmetry of the order parameter. The Josephson effect is discussed in
detail. Some of these techniques are analyzed extensively in the next
chapters (i.e. tricrystal junctions, corner junction).

The second chapter is devoted to the static properties of Josephson

vil



Viil CONTENTS

junction made of conventional s-wave superconductors. We derive the
basic Josephson relations and the sine-Gordon equation which is used
for the study of the static properties in long Josephson junction i.e.
critical currents, magnetic field, length of the junction. Both numerical
and analytical (in terms of elliptic functions) approaches are used to
study the stability of the solutions. The motivation of this study is also
to compare properties of the junction made of conventional s-wave su-
perconductors with the corresponding in junctions made of anisotropic
superconductors and the ones with inhomogeneities, which are actually
the topic of the next chapters. This chapter serves as a prototype to
test the program used, verifying the well known properties of conven-
tional superconductors and comparing with the new results concerning
the high T, superconductors.

In the third chapter, the static properties of a junction containing
macroscopic inhomogeneities are derived in terms of the position of
the defect, its strength and the external field. Simple arguments are
derived that could help the defect characterization and could serve as
a tool to study the properties of trapped flux in Josephson junctions or
weak links. The last one is very important since the junction made of
unconventional superconductors also has spontaneous flux arising from
the order parameter symmetry.

In the fourth chapter we introduce Josephson junctions made of su-
perconductors with anisotropic pairing symmetry e.g. d,2_,2 or d,>_,»+
18. We use the tricrystal junction model - presented in the introduction
- to describe the fractional vortex and antivortex that spontaneously
appears near the junction center, due to the order parameter symme-
try. We are particularly interested in long Josephson junctions since
the large length is a prerequisite for the development of the vortex in
the junction.

The fifth chapter is devoted in the discussions of three parameters
that could modulate the critical current and the spontaneous flux in
the corner junction model i.e. junction orientation, magnitude of the
order parameter and magnetic field. The pairing symmetries that we
examine are d,2_,2 4 ts and d,2_,» +2d,,. A theoretical experiment is
proposed to distinguish them. The question is crucial since although
the d,2_,2-wave pairing symmetry has been established as the pairing
symmetry in the bulk of the high 7. superconductors, near the surface
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the question has not yet been satisfactorily answered. Theoretical work
as well as experimental data are needed to unsolve the puzzle and give
a direct answer that could help determining the mechanism responsible
for the high 7. superconductivity. Some final remarks and directions
for future experiments are reported in the last chapter.
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Summary in Greek

Kivntpo m¢ Sratpifiic eivan 11 mapovoiaon tov 1e806ov yia tov éheyxo ¢
ODPPETPIAC TG AP AETPoD TAENC 08 vIepaymyovc vynAnc Beppoxpaciac
petafaornc, mov e€aptovian anod v @daon, 6Sniadl £xovv dpeorn oxéorn pe
10 pavopevo Josephson. H mpoogyyion mov £xel xpnomonowfei faoileta
oe apipnukiy Avon e efiomonc sine-Gordon. Mia évvoila mov éxet
peyain onpacia eivan avt ¢ PAYVNTIKIC POINC IOV £Xel eyKAmPiotel
OTNV ema@l] AOY® CVOPOIOYEVELAC TN KPIONG MUKVOTNTAC PEVRATOC 1)
AOY® OVPPETPIAC TIC MAPAPETPOL TAENC, Kl 1) emibpaocn mMov £Xel avty
1] pOI| 0€ MEWPAPNATIKA PETPNOIEC MOOOTNTEC OMOC TO KPIOIO PEVQ 1] TO
Kpiomo payvnuko nebio.

Y10 ke@dhimo eva gwopyovpe tic faopkec fempiec mov £xovv avamtoxfei
yia TV gppnveia Tov @avopevon ¢ vuep ayoyipotrac 6niadbn myv BCS
ka v Ginzburg-Landau xa emiong Siigopec evvotee (IL.X. mapapetpoc
€ne) xa my yhoooa. Emione yiveta pa ovykpion petald s ooppetpiag
VIEP AYO YOV KL AVICOTpOmK®V vynAlc Oeppokpaoiac petdfaonc. [6iaitepy
éngaot 6ivetan otic melpapanikec pebobove xa o11c apBpnuikec TeXVIKEC
yia va Stakpivovpe v ovppetpia e map apetpov taéne. Ivetm 6idkpion
AVAJIEOQ 08 TEXVIKEC MOV elval evaiodnrec otnv @aon Km 0e TEXVIKEC
nov 6ev efaptoviar and avtuy. To gavopevo Josephson mapovopiCeta
WBraitepa. Mepikée amo 1i¢ 1exvikée mov givan evaiodntec oty @don g
AP APETPOD TAENC avaADOVTM EKTEVEOTEPQ 08 EMOJEVA KEQAAmA.

Y10 ke@dhmo 6vo mapovopillovpe tic Svvaréc Aboeig oe mia ema@r
Josephson e e€wtepikd pevpa km payvntikd nebio o yeopuetpia empunkn
K emxaivyne ka efetaCovpe v otabepdia tov Aboswv. Axorovbodpe
11 Orakhabmoeic v vemv Aboemv Kadmne avfdvoniie To PIKOC ¢ ENAPTC.
Ot avadvtikee Avogic ex@pdCoviar ovvaptioel EAASUITIKOV 0V VAPTIOE®MY
Kl givan og ovpgovia jie 1 apipnukec Avosic eEnyoviac ta eviova

x1
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PUVOLEVA DOTEPNOTC MOV AP AT POVVT OTOV DIOAOYIGHO TOD PEYIOTOV
pevpatoc. Aotd mpoteivel pia H1a@opeTIKI] MPOOEYY101] 0TO MEIP AL IOV
BaoiCeta oty xprjon, avti tov e£oTEPIKOD PAyVNTIKOD MESIOD, TOV DIIOAOIIOD
MC AASUITIKIC OV VAPTNOIC 1) P1AC OXETIKIC OO0 TNTAC IOV £1van 1] OAIKI)
payvnukin por yia va amogevxfei 11 votépnon xwm va avaburimbovv ot
emxalvntopevec [.(H) xapmolec.

Y10 xe@adao tpia vmoioyiCovje 1o péyoto pevpa oe enagl) Joseph-
SON J1& NAKPOOKOMKEC ATEAEIEC Yl O1AQOPETIKEC KPIOIEC MUKVOTITEC
PELIATOC 0Av OV VAPTNOT Tov payviukod nebiov. Emiong efetdlovpe v
e£emén tov 6ragopov kAAbmv pe v Beon ¢ atéieiac Ka 10 e£@TEPIKO
payvnuiko nebio. Medetovpe 1) otabepotra tov Aboemv ka efdyovpe
AMAC OVPIEPAORATA IOV PHOPODY va Ponfioovv 610 XapaKTplopd Tv
aAteAe1mv. LTIC MePooOTeped MEPUITOOEIC MAP ATNPOVHE £V IEYIOTO K
&va ehaxX10TO pevpa.

Y10 Ke@AAwmo €00 £p a vIIoA0YICOD]IE TO PEDILA OV VAPTIOE TIC RAY VI TIKTG
pong xa v avBoppn iy por oe enagég Josephson vnepayoyov pe d 2,2 +
18 OUPETPIC TNC MAPAJETPOD TAENC, Yia H1a@OpeTIKA INKI eNA@NC K
OXETIKEC PAOEIC AVAPEOA OTIC 6O OVVIOTOOEC TNC MAPAPETpoy TAETC.
EfetaCovpe v otabBepdtnta tov k Aaopankon ghafoviov ka avtiprafovion
kaBoc kar v e£6A1€1 TOLC & TO KOG K TV OXETIKI H1a@opd QAo
avapeoa oty d,2 _ 2 Ka v s ovviotwoa. Acvppetpiaoto [(P®) iypappa
vnapxetl yra pnxn pexpt kar L = 10X ;.

Y10 xegddao névie 1 Bewpia Ginzburg-Landau xpnomonoeita yra
TOV DIIOAOYI0110 TV Mbavev avdoppuntov @Aaovieov IOV PIopel Va DIAPXODV
oe enagn Josephson petad d,2_ 2 +ix (dmov x = s 1 x = d,,) ovppetpiag
MC MAPAETPOD TAENC DIEPAYOYOUC KAl § CUPPETPIAC VIEPAYOYOUC, O
yeopetpia yoviag. Mehetovpe v payvnuki poi] K v petafoin tov
KPIOJI00 pEUPATOC J1e TNV yOvia TOU KPpuoTaioypa@ikon a-afova Ka ¢
mac mAgvpdc TG EMAPIC, TOV PETPOV TIC MAPAPRETPOL TAENC KW TOD
payvnuikov nebiov H. To xplomo pedpa oa ovvaptnon e pay vtk
porg etvar oVPPETPIKO (AOVPRETPIKO) yia x = 2y(s) dtav 1 yovia eiva
teTo1a @oTe o1 2ofoi g d,2 2 GVVIOTOOMG TG MapapeTpov TAEng Seixvouv
mpoc Ti¢ 6o ema@ec mov eivarl og KAfetn yovia oc mIpo¢ v yempetpia
yoviag. To ovpnépaopa eivan ot ma pétpnon g 1.(®) oxéong ong
Sraxpiver mowd ovppetpia dy2_y2 + @5 1) dy2_p2 + tdyy €XEl | HAPAPETPOG
1a€ne.  X1o xe@dhmo €1 Kataypa@ovpe Ta TeAKA OVPIEPAoPRATa K
Sivovpe xatevBovoeic yia peAhovuikd neipdjata.
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Chapter 1

Introduction

1.1 High 7, cuprates

In 1911 Kemerlingh Onnes discovered superconductivity just three years
after he first liquefied helium. He found that the electrical resistance
of some metals disappeared at a critical temperature 7. of the order
of a few Kelvin. In 1986 Bednorz and Muller discovered superconduc-
tivity in the copper oxide Lay_,Sr,CuQ,, where = denotes the dop-
ing level [16]. The transition temperature varies with the concentra-
tion of strontium and reaches a maximum of 38 K" when = = 0.15. A
year later groups from US, Japan, and China reported the discovery of
Y,Ba;CuzO~_5 or 123 a material with 7. = 90K . The basic structure
of this new class of materials consists of layers of CuO, with elements of
yttrium and barium or lanthanum and strontium between the layers. In
addition the 123 compounds contain CuO ”chains”, which are thought
to serve as reservoirs to control the electron density in the planes. The
basic structure of YiBayCu3O7_s 1s seen in Fig. 1.1. When = = 0
the material LaySrCuOy 1s an antiferromagnet insulator, but when =
increases i.e. Sr with only two available electrons replaces some of the
La with three available electrons in a process called doping additional
holes which are charge carriers are introduced into the copper-oxide
layers and make the material conducting and under certain conditions
superconducting. The same doping process occurs in 123 when Ca’*t
replaces Y37,
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Figure 1.1: Plot of the basic structure of Y{Bay;Cu3zO7_s. Y, Ca:dark
blue, Ba: light blue, O: red, Cu:pink

1.2 The phase diagram

The phase diagram of the cuprates seen in Fig. 1.2 consists of the an-
tiferromagnetic region at zero doping i.e. the electron spins on neigh-
boring copper ions point in opposite direction. When doping increases
we enter the pseudogap phase which is characterized by the presence of
gap and not superconductivity and is not well understood. The most
possible scenario is that the Cooper pairs are formed above 7., at a
temperature 7, but due to the small number of charge carriers there
is no phase coherence and they condense at T. [31]. As the doping is
further increasing we enter the superconducting region where the re-
sistivity is zero and a gap is present in the single particle excitation
spectrum. At high doping level there exists the Fermi-liquid region
where the key concept is the quasiparticle and the non Fermi liquid
which is characterized by unusual power laws in all of the transport
properties as a function of temperature. For a review see [73].
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Non Fermi Liquid

Temperature

Pseudogap

Te Fermi liquid

Y 0.2
Doping level

Andiferromagnet

Figure 1.2: Plot of temperature versus the doping level in cuprate su-
perconductors

1.3 BCS theory and unconventional pair-
ing

In 1956 Cooper proved that the normal Fermi sea is unstable in the
presence of two electrons interacting via an attractive potential. In low
temperature superconductors the crystal lattice vibrations allow the
electrons to overcome their mutual electrostatic repulsion and to form
Cooper pairs, occupying states with equal and opposite momentum
and spin. In 1957 Bardeen, Cooper and Schrieffer studied a reduced
Hamiltonian [13, 96]

Hoeg =D enps + Vi bl by, (1.1)

ks kE!

where bz creates an electron pair in (ky, —k|) and ¢ is the normal state
quasiparticle energy. The particle number operator nj, is defined by
Ngs = czscks, which has an eigenvalue of unity when operating on an
occupied state and gives zero when operating on an empty state, and
CLS(Cks) is the electron creation (annihilation) operator. They proposed
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a variational wave function of the form

& = [ (ux + vpb})]0 >, (1.2)
k

with v} + v? = 1. This form implies that the probability of the pair
(k1, —k|) being occupied is vi, while the probability that it is unoccu-
pied is u2 = 1 — v:. The minimization of the energy with respect to vy
leads to the self consistent solution for the gap function

Ak/
A= — Vi 1.3
k %: kk Yo (1.3)
with )
2 €k
=—(1 - —/ 1.4
] (14
and

Ek = \/éz + Az (15)

One of the predictions of the BCS theory is the existence of the energy
gap A(T') between the ground state and the quasiparticle excitations
of the system. A minimum energy F, = 2A(T') should be required to
break a pair, and create two particle excitations. At zero temperature

E,(0) = 2A(0) = 3.52kpT.. (1.6)

The spatial extension of the Cooper pairs or the coherence length is

defined by
fiv F

f = M7 (17)

where v i1s the Fermi velocity. In s-wave superconductors ¢ is quit
large of the order of 10° — 10*A°,

In s-wave superconductors Ay is independent on k. This means that
the Cooper pairs have zero orbital angular momentum. In anisotropic
material like YBCO A} is a function of £ and has the same symmetry
as the crystal lattice. The physical mechanism for the high-T. is not
yet clear. It is clear that a two electron pairing is involved but the
nature of the pairing remains controversial, although there is evidence
indicating that the Cooper pairs have d,>_,-wave symmetry. Possibly
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the mechanism is purely electronic and is based on the exchange of
antiferromagnetic spin fluctuations among quasiparticles. Furthermore
in cuprates due to the large value of the gap and the low Fermi velocity
stemming from the low electron density, the Cooper pairs have little
overlap and the coherence length ¢ is small of the order of 10A.

1.4 Order parameter and symmetry break-
ing in superconductors

BCS microscopic theory is valid when the gap is constant in space. In
situations where the order parameter is inhomogeneous e.g. in type
11 superconductors, a more macroscopic theory is needed i.e. the
Ginzburg-Landau theory (GL). In the GL theory the superconducting
state is described by a complex order parameter

T(r) = |T(r)|e?D, (1.8)

where |U(r)| is the modulus and ¢(r) is the phase. The superfluid
density is given by
ps(x) = [T(x)]". (1.9)
If U(r) is small, the Free energy density can be expanded in a series
of the form

1 & e 9 9

iy - e+ nse

(1.10)
In the absence of field and gradients only the first two terms are re-
tained. 3 must be positive. For ¢ > 0 the minimum of the Free energy
occurs at |¥|? = 0 (normal state) while for « < 0 the minimum occurs
for [¥|> = —a/B. Then f; — f, = —a?/23. A minimization of the
volume integral of Eq. (1.10) with respect to variations in ¥(r) and
A(r) leads to the GL equations

fo= fut alUE) + ARl +

W)+ AP + 5y - CAPEm =0, (1)
T= S umPtge - CA) = Py, (1.12)
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Equation (1.11) has the form of the Schroedinger equation for parti-
cles with energy eigenvalue —a apart from the nonlinear term. This
term acts like a repulsive potential of ¥(r) on itself tending to favor
wavefunctions W(r) which are spread out as uniformly as possible in
space. The current expression (1.12) has exactly the form of the usual
quantum mechanical expression for particles of mass m*, charge ¢* and
wave function ¥(r). We define

h2

{T) = S a (D] (1.13)

as the characteristic length over-which a small disturbance of ¥(r) from
U (r) will decay to zero. Near T, £(T) diverges as (7. — T)_l/2 since
a vanishes as (T — T.). Also the relation

_ Aepy(T)

¢r)

where A s¢(T) is the effective penetration depth defines the GL param-
eter. In pure s-wave superconductors £ << 1 since A & 500A°, and
& ~ 3000A°, while in dirty superconductors or in the high 7. supercon-
ductors £ may be much greater than 1. The value x = 1/1/2 separates

(1.14)

superconductors of type I and II. Abrikosov showed that for materials
with x > 1/v/2, (called type II superconductors), instead of a discon-
tinuous breakdown of superconductivity at the critical field H., there
was a continuous increase in flux penetration starting at a lower critical
field H.; and reaching B = H at an upper critical field H., > H. [3].
In the mixed state between H. and H., the flux penetrates forming a
triangular array of flux tubes as confirmed by scanning tunneling mi-
croscope measurements for the superconductor NbSe,[44]. H, s is equal
to 107" for s-wave superconductors, while H., is approximately 1007
for cuprates.

In 1959 Gor’kov showed that the GL theory is a limiting form of
the microscopic BCS theory, valid near T, where ¥(r) ~ A [38].

The non-zero expectation value of the two-particle density matrix

p(r, ) =< Tl(r)l(r) >< T ()T (r) >, (1.15)

explains the existence of certain particle correlations. The order param-
eter 1s a measure of the amount of symmetry breaking in the ordered
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Table 1.1: Even parity irreducible representations of Dy, along with
examples of basis functions for Ay

Irreducible representations Basis functions for Ay
Aqy 1, cos k; + cos k,
Ay, sin k, sin k, (cos k; — cos k)
By, (cos ky — cos ky)
B, sin k,, sin k,,
FE,(1,4) sin k, sin k, , sin k, sin k,

state. The symmetry group H describing the superconducting state
must be a subgroup of the full symmetry group ' in the normal state

G= XxRxUQ)xTforT>T.,

Hfor T < T. ) (1.16)

where X is the symmetry group of the crystal lattice, R is the sym-
metry group of the spin rotation, U(1) is the one-dimensional global
gauge symmetry, and 7' is the time reversal symmetry. In BCS super-
conductors U(1) is broken due to the existence of long range order in
the superconducting state. In unconventional superconductors one or
more symmetries are broken at T..

1.5 Possible pairing states

In cuprates the physics occurs in the CuO, planes while the interme-
diate layers act as charge reservoirs to exchange electrons with the
planes. So the symmetry of the order parameter should be related to
the lattice structure of the planes which is square like. In a tetrago-
nal lattice with Dy, symmetry there exist five even parity irreducible
representations, since the pairing state is singlet. Their basis func-
tions correspond to candidates gap functions for high 7. cuprates as
listed in table 1.1 [83]. The k-space representation of the allowed
basis functions for the Dy, symmetry is seen in Fig. 1.3. The d-
wave Adm2_y2(k) = Ag(cos k, — cos k) is the basis state for By,, while

Ag,, (k) = Ao(sin k, sin k) is the basis state for By,
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Alg A2g

Yy

—

Figure 1.3: Schematic representation of A(k) in the Brillouin zone, for
the allowed symmetry basis functions for the Dy, symmetry appropriate
for the CuO, planes in the high-7, superconductors.

The cuprate superconductors have a slight orthorhombic distortion
and the point group of interest is of lower symmetry orthorhombic Dy,
where some degrees of freedom like 90° rotation and = = +y reflection
are removed. In Dy group the d,2_,» also belongs in the A, and based
on symmetry arguments only, it can not be distinguished from the s-
wave or the extended s-wave. So any combination of s, extended s,
d,>_,2 is possible, including the state d,2_,» 415 with gap function A =
Ag(e(cos ky —cos ky)+i(1—¢€)) and d,2_ 2 +1d,, with gap function A =
Ao((1—€)(cos ky — cos ky) + 1€2sin k, sin k, ) where the order parameter
i1s complex breaking the time reversal symmetry.

1.6 How would we know the pairing sym-
metry

The problem to identify the pairing symmetry in cuprates has not found
a satisfactory solution yet. The order parameter can not be probed
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directly, i.e. it is not a macroscopic observable. Hence one tries to
infer the type of the order parameter from its influence on various
thermodynamic quantities and transport properties. A number of ex-
periments have been proposed that allow to distinguish between the
possible candidate pairing states. In a spin singlet state the spin sus-
ceptibility is suppressed in the superconducting state. The Knight shift
goes smoothly to zero at T' = 0 and is consistent with singlet pairing
state, as in conventional s-wave superconductors [95]. In s-wave super-
conductors where the magnitude of the gap does not vanish, the density
of states and the various thermodynamic and transport properties de-
crease exponentially. If the gap has nodes as in d,>_,2-wave then N(e)
varies linearly with ¢ and the various quantities vary as power laws.

1.6.1 Non-Phase Sensitive Techniques
Penetration depth
The penetration depth A\(T') in the usual BCS theory is given by

po= G =1-20 [Ta S roa - sen

where 3 = 1/kgT, f(¢) is the Fermi function

1

19 =1

(1.18)

For the s-wave state the BCS form of the density of states is assumed

€

N(ﬁ)/NO == Re\/ﬁ, (]_]_9)
while for the d-wave
N(€)/No = €/ Ag. (1.20)
For s-wave the result for the penetration depth is

Aoy VT
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while for d,»_,»-wave the result is

T = In(2) A (1.22)
where Ag is the zero temperature value of the gap. So in a d,2_,2-wave
superconductor the penetration depth varies linearly with 7', while in
an s-wave superconductor it varies exponential with 7'. This theoret-
ical prediction is confirmed experimentally for the YBCO [41]. The
value of A is of the order of (10> — 10*A°) in cuprates, while in low
T, superconductors, A & 500A4°, due to the smaller value of the phe-
nomenological parameter p; in cuprates. At low T' the linear variation
of A(T') is also consistent with an extended s-wave symmetry and hence
the penetration depth measurements can not distinguish between these
pairing states.

NMR measurements

In conventional s-wave superconductors the nuclear relaxation rate 1/7}
shows a peak just below T, before an exponential drop-off to zero with
the freeze out of quasiparticles at lower temperatures [43]. This is
explained with the BCS theory with the assumption of the coherence
factors. The absence of the Hebel-Slichter peak in the nuclear relaxation
rate 1/T} for both C'u and O in in-plane sites observed in NMR studies
in high T, materials suggests a breakdown or a modification of the BCS
coherence factors. Also at low temperature the absence of exponential
freeze out of 1/T) as replaced by a power law variation suggests a
d,>_,2-wave pairing state. A convenient review of this field was given
by Pennington and Slichter in [76].

ARPES

Angle resolved photoemission spectroscopy (ARPES) data provide in-
formation about the position of the gap nodes in momentum space.
The developments of this technique for studying pairing symmetry in
the cuprates has been hampered by its sensitivity to surface conditions
and by its relative poor energy resolution comparable to the size of
the energy gap. ARPES data for BiySroCaCuyOsy,, (B2212) seen in
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Figure 1.4: High resolution photoemission spectra from Ref. [81]
recorded at locations A and B, of sample 1 as illustrated in the in-
set. The spectra at B were measured before those at A. The spectral
changes above and below T. are caused by the opening of the super-
conducting gap. The change at A is quite visible, yielding a larger gap.
The change at B is hardly visible, suggesting a very small or null gap.
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Figure 1.5: Energy gap in Bi-2212, measured with ARPES as a function
of angle on the Fermi surface, solid curve which fits to the data using a
d-wave order parameter. Inset indicates the locations of the data points

in the Brillouin zone. Data are from [30]
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Fig. 1.4, above and below T, for Fermi wave vector along the direction
parallel to the a or b crystallographic axes shows a shift in the leading
edge of the spectral weight indicating a gap. [81] The absence of shift
along the diagonal direction I'Y (the diagonal direction between the
a and b) indicates a large gap anisotropy consistent with the d,2_,»-
wave gap. Also the energy gap measured with ARPES, as a function
of the angle on the Fermi surface seen in Fig 1.5 is consistent with a
d,>_,2-wave model. These results rule out the By, Ay, and Ay, pairing
states. However these experiments probe the magnitude of the gap and
hence cannot discriminate between a highly anisotropic s-wave and a
d2_,2-wave gap.

1.6.2 Half-integer flux quantization
Josephson tunneling

Josephson first predicted in 1962 [48] that it is possible for Cooper pairs
to flow through an insulating barrier between two superconductors. If
two superconductors (7, j) are brought into contact with an oxide layer
between them, their order parameters n; and n; are no longer indepen-
dent. When there is a phase difference between them supercurrent will
flow. This is the Josephson effect. The Josephson current is

I = Iyi(nin; —nm?) = 19 sin ¢y, (1.23)

J

where ¢;; = ¢; — ¢;, ¢;, ¢; are the corresponding phases and
17 = 21g|ng||nj), (1.24)

1s the Josephson critical current. Under a finite dc voltage V' the time
dependence of ¢ is given by the Josephson relation

dé/dt = 2¢V/H, (1.25)

and the junction will carry an ac supercurrent at frequency 2eV/h.
It can be detected by its resonance frequency with a superimposed
ac field (Shapiro steps). The Josephson effect was verified by experi-
ment in 1963 [5]. First the Josephson effect can be used to determine
the parity of the superconductor, since it is found that the Josephson
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current vanishes up to second order in tunnel junctions between sin-
glet and triplet superconductors [75]. The Josephson tunneling also
includes other weak-link structures such us Superconductor / Normal
metal /Superconductor with a different current phase relation.

The Josephson effect provides a powerful means to study the phase
of the superconducting order parameter. In Josephson junctions be-
tween d-wave superconductors the critical current is given by

]éj = Aj; cos(26;) cos(26,), (1.26)

and 0;,0; are the angles of the crystallographic axes with respect to
the interface [84]. So depending on the orientation angles 6;,0;, the
Josephson critical current can be negative. A negative critical current
17 can be thought of as a phase shift of 7 at the Josephson interface.
Also such phase shift can originate from the spin flip scattering by
magnetic impurities at the interface. [19]

Flux quantization in a superconducting ring

The single valuedness of the phase ¢ requires that ¢(r) return to itself
(modulo 27) on going once around a superconducting ring on any path.
The magnetic flux in a superconducting ring made from conventional
s-wave superconductors is quantized in integer multiplies of the flux
quantum (zero ring). A superconducting ring containing an odd num-
ber of = shifts (7 ring) will generate spontaneous flux with half of the
conventional flux quantum ®y = hec/2e = 2.07 x 107G — em?. The flux
quantization condition reads

d
o, + I, L+ 2—0 Z¢2] = n®,, (1.27)
T =
ij

where the supercurrent is given by
I, = ]zj(eivej)Sin ¢ij7 (128)

where L is the self-inductance of the ring, ®, is the externally applied
flux and ¢;; 1s the phase difference between the superconducting elec-
trodes 7, j which is defined in the previous subsection. I/ (0;,0;) is the
critical current of the junction between superconducting electrodes z, j



1.6. HOW WOULD WE KNOW THE PAIRING SYMMETRY 17

and 0,0, are the corresponding angles of the crystallographic axis with
respect to the junction interface. The ground state of such a ring is
obtained from the minimization of the junction’s free energy with re-
spect to the flux ® and is achieved only when ® = (n + 1/2)®,, for
n®y < ® < (n+1)P,.

Paramagnetic Meissner effect

The presence of the spontaneous flux has been proposed as an explana-
tion of the paramagnetic Meissner effect observed in Josephson junction
circuits [84]. If 2rLI¥/®, < 1, a zero ring has an induced flux with
opposite sign as the applied flux, while in a 7 ring the induced flux has
the same sign as the applied flux (paramagnetic shielding).

1.6.3 Phase sensitive tests of the pairing symme-
try

Squid interferometry

If YBCO is a d,2_,2-wave superconductor, there should be a 7 phase
shift between weak links on adjacent faces of the crystal. If the self-
inductances are small, or if the self-inductances are symmetric then the
SQUID critical current versus the magnetic field is symmetric with a
maximum at ¢ = 0 for a zero-ring and a minimum for a 7 ring. This
has been used by Wollman et. al. [103] to probe the d,>_,2-wave pairing
state in cuprates. However the interpretation of these experiments was
not easy due to a number of complicating factors such as the twinning
effects, the linear interpolation of the I. vs ® curves, the flux trapping,
and the sample geometry.

Also high-T,. SQUIDS made from 45° asymmetric biepitaxial grain
boundaries studied by Mannhard et. al. [65] shows anomalous /. vs
H pattern and can be interpreted as arising from a d,2_,2-wave order
parameter.

Corner junction experiments

The symmetry of the gap can be probed by measuring the magnetic flux
modulation of the critical current for a corner junction. We consider
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Figure 1.6: Summary of the experimental results of Wollman et. al
[103] (a) Bias current for a corner SQUID and an edge SQUID vs flux.
(b) Critical current vs applied magnetic field for an edge junction (c)
The same as in b but for a corner junction.
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the Josephson junction between YBCO and Pb where the a and b faces
of YBCO are at right angles to the junction edges [103]. If YBCO is a
d,>_,2-wave superconductor, the Josephson critical current is equal to
1. ~ cos(20), where 6 is the angle of the crystal axes and the junction
interface. The Josephson critical current changes sign as we move from
one edge of the junction to the other introducing an intrinsic phase shift
of 7 to the Josephson coupling. In the d,2_,-wave case the magnetic
interference pattern is

1(B) = 2Ly sin?(7®/230) /(|78 Bo|), (1.29)

and has a dip at ® =0, ® = HA.;; where H 1s the external field. A,
is given by the product of the length perpendicular to the field times the
quantity d + A\ + Ay where d is the thickness of the junction and Aq, Ay
are the London penetration depths of the two bulk superconductors.

The usual Fraunhofer form of the pure s-wave superconductor junc-
tion or the edge junction between a d,2_,2-wave superconductor and an
s-wave superconductor is of the form

1(®) = 21| sin(r®/ Do)/ (7B By), (1.30)

and shows a maximum at ® = 0. The proof of Eq. (1.30) is given in
chapter 2. The experimental result of Wollman et. al. [103] for the
critical current vs magnetic field, presented in Fig. 1.6(b),(c), for the
edge (corner) junction with a maximum(minimum) at H = 0 is consis-
tent with the assumption of d,2_,»-wave pairing symmetry in cuprate
superconductors.

Also Miller, Ying et. al. [49] used frustrated thin film tricrystal
samples to probe the pairing symmetry in YBCO. They measured the
critical current versus the magnetic field and found a "dip” at zero field
for the short junction limit as expected for d,:_,»-wave superconduc-
tors.

Tricrystal ring experiments

In tricrystal ring experiments grain boundary Josephson junctions are
formed between three YBCO films, as shown in Fig. 1.7 . [97] The
YBCO films grows with their ¢ and b axis oriented along the (100) and
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100 0

Figure 1.7: Schematic diagram for the tricrystal (100) SrTiOs sub-
strate, with four epitaxial YBCO rings, from Ref. [97].

(010) axis of the SrTiOs substrate. The orientation of the a, b axis
in each film is such that in the grain boundary between 1 and 3 there
is an internal phase shift of 7. Then rings are patterned such that
one ring has no grain boundaries, one has one grain boundary, and the
ring in the center has three grain boundaries. Tuei et. al. [97] using a
SQUID measured the magnetic flux and found that the three outer rings
have no magnetic flux trapped in them while he observed half integer
flux for the three junction ring which is consistent with the d,2_.-
wave pairing symmetry. We conclude that as discussed in chapter 4
for a similar geometry where between grains 2,3 we assume that a
twin boundary exists, the magnetic flux quantization on a tricrystal
junction experiment give information about the pairing state and also
on a subdominant order parameter.
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1.6.4 TImplications of the d-wave pairing symmetry
Time reversal symmetry broken states

For bulk properties the phase sensitive symmetry tests have ruled out
time-reversal symmetry broken state (TRSB). However it is possible the
TRSB state to appear wherever the order parameter varies spatially,
e.g. mnear the surface, interfaces, impurities. Then the d,._,-wave
pairing state is unstable against the formation of a two component
order parameter at low temperatures.

Phase sensitive experiments can be useful to discriminate between
time reversal symmetry broken states as we will see in Chapter 5.
The intrinsic shift ¢ determines the minimum of the junction energy
Ej.(¢) ~ cos(¢—a). If we apply the time reversal operation n; ; — n7 .,
then ¢ — —¢ and ¢ — —a. For ¢ = 0,7 the lowest energy is the
same under time reversal operation apart from 27 multiplies, while for
a # 0,7 the lowest energy state is not unique but changes under time
reversal. The a # 0, 7 case results only when a two component complex
order parameter is considered, such as d,2_,2 + s or d,2_,2 + td,,. In
this case the gap is nodeless. Also the deviations on the current-phase
relation from the standard sinusoidal current-phase relation observed
by 45°-missoriented YBCO grain boundary junctions at low tempera-
tures is attributed to TRSB states. [46] Consequences are the fractional
flux quanta observed near grain boundaries as opposed to the half flux
quanta which indicate d,2_,2-wave pairing. [51]

Tunneling experiments

The fundamental process in the tunneling experiments between normal
metals and superconductors is Andreev reflection. In Andreev reflec-
tion process an electron incident in the barrier with an energy less than
Ag can not drain off into the superconductor. It is instead reflected
as a hole and a Cooper pair is transfered in the superconductor. In
the case of conventional s-wave superconductors a gaped region ap-
pears in the tunneling spectra. In anisotropic high 7. superconductors
the transmitted quasiparticles feel different sign of the pair potential.
This results in the formation of bound states. These Andreev bound
states give rise to a peak in the quasiparticle density of states at the
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Fermi energy and should result in a zero-bias conductance peak in the
quasiparticle tunneling spectra of superconductor - normal metal tun-
nel junctions. [27] The presence of an imaginary component breaking
the time reversal symmetry shifts the peak to the amplitude of the
secondary component.

1.7 Pinning effect

In high 7. superconductors there are several types of defects. They
include localized defects, such as departures from stoichiometry at
the atomic scale, or more extended defects such as dislocations, grain
boundaries, inclusions of second phases, twin planes etc.

The measurement of the maximum current vs the magnetic field
of the material will give information on the spatial distribution of the
defects, and would be useful to improve the properties of the material
such as the critical current or the critical magnetic field, melting line.
Information on the defect distribution can also be obtained from the
I — V characteristics where steps are introduced when the junction is
irradiated with microwaves.

In chapter 3 we calculate the I. vs H in a Josephson junction with
spatial inhomogeneous Josephson defect critical current density and
perform the linear stability analysis to study the influence of the in-
homogeneity in the critical current and the magnetic field. Simple ar-
guments are derived that could help the sample characterization. Due
to fluxon trapping from the defect additional stable states are intro-
duced in a large interval of the magnetic field and the critical current
increases as compared to the perfect junction. This modified 1. vs H
diagram as compared to the experimental one could help to extract
information about the position of defects, the defect Josephson critical
current density, and the type of defect, in order to improve the material
properties.



Chapter 2

Stability analysis of static
solutions in a Josephson
junction

2.1 Introduction

In this chapter we describe the static properties of a pure s-wave super-
conductor Josephson junction by solving numerically the sine-Gordon
equation. [14] We calculate the maximum tunneling current /., as
a function of the external field H, and compare the results with the
existing experimental data. We also study both analytically in terms
of elliptic functions and numerically the stability of the solutions.

The motivation of this study is

e to explain the hysteritic behavior seen in Josephson junctions.

e to express the static solutions in a way that will allow us to ex-
amine their stability and follow their evolution with length and
the magnetic field H.

e To develop a numerical simulation in order to study more compli-
cated problems like inhomogeneities, dynamics, 7-junctions, and
also the two-dimensional window Josephson junctions. Some of
them are studied in the subsequent chapters.

23
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The static and dynamic stability of fluxons has been analyzed using
the sine-Gordon equation [20, 28, 34, 18] both theoretically and nu-
merically, in case where no external current is applied. The numerical
procedure we follow here is based on iteration methods and requires an
initial guess that is close to the desired solution.

The rest of the chapter is organized as following. In section 2.2 we
derive the basic Josephson equations. In section 2.3 we present the
RCSJ model. In section 2.4 we present the effect of the magnetic field
in the Josephson junction. In section 2.5 we present the special case
of junctions with negligible screening. In section 2.6 we present the
electrodynamics of the Josephson junction. In section 2.7 we discuss
the I — V characteristic of a Josephson junction. In section 2.8 we dis-
cuss a special solution of the sine-Gordon equation i.e. the soliton. In
section 2.9 we present the inline boundary conditions, give the explicit
analytical solutions using elliptic functions for the sine Gordon equa-
tion and sketch the stability analysis. In section 2.10 we outline the
numerical procedure we follow. In section 2.11 we study the solutions
in the particular case of zero magnetic field H = 0, and in section 2.12
the analytic solutions for zero current I = 0. We study both theoret-
ically and numerically their stability in section 2.13 and we calculate
the maximum tunneling current. In section 2.14 we briefly propose an
experimental procedure which utilizes our numerical procedure. We
summarize our results in the last section.

2.2 Basic Josephson relations

The Josephson effect arises when two superconductors are weakly cou-
pled. Here we present a derivation of the Josephson relations for a
certain configuration, where two superconductors separated by an in-
sulating barrier. The derivation and notation follow that of Barone and
Paterno. [14] For the derivation we will be bringing two superconduc-
tors together, from the left(L) and the right(R), Fig. 2.1 The quantum
mechanical treatment of superconductors tells us that the electrons in
an isolated superconductor can be described by a single macroscopic
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Figure 2.1: Schematic diagram of the left and the right superconduc-
tors, with their wave-functions.

quantum state. The Schroedinger equation

Lol >
ih 5 = H|¢y >, (2.1)

where H is the Hamiltonian of the system, yields

L0 .
Zh% = HR¢R = ER¢R7 (22)
L0 .
Zh% = HL¢L = EL¢L7 (23)

where Fp and Ep are the energies of the two wave functions. The two
superconductors become weakly coupled as they are brought together,
changing (2.2), and (2.3) to

L0
1h ;;R = ER¢R + I(¢L7 (24)
L0
Zhﬂ = EL¢L + I(¢R7 (25)

ot
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where K 1s a small coupling constant. For two isolated superconductors
the energies are the two chemical potentials. For a dc voltage difference
between the two superconductors, the energy difference i1s £y — Ep =
2eV. Choosing the potential energy to be zero halfway between the
value on the right and the left, we can rewrite (2.4), and (2.5) as

e,
m% — Vi + Kir, (2.6)
e,
m% = Vipy + Kibn. (2.7)
The wavefunctions 7, and g have the form ; = ,/pre®’, and
Yr = /pre'*®, where p is the electron pair density in a supercon-

ductor. Defining ¢ = ¢; — ¢p and equating the real and imaginary
terms of 2.6, and 2.7 we have

apL . 2K

5 = 7 VPLprsin P, (2.8)
aaLtR = —% PLPR SIN O, (2.9)
8¢L [X’ pL eV
e e - 2.10
at h pR Ccos ¢ —I_ h 2 ( )

8¢R K PL eV
LA Lt - 2.11
o  w\on YT (2.11)

The pair current density can be defined as
Opr _ _Opn
ot ot
Therefore, by (2.8, 2.9) we have

J = \/pLprsin ¢. (2.13)

If we assume the superconductors have equal and constant pair den-

J

(2.12)

sities, pr, = pr = p1, where p; is a constant we can rewrite (2.13)
as

J = J.sin ¢, (2.14)
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where J. = 2K p; /h. It appears that we are assuming that the constant
pair densities have nonzero time derivatives. However, we assume that
the superconductors are connected to a circuit, allowing the electron
pairs to dissipate or be replaced. Inclusion of this additional current
would not change the final results. From the other two equations (2.10,
2.11) we have

dg  2eV

ot h
Equations (2.14, 2.15) are called the Josephson relations and are the
basis for most studies of the Josephson effect. The dc Josephson effect
arises when V = 0. By Eq. (2.15) the phase difference is constant, but
it is not necessarily zero. By Eq. (2.14) this means a zero potential

(2.15)

can exist even for a nonzero current density. For this reason J. is often
called the critical current density, which is the largest current density
the junction can sustain without developing a voltage.

The ac Josephson effect arises when V i1s a nonzero constant. By
integrating Eq. (2.15) we find ¢ = ¢ + 2¢/liVt, so the current density

is
2eVi

From this equation we see that a constant nonzero voltage produces an
alternating current.

J = J.sin(¢g + (2.16)

2.3 The RCSJ model

The resistively and capacitively shunted junction (RCSJ) model is used
to describe the Josephson junction properties for finite voltage. We
model the physical Josephson junction by the ideal one plus a resistance
R and a capacitance (', as seen in Fig. 2.2. The resistance introduces
dissipation while ' reflects the geometric capacitance between the two
electrodes. The current [ is equal to the total junction current from
the three parallel channels, as follows

. V dV
]:]cosln¢—|—ﬁ—|—0?. (217)
The usual notation for the critical current is /, which denotes an observ-
able critical current which may be less than /.. Using the Josephson
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cC — R(V)

Figure 2.2: Circuit diagram.

relation for V' Eq. (2.15) we obtain the second order differential equa-

tion 24 06 ;
— 1 4sing = — 2.18
d7? +¢ dr +sin ¢ 1o ( )

where 7 is in units of (w,)™! where w, = (%)1/2 is the plasma fre-
quency, and () = w,RC is the quality factor.

2.3.1 Overdamped junctions

If C is small so that () << 1 Eq. (2.18) reduces to a first order differ-
ential equation which is

d¢  2eloR, I

= (E — sin ¢). (2.19)

The time average voltage is obtained by integrating this equation for
time 1" required by ¢ to advance by 27, and using 2¢V/h = 27 /T the
resulting equation for the voltage is

V = R(I* — I%)'?, (2.20)

and 1s equal to zero for [ < I, while V = IR for I > [.
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Figure 2.3: IV diagram for underdamped junction.

2.3.2 Underdamped junctions

When C'is large () > 1 the [ —V curve becomes hysteretic. For V =0 [
is increasing until /.o where it jumps discontinuously to a finite voltage
V, = % equal to the energy gap voltage, as seen in Fig. 2.3. If [ is
reduced below [, V does not drop back to zero until a "retrapping
current” I,o = 41.0/7(Q) is reached.

2.4 The Josephson effect in the presence
of magnetic field

We consider the junction shown in Fig. 2.4 between superconductors
S, Sr. We choose a coordinate system such that the electrode surfaces
are parallel to the zy-plane and the tunneling current is along the z
direction. We will examine the effect of the magnetic field H applied
in the y direction which is small compared to A\;. The magnetic field
penetrates into the superconductors a distance equal to the London
penetration depth Ay p respectively (shaded area in Fig. 2.4). From
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Figure 2.4: Plot of the junction geometry of length w. The magnetic
field is applied in the y direction.

equation (1.12) the phases ¢, ¢r in each superconductor satisty
e m~c

V¢L7R - %( 6*2/)5

where A is the vector potential. We integrate along the curves Cr, Cr
as follows

J+A), (2.21)

*

€ m”c

Ora(w) = Srala + do) = — /CR(A o, D)l (2.22)
e m*c

oo+ dv) — dra(z) = Fe cL(A + e*zsz) -dl, (2.23)

where the paths (' p are extended in the bulk where no current exists,
and dl is at right angles to J for the path within the area where the
magnetic field penetrates. Adding (2.22), and (2.23) we have

8z + dz) — 6(x) = [Bua( + dv) — drp(@ + do)] — [Bra(x) — drala)] =

e*
— A -dl A -dl 2.24
ol At ! (2.24)

Cr
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*

B +dr) = o(x) = ]{ A-dl= o H,(\p + Ap + 0)de = +—H,ddo,
C C

he
(2.25)
or d¢ N
(&
— = —dH 2.26
dl’ hC M ( )

where d is the sum of the penetration depths in two superconductors
plus the thickness of the insulating barrier. Equation (2.26) is a local
relation. This means that the gradient of the phase ¢ depends on the
local value of the field. However in some cases it can be generalized in a
way that the gradient of the phase ¢ depends on the field in neighboring
points and the relation becomes non local.

2.5 Junctions with negligible screening

When the junction length w is small the externally applied field be-
comes equal to the self field and Eq. (2.26) becomes ¢(x) = ¢o + kx
where k = 2xr Hd/®q, ¢o is the phase at the origin « = 0. The super-
current through the junction is then given by

1 ://Jc(:zj,y) sin ¢(x)dxdy, (2.27)

where the integration is over the junction area. After integration on vy,
we can rewrite (2.27) as

I = /Jc(:z;) sin(do + ka)de, (2.28)

where J.(z) = [ J.(x,y)dy is the critical current density per unit length
along z.

If we choose a rectangular junction with dimensions X x Y then
J.(x) = J.Y. We perform the integration in (2.28) and choose ¢y in
order to maximize the current. The result is
sin ﬂ'q)%

]max -

o (2.29)
T3,
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Figure 2.5: Plot of the maximum tunneling current as a function of
applied magnetic field for a short junction with: (a) w = 1.0 and (b)

w = 10.
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where ® = Hwd is the applied flux, &5 = % the flux quantum [14]. In
Fig. 2.5a we present the maximum tunneling current as a function of
applied magnetic field for a short junction with w = 1.0. This pattern
is often called Fraunhofer diffraction pattern by analogy to the case of
light passing through a narrow rectangular slit. Each of the lobes in
the diagram can be labeled by the pair of integers (n,n + 1) where at
one end the magnetic field corresponds to exactly n fluxons (i.e. flux=
n®) and at the other end n+ 1 fluxons. For the case of a long junction
the problem was solved by Owen and Scalapino [74], and there, the
different lobes overlap (as shown in Fig. 2.5b for w = 10).

2.6 The electrodynamics of the Josephson
junction

We will examine the effect of the Josephson currents on the time depen-
dent electromagnetic fields in the barrier. We use the Maxwell equation

H= —J4+ —— 2.30
v X —I_ c at 2 ( )
which in the z-direction is written as
oH, oH, 4 10D,
T Ly (2.31)

dr Oy ¢ 7 e ot
We use the equation (2.26) and a similar equation in the y direction

do e
@ am,. 2.32
dy fic ( )

to rewrite the Maxwell equation (2.30) as

hct 0% 0% . oV
87red(6:1;2 + ayz) = J.sin ¢ + Cﬁ’ (2.33)

where

D.=¢l,. =c¢ (2.34)

Y

v
t
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¢ is the dielectric constant of the barrier, ¢ is the the oxide barrier
height, F. is the electric field across the barrier, and V is the voltage

across the barrier. .

" ant)
is the capacity of the junction per unit area, .J. is the Josephson critical
current. Using the Josephson relation (2.15), Eq. (2.33) is transformed

(2.35)

to the sine-Gordon equation

¢ 9*¢  10% 1 .
B 2.36
g Vo T @ aE T e (2:36)
where the Josephson penetration depth given by

hc?
8wedJ.’

is of the order of 2um, for J. = 10 A/m? and depends both on material
and geometry properties.

Ay = (2.37)

Loty
4:7T0d) - C(Gd) ” (238)
since d &~ 15A°, € = 6 the velocity of the electromagnetic waves in the
junction is ¢ & ¢/20.

For the static case, A plays the role of a penetration depth if ¢ << 1
since then (2.36) reduces to

c=c(

2
e _ 9 (2.39)
iz A%

The solutions of this equation are of the form ¢ ~ e**/*/ where x is
measured from the outside edge of the junction. When the external field
is less than the critical field the phase ¢ exponentially decays to zero
in the interior of the junction. It is often called as "Meissner solution’.
A junction is called small if its length and width are small compared to
Ay and long if its length w >> A; and its width is much smaller than
AJ.

In the small junction limit Eq. (2.36) reduces to
a2

-+ w?sin ¢ = 0, (2.40)
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where wz = f—z

J
the RCSJ approximation with no damping and no external current.
The s-G equation must be generalized like the RCSJ model by the

introduction of a damping term proportional to d¢/dt.

This equation has the same form as the one found from

2.7 The I — V characteristics, for small
junctions

The current-voltage (I — V') curve for a superconductor insulator super-

conductor (S — I — 5) junction consists of two branches above %

and
bellow —% which represent the normal electron tunneling. We must
break a Cooper pair so that electrons can tunnel through the insulating
region. As a result the minimum voltage appears at the energy %.
The current at zero voltage is a direct result of the Cooper pair
tunneling and is known as Josephson current. However there is a limit
to the amount of current that the Cooper pairs can carry and if too
much current is applied the Josephson effect is lost and the current is
carried by the normal electrons. The maximum dc current that can
be passed through the junction at zero voltage is known as Josephson

current density J..

2.8 Solitons in long junctions

An interesting type of solution for the long junction geometry is the
soliton which has the form

¢(z,t) = 4tan~! (exp[£ D, (2.41)
where x is in units of A; and the velocity u is in units of ¢. This
solution goes from 0 to 27 as (v — (x9 + ut)) goes from —oo to +oo for
the upper sign solution. It also maintains the value ¢ = 7 at the moving
point © = xo + ut. There is a positive Josephson current localized at
a distance A to the left of zg + ut and a similar negative Josephson

current to the right of z¢ + ut. Other exact solutions are the multi-
fluxon solutions, fluxon-antifluxon solutions, plasma waves, etc. When
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the propagating fluxon reaches the end of the junction it is reflected
buck as an antifluxon. This motion is periodic with period 7 = 2%

The phase changes by 47. Thus in the relativistic limit v ~ 1 the dc
K2 This constant value is called first zero field

we*

voltage will be V =
step (ZFS).

2.9 Inline geometry and stability of static
solutions

The main subject of this chapter is to describe the static solutions of the
sine-Gordon equation. The case of inline geometry is a one dimensional
problem, even for a wide junction, and one can obtain analytic solutions
[74]. Furthermore one can easily check their stability by using linear
perturbations. The particular cases of zero external magnetic field and
inline bias current also reduce the overlap boundary conditions to inline
ones.

In the one-dimensional case we have to solve the following problem

o(x,t)  d*o(x,1)
a1 A

= sin ¢(x, 1), (2.42)

x 1s in units of Ay, H is in units of 47”)\]]0, and [ 1s measured in units
of )\JJC.

Two boundary conditions for the s — G equation are obtained from
the continuity of the magnetic field H across the junction edges. Using
dimensionless units we have

do
H(+w/2) = 2|y, 2.43
(2u/2) = 2], (2.43)
where w is the normalized junction length. Also H(+w/2) is related to
the current line density [/ and H by Ampere’s law

H(w/2) - H(-w2) = Ll = Lla =1, (2.44)
H(w/2) + H(—w/2) = g—i w4 g—i w = 2H, (2.45)
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from (2.44,2.45) we obtain the following inline boundary conditions

de
dx

1
r=tw/2 = i§ + H = 2. (2.46)

Eq. (2.42) has a static solution ®y(x), implicitly expressed using
elliptic functions [2] as

sin ®o(z) = —2¢/m sn (x + x|m) dn (z + xolm), (2.47)
cos Bg(x) = 2m sn’ (x + zo|m) — 1, (2.48)

dd
d—o = 2v/m cn (x + xo|m), (2.49)

x

where the modulus m determines the period of the en elliptic function
(equal to 4K (m)) and the arbitrary constant x, the phase at the cen-
ter of the junction. They are determined by the boundary conditions
(2.46). Introducing (2.49) into (2.46) we get

w
2v/m en(zo + §|m) = vy, (2.50)

2v/m en(xg — %|m) =~_. (2.51)

A useful quantity to classify the solutions is the fluxon content or
the magnetic flux in units of the quantum of flux, defined by

Ny = {aZ) - e(-2)}.

T or

At specific values of H, Ny takes integer values, so that the flux is that
of an integer number of fluxons.

To check the stability of the static solution (2.47)-(2.49) we consider
small perturbations on the static solution ®¢(z) in the form

O(x,1) = $o(x) + U(x,t) (2.52)
and linearize Eq. (2.42) with respect to U(x,1), to obtain

—Ust 4+ Uy = cos () - U. (2.53)
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There i1s no loss of generality if we consider specific perturbations in
the form

Uz, t) = X(x)e*. (2.54)
This way we obtain from Eq. (2.53) the eigenvalue equation

— X"+ cosPp(z)- X =X X, (2.55)
under the boundary conditions
D —) (2.56)

In Eq. (2.55) A = —s?. It is seen from Eq. (2.54) that if the eigenvalue
problem (2.55)-(2.56) has a negative eigenvalue the static solution ®o(x)
is unstable. If all the eigenvalues are positive ®y(x) is stable, while the
case A = 0 corresponds to neutral stability and defines the boundary
of stability. In the following we consider the two special cases v, =
v- (I = 0) and v4 = —y_ (H = 0) separately, since the associated
boundary conditions are easy to handle and the stability analysis is
simplified.

To get a feeling concerning the possible solutions, we plot from
the boundary conditions (2.46) and (2.50,2.51) the constant H and
I contours in the plane of the m and zq parameters, for w = 37/2 in
Fig. 2.6. We give different plots for m < 1 and m > 1. The lines labeled
with 707 correspond to H = 0 (or I = 0 for [ contours) and in both
cases their network encloses areas with a single maximum (denoted by
”+7) or minimum (”—") inside. Notice that there are two types of
curves on which H =0 (or / = 0) as summarized in Table 2.1.

The curved lines in Fig. 2.6 correspond to the solutions of the first
line in the table which we call fixed x( solutions, in the sense that the
shift is a fixed fraction of the period. From (2.50,2.51) we see that the
physical quantities [ and H are periodic functions of xg with period
4K (m). There are also solutions that have a fixed m = m* and arbi-
trary xo, and correspond to the vertical lines in Fig. 2.6 (remark that
contour fitting can be distorted when two equicurrent lines cross). Sim-
ilar results hold for the constant / contours. For m > 1 at the vertical
I = 0 curves we have an integer number of fluxons in the junction.
Thus on the lines through ¢ (a) we have Ny = 1 (2) correspondingly.
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Figure 2.6: Constant H (a) and [ (b) contours in the (m, x¢) plane.
The curves with the symbol O are for H = 0 in (a) and [ = 0 in (b).
The signs 7 4+ 7 or 7 — 7 give the sign of [ and H. The letter symbols
signify the same points in the / and H contours.
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Table 2.1: Different types of curves due to various selections of m and

To.

m zo (periodic)

H=0]0<m<1 +(2n + 1)K (m),n =0,1,...
m=m"n=0,1,.. 00
Y= (2n + 1)K (m") —00 < Tg < 00
ifw>nw

I=0 0<m<1 xo = £2nK(m), n=0,1,...
1<m< oo xo = £—=2nK (L)
m=m"<1
5 =2nK(m*),w > 27 —00 < Tg < 00
n=0,1,... N
m=m">1
%:\/:Wn[’(wi*) —00 < Tg < 00
n=20,1,...

In the current contours the points f and b correspond to peaks in the
Inas (see section 4.4). In the following we will focus our attention on
the solutions where either H or [ .

2.10 Numerical procedure to obtain the
Inae vs H diagram

For the static solutions, the differential equation (2.42) turns into a
difference equation on a grid of size Ax

¢n+1 - 2¢n + ¢n—1
(Az)?

= sin(oy,). (2.57)

The boundary conditions are then described as difference equations,

gbn] - ¢n]—1
(Az)

$2 — &1
(Ax)

=1/2+H, (2.58)

= —I/2+H, (2.59)
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where n; = 3= is the total number of junctions, and we set n; =

50. These coupled differential equations are solved using a relaxation
method to find ¢(x). An initial solution is assumed for ¢(x) that is
close to the desired solution. The magnetic field H is fixed and the
current 1s set to [ = 0. For given [, H, the solution is iterated for a
maximum of N, = 500 times. The convergence criterion is then

j

S8 - )2 < e, (2.60)

n=1

where ¢,,, and ¢, define values of the phase at two successive iteration
steps, and ¢ = 0.001. If this criterion has not been satisfied after N,,,,
iterations the iteration procedure is said to diverge for that value of
I, H parameters. If this criterion is satisfied for N < N, then the
solution converges. Then the current [ is increased while the conver-
gence criterion is satisfied. The value of current for which the iteration
procedure diverges defines the critical current /,,,, for a given magnetic
field. The process is continued by increasing the magnetic field H for
I = 0 using as initial condition the phase ¢(x) at the previous value
of H and repeat the same procedure to find [,,,, for the new value of
the magnetic field H. This is repeated until the critical value of the
magnetic field where the mode terminates is reached.

2.11 No magnetic field case (H=0)

In the absence of external magnetic field we have v, = —y_ = % and
Eqgs. (2.50,2.51) reduce to

2v/men (:1;0 + %|m) = { (2.61)

2 b
w 1
vmen (:1;0 — §|m) =—3 (2.62)
which determine the parameters m and xq that characterize the peri-
odicity and phase shift of the static solutions. There are two different
classes of solutions due to the antisymmetry of the boundary conditions,
which can be satisfied for different I either by fixing z¢ or m.
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2.11.1 Fixed z, solutions

It is seen from Eqs. (2.61,2.62) and the symmetry of the elliptic func-
tions that for positive I one choice for xg in (2.61,2.62) is 29 = — K (m)
(K(m) is the elliptic integral of the first kind), so that z¢ is fixed to
i of the period of the elliptic function. It is in that sense that we call
them fixed ¢ solutions. Strictly x( is not a constant independent of m
since K(m) is a function of m. Thus we have (see [2])

I w
L g (i =y SPGEm) q (2.63)
2 dn(3|m)
2
cos Bo(z) = 2 m :lZ?Ei||Z; —1, 0<m<1, (2.64)

sin Bo(x) = 2 \/m (1 — m)%, 0<m< 1. (2.65)

Another possibility is g = K(m) (¢ is shifted by half of a period) for
the case that 2K (m) < ¥ < 4K (m), or more generally when sn(%|m) <
0, since we are limiting ourselves to / > 0. This means that every time
w increases by 27 we introduce two extra solutions. To put it in other
words the function I(m), in (2.63), is highly oscillating for large w.
We do not need to consider the case that m > 1 since in that case we
cannot satisfy the antisymmetric boundary conditions for the external

current.

2 3r bn
30 20 2
We see that for small w < 27 there is, as expected, only one lobe

In Fig. 2.7a we present three plots of [ vs m for w =

for g = —K(m), and as we will see later only the part to the right
of the maximum will correspond to stable solutions, while the peak
corresponds to the maximum current for zero magnetic field. For w =
57” we have an extra lobe, with the left one at ©o = K(m) and the right
at 1o = —K(m). For w = 10 (dashed line in Fig. 2.7b) the right lobe
has a maximum within 107> of m = 1 and corresponds to xo = K (m),
while the left to ©o = —K(m). The jump in path along two different
curves is necessary because of the restriction of positive current /. Of
course the curve is symmetric about the / = 0 line. The right lobe for
w = 10 is shown in the inset of Fig. 2.7b in expanded form (solid line)

with a different scale for m. The part that is of experimental interest
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Figure 2.7: (a) Plot of I(m) (using Eq. (13)) with o = —K(m) or
K(m) and three values of w: (i) w = 27/3, (ii) w = 37/2 and (iii)
w = 57 /2. (b) Same as (a) with w = 10 (dashed line). The right lobe
in (b) is also shown in an expanded scale for m (solid line). The small
m scale is shown at the top of the figure.
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is the last lobe near m = 1 to the right of the maximum. The two
extremal m values correspond to trivial solutions ®o(x) = & (m = 0)
and $o(x) = 0 (m = 1), the first of which is clearly unstable (pendulum
analogy) and the second is stable. For currents above zero at w = 10
there are four possible solutions for a given [ < [*, where [ is the
maximum of the lowest lobe.

Because the last lobe for large w is very steep it is useful to give
some analytic formulas valid near m = 1 and for the maximum point.

By using asymptotic formulas and assuming that m; = 1 — m ~ ¢

b
where ¢ is a small parameter, we obtain the value of m; where [ is a
maximum as

mar __ 4
= —.
sinh %

The result is consistent with our scaling assumption with

1

sin €.
: w
sinh 5

Thus care is required when simplifying the analytic formulas in [2] (see
p. 574). The corresponding maximum current is

8

I=4— ———,
smh%

(2.66)

so that for large junction length w it approaches exponentially the
infinite length limit. To the right of the maximum the relation between
I(myq) is

tanh ¥

I=4—m" :
i sech%

From the previous discussion we see that as we increase the junction
length w we obtain more solutions. In Fig. 2.8a we give as a function
of w the range of m values for each type of solution and the separating
lines. These values were determined by solving (2.50,2.51) numerically.
We remark that consecutive pairs of regions of solutions correspond
to different x¢ (i.e. different lobes of Fig. 2.7). We see that when
w increases by 27 a new pair of solutions is introduced. Thus near
w = 10 we have four solutions labeled w, al, ar and ag, the first two
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Figure 2.8: (a) A diagram of the different solutions in the space of
parameter w and m with 1o = £ K (m) for the solutions in equations

(13)-(15). (b) The same as (a) but presented in the space of w and [
(instead of m).
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corresponding to 1o = K(m) and the last two to g = —K(m). For
w — oo thereis an infinite number of solutions and many of the dividing
lines coalesce at m = 1. The stability is checked by looking at the
eigenvalues of the linearized problem in (2.55). We see that already for
w = 10 only a small range near m = 1 gives stable solutions, while for
w = 14 it is of the order 107, which is extremely small and not visible
on the scale of the plot. In Fig. 2.8b we give the same information but
in a diagram of current vs w. The lines correspond to the maximum
current for each lobe and below each line there are two solutions. Thus
the solutions ag and ar have the same maximum current (starting from
zero current) and correspond to the right lobe of Fig. 2.7b, while v and
al to the left one. In order to make sure that we get all solutions we
scan over m (with a uniform and fine grid), and the current is obtained
from (2.63). As expected the maximum current for large w is accurately
estimated by (2.66) down to w = 4, while for small w it varies linearly.

2.11.2 Fixed m solutions

Another possibility exists if w > 7, so that we can fit in the length
exactly an odd number of half periods. This automatically satisfies the
antisymmetric boundary conditions due to the current. Then, there
exists a fixed (sometimes more than one depending on the length) m =
m* for which w = 2K (m*). In fact every time w increases by 27 there
is an extra solution arising. Thus for 7(2n + 1) < w < 7(2n + 3),
we have solutions at w = 2K (m),---,2(2n 4+ 1)K (m) with n-different
values of m*. By shifting z¢ we can obtain a range of possible currents
I while always satisfying the boundary conditions at zero magnetic
field. In Fig. 2.9a we plot the current as a function of xg, for w = 10,
where we expect two solutions of this type. The corresponding values
of m* are m* = 0.999272 (from w = 2K (m~), see curves 1/ and 1r
in Fig. 2.9a) and m* = 0.213839 (w = 6K (m™), see curves 0/, Or in
Fig. 2.9a), with the maximum currents being Iy ~ 4 (at 2o = —%)
and I; = 1.8 (at 29 = ¥§) correspondingly. These also coincide with
the maximum currents obtained by fixing 2o = —K(m), K(m) and
varying m. It should be remarked, though that they correspond to
different solutions as we increase the current (I < I,,4,). This can be

seen by the different fluxon content of these solutions in Fig. 2.9b. At
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Figure 2.9: (a) Plot of I(x,) for H = 0, w = 10 and fixed m with (i)
m* = 0.999272 (curves 1/ and 1r) from w = 2K (m*), (ii) m* = 0.213839
(curves 0/ and Or) from w = 6K (m*). (b) Fluxon content Ny as a
function of the bias current [ for the different solutions with fixed m:
(1) m=0.999272 with one half period of the elliptic function (1r and
17). (ii) m=0.213839 with three half periods of the elliptic function (0!
and Or).
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the maximum current value though they coincide. In comparison, the
solutions in the previous subsection correspond to zero fluxon content

N; =0.

2.11.3 Solutions for w = 10

We will present in more detail the calculations for w = 10 since this
i1s a common length in experimental design of long junctions and one
can clearly see the multiplicity of solutions. In Fig. 2.10 we present
all the solutions (for constant xg and constant m) for H = 0 at three
different currents in order to follow their evolution. The branch with a
half period solution for w = 2K (m) (see 1r and 1/ in Fig. 2.10g-i) has
a maximum current / = 4 which is the same as the maximum current
in Fig. 2.7b. In fact at the maximum current (Fig. 2.10i) we have the
coalescence of four different solutions. In the third column of Fig. 2.10
(i.e. g, h, 1) we see the four solutions being different at / = 0 (see g)
but converging to the same solution (modulo 27) as [ approaches the
I =~ 4 (see ¢) value which is the maximum current for all four solutions.
The four solutions come in pairs: two from the pair with w = 2K (m)
discussed earlier (i.e. 1r, 1/) and two from the right lobe of Fig. 2.7b,
1.e. ar and a0 in Fig. 2.10g-1, discussed in the previous subsection. The
other pair of solutions with 3 half periods when w = 6K(m), i.e 0/,
Or in Fig. 2.10a-c have a maximum current near / = 1.8. For higher
currents (above the value at ¢) it jumps branch and converges to the
solutions of the left lobe of Fig. 2.7b since the two pairs of solutions are
quite close as can be seen from the plots in Fig. 2.10c and 2.10f. Notice
that the currents are different for the two plots. We should also point
out (to be discussed in the next section) that by slightly increasing the
magnetic field the w = 6 K (m) solutions show an interesting bifurcating
behavior with a jump in the maximum tunneling current. All solutions
as seen in Fig. 2.9b come in pairs with opposite fluxon content. Thus
on the line Ny = 0 (zero flux) we also have two pairs of solutions up to
I = 2.4 (point A in Fig. 2.9b, where only the point at the maximum
current is shown). One pair is the curves u, al in Fig. 2.10d, e, f. A
second pair goes up to I = 4.0 (point B), i.e. the curves a0, ar in
Fig. 2.10g-1. The solutions of each pair are different as can be seen in
Fig. 2.10a, d, g or Fig. 2.10b, e, h and only coincide at the maximum



2.11. NO MAGNETIC FIELD CASE (H=0)

49
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Figure 2.10: Plot of the phase distribution ®(x) for all the solutions at
H = 0 and three values of the current (different for each line). (a, d, ¢)
I1=0,(b, e, h)I=1lnu:/2, (¢, f, 1) [ = Iar (where I, is different
for each case). The three columns correspond to: (a, b, ¢) the two
solutions (0/, Or) with m* = 0.213839. (d, e, f) the two solutions (u,
al) from the left lobe of Fig. 3b and (g, h, 7) the two solutions (1r, 1/)
for m* = 0.999272 and the two solutions from the left lobe of Fig 5a

(i.e. a0, ar)
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current. Notice that v and a0 are simply displaced by 7, while a/ and
ar have opposite signs. With increasing current, though, they evolve
very differently.

2.12 No current case (I =0)

In the absence of external current Eqs. (2.50,2.51) reduce to the fol-
lowing

2v/men (:1;0 + %|m) = H, (2.67)

2/men (:1;0 — %|m) = H, (2.68)

which determine the parameters m and xg that characterize the
periodicity and phase shift of the static solutions. This is seen from
Eqs. (2.67,2.68) and the periodicities of the elliptic functions. Notice
that these are the only three possibilities leading to three branches, if
we consider solutions, where only m varies and xq is fixed to g = 0 or
zo = 2K (m). Here we need xo = 2K(m), and not @9 = —K(m) as in
the zero field solution, due to the symmetric boundary conditions for
the magnetic field. At the same time we also have solutions where m
is fixed and g is varied continuously with the current.

2.12.1 Fixed x( solutions

We start by giving the three branches.
Branch I: An obvious choice in (2.67,2.68) is xg = 0, so that for
m <1

H=2Vm cn(%|m), 0<m <1, (2.69)
cos Bo(x) =2 m sn®(zlm) -1, 0<m <1, (2.70)
sin @g(z) = —2 /m sn(z|m)dn(x|m), 0<m<1. (2.71)

Another possibility is @y = 2K(m) for the case that K(m) <
< 3K(m), or more generally when cn(¥[m) < 0, since we are limiting

SIS

ourselves to H > 0. This means that every time w increases by 27 we
introduce two extra solutions. To put it in other words the function
H(m) in (2.69) is highly oscillating for large w.
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Branch II: For 2o = 0 and m > 1 we use the notation m = 1/m
and the transformation rules of elliptic functions [2] to obtain

2

w 1
H=—=dn|=———=7 0<m<1 2.72
2 (gln) . 0sm<t, 272)

cos Bo(x) = 2 sn? ( -1, 0<m<1, (2.73)

)

sin Bo(x) = —2 sn (:1;\/_|m) en (x7|m) L 0<m<l.  (2.74)

Branch III: Taking into account the period and symmetry of the
nd elliptic function we can also put in Eqs. (2.67,2.68) x¢ = \/%K(%)
with m > 1 (it cannot be satisfied for m < 1) to obtain

H = 2F nd( \/_|m) , om <1, (2.75)

cos Bg(x) = 2 ed® (

—1, (2.76)

)

sin ¢ =2V1—mmcd (:1;—|m) sd ( |m) : 2.77
o) =2 v T T (2.77)
The branches II and III were obtained from Eqs. (2.67,2.68) by as-
suming that the modulus m > 1 and putting m = % The expressions
(2.69) and (2.72) can both be written in the form

H=2m cn(%|m), 0<m < co. (2.78)

In this case branch I is described by Eq. (2.78) at m > 1 which reduces
to (2.73) by using the transformation formulas (see Ref. [2] ) when the
modulus is greater than unity. Again for large w, H(m) is strongly
oscillating, even though it remains always positive.

In Fig. 2.11 we plot the fluxon content Ny, at I = 0 for three
lengths, that show different patterns and evolution and the introduction
of multiple solutions with length. In the first row we plot the magnetic
field (H vs m) and we see that for the same H we have different flux.
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This means that they correspond to different solutions with different
screening currents. Comparing the second and the third rows we see
that the modulus m (at zero current) is a much better parameter than
the magnetic field H to characterize the solutions, since the flux in this
case i1s unique except for a symmetry multiplicity. Also notice that
the curves should be symmetric about the horizontal at the zero level
(two xq values), but the plot is not completed to keep the vertical scale
shorter and avoid optical complexity to the eye. Only for branch I we
show both curves (for g = 0 and x¢p = 2K). On the other hand the
magnetic field plots exhibit some interesting changes of slope which
for very long junctions alternatively correspond to stable and unstable
regions of solutions. The change of slope is especially apparent for
w = 57” but the alternation of stable and unstable regions also exists
for small lengths as will be discussed later.

Notice that at the points of slope change the fluxon content is an
integer for both branches II (light dashed) and III (dark dashed). Ac-
tually for stronger H the curves in Fig. 2.111 will look just like in 2.11c.
Notice also that the symmetry in figures (b),(e),(h) will correspond to
an antisymmetric form in the plot of flux (Ny) with H. The oscillatory
form of flux vs H is understood by looking at the relation of H and m
as plotted in (a),(d) and (g) for the three lengths. Notice the evolution
with the creation of lobes for small m, whose number will increase with
w as discussed. In the w = 57” case we also have extra solutions with
m fixed which are not shown in the plot, but will be discussed in what
follows. Also for higher w the Ny plot becomes more complex and as a
particular case we discuss the w = 10 length in the next subsection.

2.12.2 Magnetic flux for w =10

In Fig. 2.12 we plot the fluxon content Ny, for a junction length w = 10,
at zero current as a function of, the magnetic field H in (a) and equiv-
alently the modulus m in (b). We see that the plot in (b) is essentially
single valued, while the two curves correspond to the choices xg = 0
and xg = 2K (m) (of branch I), which give solutions with opposite flux.
The corresponding plot with H is quite deformed (due to the periodic
relation between H and the modulus m). In the plots the lines are the
results of the analytic solutions and the symbols the numerical simula-
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2.12. NO CURRENT CASE (I =0) 35

tion results. In the second case we have to try different runs to complete
the curve. As we see the plot of Ny vs m can be continuously traced
by varying the modulus m in the analytic solutions. Then one can
obtain the magnetic field H from m using analytic expressions (shown
in Fig. 2.12¢) and also trace the curve in (a). When, however you do
numerical simulations, using the magnetic field as a varying parameter,
you can trace only the part of the curve with the same slope. When you
reach an extremum in the magnetic field (see points g, [, ¢, k, r, ¢, - -
in Fig. 2.12a), where the slope becomes infinite, the iteration proce-
dure for the branch continuation with increase of H does not converge.
Then you must decrease the value for H to trace the negative slope
curve. Thus one needs five tracings back and forth in A to obtain all
the solutions of branch I, i.e. the curves 0/, Or, u, 1/, 1r in Fig. 2.12a.

In Fig. 2.12 we show all three branches : branch I as given by the
curves 0 — i — g — e for o = 0 (solid line) and o — k — [ — m) for
zo = 2K (m) (dotted line); branch I is given by the line e —c—a — - --
(long dashed line); and branch IIT is given by the line o —r — g —p---
(dashed line). Near H=0 for [=0 we have several solutions four of which
have the same fluxon content Ny = 0, i.e. al, ar, a0, u, and four with
different Ny at points e, m,x and y, i.e. 1/, 1r, 0/, Or. Notice that the
point e is slightly to the right of the N, axis. This is because, for the
particular value of w = 10 near m = 1, the en(¥, 1) elliptic function
behaves like sech(%) so that for large w it is small and positive.

When we increase the current [/ and fix A = 0, the points x,y of
Fig. 2.12, will give us the curves Or and 0/ in Fig. 2.9b for the flux.
The corresponding points in the neighborhood of e and m will give
us the curves 1/ and 1r in Fig. 2.12. At the point o there are two
solutions with constant m, i.e. al, ar in Fig. 2.12a (which for H = 0
are part of the curve Ny = 0). With increasing current one of them
(i.e. al) reaches the maximum current at point A in Fig. 2.9b with
I = 2.5. The other (i.e. ar) goes to B in Fig. 2.9b with [ ~ 4.0. These
solutions have m = 0.88299 where cn(w|m) for the given w vanishes.
They have opposite flux because they correspond to the two possible
values of o = —K(m), K(m). They are equivalent to the solutions in
the middle point with / = 0 in Fig. 2.7b. In the point o there are two
more solutions from which one belongs to the stable branch o — r (i.e.
a0) and the other to the unstable branch ¢ —o—k (i.e. u) in Fig. 2.12a.
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2.12.3 Fixed m solutions

The first branch (I) has also solutions with fixed m = m* = 0.88299 if
w > 27. The value of m* is obtained from the condition 3 = 2K (m*),
so that we have an integer number of periods (4K (m)) for the elliptic
function in the junction length w. This automatically satisfies the sym-
metry requirement for the boundary conditions. The magnetic field is
determined from the position phase parameter x, (with H a periodic
function of x, with period 4K (m*) = w). It is given by

H =2vVm*en(x, + 2K (m™)|m™)

and is presented in Fig. 2.13 for w = 10. The maximum value of H for
this branch is H = 1.8 at #, = +2K(m*). The two signs correspond to
the al and ar curves. Notice that these solutions at zero current have
zero fluxon content (N; = 0) over the whole extent of the magnetic field
for which they exist. These solutions also exist for w = gﬂ', but are not
shown in Fig. 2.11h, 1. For larger w we expect more pairs of solutions,
i.e. a pair for each increase of w by 27. Thus for 47 < w < 67 there

are two pairs of solutions.

2.12.4 Maximum tunneling current

In Fig. 2.14 we plot the maximum tunneling current as a function of the
magnetic field for the three different lengths. We see that for w = 2?”
there are two curves (like ag and ug in (a)) for the maximum current,
one of which is stable and the other unstable. There are, however,
abrupt variations of the maximum current. Thus at the end of the
stable (0-1) branch (line @ — b) there is an unstable (1-2) branch (line
c-d), which however has a discontinuity at about H = 3.3 in [,
(see vertical arrow). The same happens at the left of the stable (1,2)
branch d —n —c¢—m where its continuation has a discontinuity of 0.4 in
Lae, at about H = 2.6. We see that at the [,,,, there are two curves
superimposed with the same [,,,, but they start from different solutions
at I = 0. Thus one has to be very careful when tracing numerically the
Imar vs H curve. For intermediate current values (I < [,,,, at a fixed
H) you must check to the right of ¢ which solution branch you follow.
Thus if we trace for the /,,,. the stable branch at / = 0 from H = 0
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Figure 2.13: Magnetic field H(xg) at I = 0 for the constant m =
0.882992 solution.

(i.e. @o(x) = 0) to the right we follow the curve a —p—b—c—n—d ---,
while if we start from the unstable branch at H = 0 (i.e. ®o(z) = 7)
we follow the curvea —p—m—c—n—d---

The plot for w = 2L (Fig. 2.14b) is a bit more complicated. This to
some extend is caused by the loops in Fig. 2.11d. Thus when we trace
from H = 3.0 to the left, we follow the curve ¢ — b — ¢ with a jump to d
thend— f—e— f—g— f—h, followed by a jump to a point symmetric
to ¢ and from then on following a symmetric path which is not shown in
the figure. The corresponding path for w = 57” (Fig. 2.14c¢)isa—b—c¢
with a jump to d then ¢ — f — ¢, to h and from there on a symmetric
curve. Notice that in this case, the extra branch ¢ — f — ¢ has a lower
peak current from the previous cases.

In the above [,,,, diagrams the existence of jumps as we scan the
magnetic field and increasing the [ value (at fixed H) implies a de-
pendence of the final solution at [,,,, on the initial condition and the
path of approaching it. This becomes clear if we connect it with the
morphology of the / and H contours in Fig. 2.6 for the case w = 37/2.

As we see there are four paths to reach the point f (notice corre-
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sponding points in both Figs. 2.6 and 2.14b) if we fix H = 0 while
increasing the current. These paths are along the curves xg = 3K (m)
(which is equivalent to —K(m)) and the vertical line m = m™ = 0.84.
From these only the one from the right of f along xq = 3K(m) (up
to m = 1) is stable. This corresponds to the solution ag. The other
three paths will give solutions u, 1/, and 1r. The last two are along the
vertical line and v along xq = 3K(m) from O to f. Notice that the
whole vertical axis (i.e. m = 0) corresponds to the single point (H = 0,
I =0) in the /-H diagram.

From the contours of H around the points ¢ and ¢ it is clear that
at these points we have extrema of H which also fall on the curves
o = 4K(m) and x¢o = 2K(m) where [ = 0. Let us take another look
in Fig. 2.14b. If we start from the point a (with Ny = 2) by decreasing
H at [ = 0 we reach the point ¢ (with Ny = 1) along the line xo = 0
(i.e. branch II) in Fig. 2.6. The continuation of branch II through
m < 11s branch I which goes up to point e in Fig. 2.14b. In the rest of
the curve, i.e. when m goes from e to O, the magnetic field is reversed
from -0.6 (at €) to zero. The range in H from ¢ to m corresponds to
two different paths in the xg—m diagram. From the topology it is clear
that they end up in different maximum current as H is kept constant.
The path mec (above m) has its maximum current to the left of the line,
while the path ¢m (i.e. below m) has its maximum current to its right.
Notice that in Fig. 2.14b, in going from « to ¢ (along branch II) you
cross the H value at m. The corresponding point in the z¢-m diagram
is a different one (m’) on the m-axis between a and c¢. Finally the point
b can be reached from several paths. A similar analysis can be given in
all cases, but we chose a single length as a point of illustration.

Below each case in Fig. 2.14 we plot the corresponding flux vs H at
the maximum current. These curves resemble the ones at zero current
in Fig. 2.11(c, {,1). One remark is that while at / = 0 the Ny vs H is a
continuous curve, at [,,,, the flux shows discontinuities the same way
that the maximum current was discontinuous. Comparing Figs. 2.11f
and 2.1le we see that the branches om (o being the origin) and ca are
only slightly modified. The branch though e — ¢ (in Fig. 2.11f) is folded
onto € — 0o — d (in Fig 2.14e). The same happens for w = 57” between
Figs. 2.111 and 10f. In the plot for the flux we have not plotted all the
branches. For a more complete plot of the branch IT and IIT solutions
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see the case w = 10 in Fig 2.15 since they have the same approximate
structure.

In Fig. 2.15a we show the maximum tunneling current and the flux
(at [nqz) as a function of the magnetic field, for w = 10. At this
length we are already at the limit of long length branches. In this case
when going from right to left we trace the [,,, through the points
a—b—c—d—e,jumpto f—g—h—1—j—k—1—m with a symmetric
continuation. The flux (Fig. 2.15b) also shows a similar folding as for
the case w = 57” The letters correspond to the ones in [,,,, vs H plot.

2.13 Analytical stability analysis

Next we obtain some analytic estimates for the stability regions for the
zero current solution. The observations obtained by these estimates
will verify and extend our results by solving numerically the stability
eigenvalue problem in (2.55). Substituting Eq. (2.48) into Eq. (2.55)
we obtain the Lamé eqn.

- X"+ [Zm Snz(:z; + x9lm) — 1] X=)X. (2.79)

Numerical solution of (2.79) with the boundary conditions in (2.56)
gives us all the eigenvalues and we can check the stability of the static
solution. One can gain some insight into a necessary bound for stability
from the following analytic considerations, which we also compare with
the numerical results.

Let us remark that for three values of A = m—1,0, m we can give an
explicit analytic form for the corresponding solutions of (2.79), which

are
Xo = dn(x 4 xglm), Ao=m—1, (2.80)
Xy = cen(x + xolm), A =0, (2.81)
Xy = sn(x + xolm), Ay =m, (2.82)

while other eigenfunctions of Eq. (2.79) have much more complicated
forms. It is worth stressing that the functions in (2.80,2.81,2.82) cannot
be called eigenfunctions of our problem in (2.55)-(2.56), because they
do not satisty the boundary conditions (2.56). Taking now into account
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Eq. (2.56) we can find the curves of neutral stability, i.e. the critical
relationship between parameters (w and H or [ in our case) when the
problem (2.55)-(2.56) has an eigenvalue A = 0.

In the following we shall examine the implications of the above
three analytic eigenfunctions on the stability of the static solution. We
must bear in mind though that it is not sufficient that one of the three
above eigenvalues is zero or negative, but on top we must satisfy the
boundary conditions. Even in that case we can prove instability but
not the reverse, which can only be done by numerical solution of the
eigenvalue problem. We will see, however that some of the conclusions
will be very useful. We will examine the situation for each of the three
branches separately.

Ist branch: In this case it is not easy to get analytical estimates.
We do not have an extra neutral stability since m < 1 and in any case
it can be considered as a continuation of branch II.

IInd branch: In this case the three eigenfunctions of interest are

1
oncn[\/mx|—], do=m—1 > 0, (2.83)
m
X, =d [\/ |i]—d —m|, M =0 (2.84)
1 =4dan mxm—nmm,l—a :
1
X, = sn [\/mx|—], Ay =m > 0. (2.85)
m

Again, since m > 1 only Xj is of interest. It is an eigenfunction of
the linearized problem if

sn (%m@) =0 (2.86)

or equivalently if

=25 K(m), j=1,2-. (2.87)

3Is

Substituting (2.87) into (2.72) we get two families of curves of neutral
stability, where again we can distinguish two cases for even (j = 2n)
and odd (7 = 2n 4 1) values of j. For even j we have Ny = 2n + 1 and
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for odd Ny = 2n ,1.e. odd and even number of fluxons correspondingly.
The respective values of w are given by

8 4
w = EnK (ﬁ) , Ny=2n |, withn=0,1,--- (2.88)

224y 1

w = e .
1+ 2 (1+HT
(2.89)

IIIrd branch: In this case m > 1 and we can write the eigenfunc-
tions in the following form

), Ny=2n4+1 |, withn=0,1,---.

1
oncn[\/E(on)%], Ao=m—1>0,

In (2.90) we used a standard transformation of elliptic functions
so that their modulus is less than unity, and then substituted xq =

«/%K(%). We also used the notation m = % Since Ay and Ay are

always positive we only need to consider X;. For Xj in (2.90) to be an
eigenfunction of (2.55)-(2.56) we must have again the condition (2.86)
or the equivalent (2.87). Here we can distinguish two cases for even
(j = 2n) and odd (j = 2n + 1) values of j. It can easily be verified
again that for even ;7 we have Ny = 2n and for odd Ny =2n +1 | ie.
even and odd number of fluxons correspondingly.

Substituting Eq. (2.87) into Eq. (2.75) we obtain two families of
curves of neutral stability in H, with the values of w given for n =
1,2, by

4 1
W= K( H2), N=2n-1 (2.91)
Ji+48 A1+
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and

4 /4
w= (20~ 1K (ﬁ) N =2n. (2.92)
Eq. (2.91) is valid for any H > 0 but (2.92) only for H > 2. As we
will see in the section of the numerical evaluation of stability the above
families of curves will in fact compare very well giving the boundaries
of stability.

2.13.1 Numerical stability results

To check the stability of the solutions discussed and examine the valid-
ity of the analytical stability results we have calculated the eigenvalue
spectrum for small oscillations around the solution ®o(x). In Fig. 2.16
we plot the four lowest eigenvalues of Eq. (2.55) for w =10 and [ =0
as a function of the parameter m for the I and /1 (Fig. 2.16a) and the
111 branch (Fig. 2.16b) correspondingly. Stability requires all eigenval-
ues to be positive while an increasing number of negative eigenvalues
denotes a higher degree of instability.

The regions in m with all positive eigenvalues correspond to the
stable fluxon solutions and are separated by regions in m with unstable
solutions. Often stable solutions correspond (in the plot of Ny with
H) to the branches with positive slope, line ec, etc in branch /7 of
Fig. 2.12 or ¢p, etc in branch /77. This is not the case though of small
w (see Fig. 2.11) or strong magnetic fields. All the solutions in branch
I (m < 1) are unstable, with several eigenvalues being negative. In all
cases as expected the lowest mode has no nodes and is symmetric. It
can have however several lobes, reflecting the number of fluxons that
show in the unperturbed solution ®g(x). Also when a higher mode
eigenvalue vanishes the lowest mode reflects this and reforms by cre-
ating more lobes, and this effect can be strong when eigenvalues cross
each other. In comparing Figs. 2.16a and b we see that the regions of
stable solutions in m for branch /1 are regions of unstable solutions for
branch 771, while the bounding values of m are the same in both cases.
This is consistent with the analytic expressions (26) and (28). Of course
they correspond to different solutions due to different xy. In branches
11 and I11 there are at most two negative eigenvalues, while in branch
I [m < 1in (2.82)] there is a region with four negative eigenvalues.
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Figure 2.17: Plot of four lowest eigenmodes for m = 1.01012 of branch
I1.

The analytic formulas for stability are entirely consistent for the points
in m where instability sets in. In fact in Fig. 2.17 we show the four
lowest eigenvectors for m = 1.01012 where Ay = 0. The corresponding
eigenvector is fitted with equation (25) and as expected for m ~ 1 the
dn function behaves like a sech(y/mx). The same is true for the branch
111, where the lowest mode can be fitted well with (31).

In Fig. 2.18 we plot in the m vs w diagram the lines from conditions
(2.87), so that each line corresponds to solutions with an integer fluxon
number. Thus the range of m values between two lines for a given w
corresponds to the (j, j+1) branch of both II and III cases. In Fig. 2.19
we plot the same information but in an H vs w plot for I (Fig. 2.19a)
and III (Fig. 2.19b). Due to the oscillatory relation of H and m the
extrema of the magnetic field at I = 0 for each branch do not exactly
coincide with the stability boundary lines. This means that the branch
ends on these lines but in the intermediate it might reach H values
slightly outside this range. If viewed as a function of w for a fixed m
(or m) then the corresponding magnetic field varies periodically, with a
period in w equal to 4/ K (m), i.e. for each m it covers the w—values
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Figure 2.18: Plot of the neutral stability lines of integer Ny in an m vs
w diagram.

between every other curve (Ajy = 2). We also notice from Fig. 2.19
that the width in H of the (0,1) branch is almost independent of w
for large w, while for w — oo many branches tend to coalesce in the
same interval of H for both II and III. One can understand this case by
using the pendulum analogy and realize that for large w the solutions
correspond to trajectories that pass near the separatrix points. This
can also be seen from (2.75). In order to satisfy the boundary condition
for w — oo, the important values of m are quite close to m = 1, since
in that case K(m) — oo. On the other hand for high magnetic fields
H — oo the corresponding values of m are near zero.

2.14 Experimental Relevance

In this section we relate some of our theoretical and numerical results
to the experimental techniques and data. Since the behavior of the
maximum tunnel current is of importance for junction characterization,
we start by plotting in Fig. 2.20 the numerically estimated (using the
iteration procedure described in section 4.2) values of [,,,, for three
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Figure 2.20: Numerical results for [,,,, vs H for L =8.24, L = 9 and
L =10 and the experimental data from [14]. In the experimental data
the dots (.) are the measured points and the dashed lines should only
be considered as a guide for the eye.
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different lengths (8.24, 9 and 10) and the associated experimental data
extracted from figure 5.10 in [14]. The best fitting seems to be for
L = 9.0, 1.e. slightly different from L = 8.24, as was determined by
analysis of the experimental data. The discrepancy is due to the fact
that the critical current density is not homogeneous in the experimental
sample and the analysis used in the experiment it would be valid for a
larger length junction. An exact knowledge of the inhomogeneity can
give a more accurate profile.

Besides the relatively good agreement of the maximum current 7,,,,
value for each H, that verifies our numerical and theoretical analysis
we can also make the following observations: The experimental data
for [,,,, seems to try to follow the stable branches. After crossing
of I, lines it seems to approach some ”bifurcation” points where
it becomes easy to fall in another branch, but a careful experimental
quasistatic scanning of the magnetic field and current ( as was done
in the numerical simulations used to obtain the displayed data), will
enable to successfully trace the whole stable branch experimentally.
Then one can pass over these 'fuzzy’ bifurcation points and be able
to select the appropriate continuation branch. To work within a given
branch with low [,,,, is of interest for low energy (or current) devices.
The quasistatic scanning will also help to elucidate the physical nature
and the practical consequences of such bifurcation points.

There is a close relation between the experimental and the computer
simulation methodologies for determining the whole [,,,, line of a de-
vice. One of these methodologies is described (as a numerical scheme)
in [24, 23]. It is based on the failure of the convergence of the asso-
ciated iteration method when the bias current exceeds the maximum
valued. We should mark that in this case one has to solve a large set
of PDE problems associated with continuation points on the [,,,, line
through fine tuning of / and H along the boundary line. This requires
significant amounts of computer power since it is prone to the effect
of hysteresis. A similar approach is used in experiments. In this case
tracing [, corresponds in configuring the device on the border line
of the branch. Specifically slightly higher bias currents switch the de-
vice from the pair tunneling to quasiparticle mode. A similar approach
(used here) is to configure the device so it corresponds to a point on
the H-axis (I=0) and slightly increase the current until the above mode
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switch will be detected. It is possible but not easy to realize such ”ini-
tial configuration”. For both cases one has to introduce some initial
flux configuration.

The main difficulty that arises from the hysteretic behavior can be
avoided if one looks at Fig. 2.21 where we replot Fig. 2.6 but with a
rescaling of the vertical axis by K(m), so that the curves o = K(m)
now become horizontal lines. As we mentioned earlier the parameters
xg and m define uniquely the fluxon distribution of the solutions. So the
area enclosed by the curve through the points a, b, and ¢ (with upper
half 7 > 0 and lower half 7 < 0) is the stable region corresponding to
the (1 — 2) branch in the [,,,,(H) diagram (see the corresponding «,
b and ¢ points). It is actually separated from the other stable regions.
One can go however from one stable region to the next, by moving
quasistatically along the zo = K line.

Then it 1s clear that for an experiment one might select the starting
configuration of his choice and follow an appropriate path quasistati-
cally to another stable region and to the maximum current so that the
whole procedure is convenient. Note that keeping H (or I) constant
corresponds on walking on a particular contour line.

For the procedure described above where the H is increased or de-
creased monotonically the scanning in the I — H plane suffers from
strong hysteretic phenomena that are apparent in both the computer
simulations and the actual experiments. Based on the analysis pre-
sented in this chapter an alternative way free of such phenomena can
be very naturally proposed. Specifically, as seen in Section 2.12.2 (see
in particular Figs. 8a-c) one might consider searching for the /., on
the I — N; plane where it is mostly singled valued. The search method-
ology will remain the same as before and therefore it can be easily
done on computer simulations by making simple modification on the
existing software. Nevertheless it is not clear how this can be done
experimentally since it requires a manipulation of both the current and
the external field. Another way to keep the flux constant and this can
be done by applying a non-constant magnetic field that varies trying to
keep the distance between the fluxons constant. It remains to be seen
how easily this can be done in practice.
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Figure 2.21: Constant H and [ contours in the (m, xo/K(m)) plane.
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2.15 Discussion

In the preceding sections we have presented a theoretical, numerical
and experimental study of the various static solutions of 1-D Joseph-
son junctions. Our basic approach was the use of elliptic functions to
analytically express the solutions of the associated sine-Gordon equa-
tion. The two parameters involved in the elliptic functions (m and )
were properly selected based on the particular form of the boundary
conditions. This let us obtain useful analytic expressions for these so-
lutions in particular for the cases of zero magnetic field H = 0 or zero
current [ = 0. Their importance lays in the fact that one can easily
study their stability by using simple linear perturbations. This simplic-
ity in the stability analysis let us exploit the role of the geometric (w)
and physical parameters (H, I, Ny) involved. A significant outcome of
our study is the fact that the module (m) of the elliptic functions is
a good characterization parameter that greatly simplifies the general
qualitative and quantitative pictures of the various solutions. The use
of m as a characterization parameter also leads to more stable, accu-
rate and efficient numerical algorithms used to study various aspects of
Josephson junctions.

The analysis presented above is particularly useful to understand
the sometimes complicated behavior when we try to follow numeri-
cally the different branches. In fact, this was one of the motivations
behind this work. Some the most common, annoying problems encoun-
tered (even in the case where no defects are present) are the following:
Considering bifurcation points as regular point and vice versa, miss-
ing bifurcation points, viewing certain turning or bifurcation points as
limiting points and improper branch switching (e.g. 27 jumps). The
present study gives several hints to help us overcome these difficulties.

Our original goal was the study of the influence of the critical cur-
rent density (J. — J.(x)) inhomogeneities on the tunneling current
Lae. Two observations, however, made necessary to study the perfect
junction:

(a) We noticed that when studying window junctions, even for zero
magnetic field, the maximum current starting with different initial
conditions, was not always the same i.e. at [,,,, = 4.0. Several
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times it stopped at lower values.

(b) Both numerical and experimental results show strong hysteresis
phenomena with jumps between different branches when varying
the external magnetic field. Related to this, the question arises
whether there exists a way of analytic continuation between dif-
ferent branches? Or in more physical terms whether there is a
physical parameter (in the place of H) whose smooth variation
shows no hysteresis in /,,,..

With respect to point (a), it is clear now that the second value
belongs to one of the unstable branches we discussed for w = 10. If,
however, there are defects in the junction the unstable solutions might
also become stable and therefore are of interest [4]. Another way to
stabilize solutions is by high frequency fluctuations (of small amplitude)
in a way similar to the Kapitza inverse pendulum problem [61]. This
can also be achieved by small wavelength spatial variation of the critical
current density [55]. For remark (b) in the undefected 1—d junction one
has the advantage that the analytic solution is known and the choice
of m and x,, pin uniquely the proper solution. Thus one can follow,
smoothly the solution if we look at [,,,, as a function of the magnetic
flux. This way we can avoid hysteresis by choosing a proper initial
condition at / = 0 and increase [ to [,,,..

If, however, one uses the magnetic field as an input parameter,
strong hysteretic phenomena are observed, due to the non uniqueness
of the relation between H and m for large w. The multiple solutions (for
fixed x, due to symmetry) correspond to different fluxon content. This
non-uniqueness will disappear for large H where in fact the junction
behaves as if it is a short one and you recover the diffraction like pattern.
Also an increase of the temperature makes the junction to behave as a
short one, with non-overlapping branches.



Chapter 3

Critical currents in
Josephson junctions with
macroscopic defects

3.1 Introduction

The interaction of localized magnetic flux (fluxons) with defects (nat-
ural or artificial) or impurities in superconductors or junctions has an
important effect in the properties of bulk superconductors or the be-
havior of Josephson junctions correspondingly [1]. The flux trapping
from defects which is of major importance in Josephson junctions [14]
can modify the properties of polycrystalline materials with physical
dislocations, for example grain boundary junctions [29]. In this cat-
egory one can also consider grain boundary junctions in YBayCuzO7
[79] where the tunneling current is a strongly varying function along
the boundary. This strong inhomogeneity makes them good candi-
dates for SQUID type structures [40]. Phenomenologically the current-
voltage characteristics of grain boundary junctions are well described
[39] by the resistively shunted junction model [67]. The grain boundary
lines often tend to curve, while the junction is very inhomogeneous and
contains nonsuperconducting impurities and facets of different length
scales[69, 8]. The linear increase of the critical current with length in
grain boundary junctions with high-7. superconductors, which is a dif-

75
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ferent behavior from the saturation in the inline geometry of a perfect
junction, can be explained by the presence of impurities[32]. Therefore
it 1s interesting to study flux trapping in impurities especially when it
can be controlled. Modern fabrication techniques can with relative ease
engineer any defect configuration in an extremely controlled way.

In bulk materials are several types of defects that can influence the
critical current in high temperature superconductors like YBayCusO,
materials. They include 3d inclusions, 2d grain boundaries and twin
boundaries, and point defects like dopants substitutions, oxygen vacancies[1].
For example the homogeneous precipitation of fine YoBaCuOj5 non-
superconducting particles in the melt processing of YBay,Cu30, leads
to high J. values due to the particle pinning centers[72]. Similar be-
havior is observed in NdBayCusO, bulk crystals with Nd4Ba;Cuy0qg
particles[94]. Of interest is also the case of the peak effect in twin-
free Y123 with oxygen deficiency. In this case, one sees a linear in-
crease (peak effect) of the critical current at small magnetic fields, when
growth is under oxygen reduction[102]. For the fully oxidized crystal
one expects a decrease. The peak effect is attributed to flux trapping.
Information on the defect density and activation energies can also be
obtained from the I-V characteristics, as was the case for several types
of defects which were also compared to Au* irradiated samples with
artificial columnar defects[21]. These columnar defects also act to trap
flux lines in an YBCO film which is considered as a network of in-
tergrain Josephson junctions modulated by the defects. In this case
assuming a distribution of contact lengths one finds a plateau in the
critical current density vs. the logarithm of the field[68].

The study of long size of impurities is going to give information be-
yond theories which concern small amplitude of inhomogeneities [100].
Also it 1s possible for a direct comparison of the numerical results with
experiments in long junctions obtained with electron beam lithogra-
phy [59]. This is a powerful technique which allows the preparation
and control of arrays of pinning centers. Another method is the ionic
irradiation which produces a particular kind of disordered arrays, con-
sisting of nanosized columnar defects [21, 98]. The variation of the
critical current density can also occur due to temperature gradients
[58].

The activity in the area of high critical current densities in the
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presence of a magnetic field is hampered by defects due to the diffi-
culty of having a high quality junction with a very thin intermediate
layer. Thus significant activity has been devoted, since for example
the energy resolution of the SQUID [50] and the maximum operating
frequency of the single flux quantum logic circuit [63], to name a few
applications, depend inversely and directly respectively on the plasma
frequency w,, with w, ~ J!/2. The fundamental response frequency of
Josephson devices, the Josephson frequency wj, also depends on the
critical current density. On the other hand, a drawback is that high
critical current densities lead to large subgap leakage currents [56] and
junction characteristics degrade rapidly with increasing J..

Variations in the critical current density also influence the [ — V
characteristics introducing steps under the influence of both a static
bias current and the irradiation with microwaves [77]. In that case
the variation is quite smooth (of sech type ), so that the fluxon and
its motion could be described by a small number of collective coordi-
nates. Interesting behavior is also seen in both the static and dynamic
properties for the case of a spatially modulated J. with the existence
of "supersoliton” excitations [71, 62] and the case of columnar defects
[47, 12] or disordered defects [32].

The trapping of fluxons can be seen in the [,,,,.(H) curves where we
also expect important hysteresis phenomena when scanning the exter-
nal magnetic field. The hysteresis can be due to two reasons: (i) One is
due to the non-monotonic relation between flux and external magnetic
field [22] arising from the induced internal currents, and (ii) from the
trapping or detrapping of fluxons by defects. The effect of a defect on
a fluxon and the strength of the depinning field depends strongly in
the size of the defect, the type of defect and the position of the defect.
Here we will consider case where the widths of the defects is of the
order of the Josephson penetration depth. In this range we expect the
strongest coupling between fluxons and defects. We will also consider
the case of a few defects in the low magnetic field region where pinning
and coercive effects are important.

The organization of the chapter is as follows. In Sec. 3.2 the sine-
Gordon model for a Josephson junction is presented. In Sec. 3.3 we
present the results of the critical current [,,,, versus the magnetic field
of a junction with an asymmetrically positioned defect. The variation of
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x=0 x=L

Figure 3.1: The geometry of the junction. The dark shaded region
marks the defect in the intermediate layer. ¢ is the junction length and
D the separation between the left edges of the defect and the junction.

the [, and the flux content N, with the defect critical current density
and the position are presented in sections 3.4 and 3.5 respectively. The
effect of multiple pinning centers is examined in sections 3.6 and 3.7.
In Sec. 3.8 we examine a defect with a smooth variation of the critical
current density. In the last section we summarize our results.

3.2 The junction geometry

The electrodynamics of a long Josephson junction is characterized from
the phase difference ¢(x) of the order parameter in the two supercon-
ducting regions. The spatial variation of ¢(x) induces a local magnetic
field given by the expression

(3.1)

in units of Hy = Z;IZ&J, where ®q is the quantum of flux, d is the
magnetic thickness and A\; is the Josephson penetration depth. The
magnetic thickness is given by d = 2A; + ¢ where Az i1s the London
penetration depth in the two superconductors and ¢ is the oxide layer
thickness. The A; is also taken as the unit of length. The current
transport across the junction is taken to be along the z direction. We
describe a 1-D junction shown in Fig. 3.1 with width w (normalized
to Ay) in the y direction, small compared to unity. The normalized
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length in the z—direction is ¢. The superconducting phase difference
#(x) across the defected junction is then the solution of the sine-Gordon

CUD) _ (@) sinlo(), 52

with the inline boundary condition

do
dz
where [ and H are the normalized bias current and external magnetic
field. J.(x) is the local critical current Elensity which 1s J. = 1 in the
homogeneous part of the junction and J. = j; in the defect. Thus the

equation

1

r=

spatially varying critical current density is normalized to its value in
the undefected part of the junction Jy and the \; used above is given

by
[ P
Aj =4 —————
4 27 podJo’

where pg is the free space magnetic permeability. One can also de-
fine a spatially dependent Josephson penetration depth by introducing
jc(:zj) instead of Jy. This is a more useful quantity in the case of weak
distributed defects.
In the case of overlap boundary conditions Eqgs. (3.2) and (3.3) are
modified as
co(x) 5

y J(x)sin[o(x)] — 1, (3.4)

and

We can classify the different solutions obtained from Eq. (3.2) with
their magnetic flux content

Ny = %(@% — ¢1), (3.6)

in units of ®y, where ¢r(z) is the value of ¢(x) at the right(left) edge
of the junction. Knowing the magnetic flux one can also obtain the
magnetization from

M:%M—H (3.7)
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For the perfect junction, a quantity of interest is the critical magnetic
field for flux penetration from the edges, denoted by H.. For a long
junction it is equal to 2 while for a short it depends on the junction
length. Due to the existence of the defect this value can be modified
since we have the possibility of trapping at the defects. For a short
junction we have penetration of the external field in the junction length,
so that the magnetization approaches zero. For a long junction it is a
non-monotonic function of the external field H.

To check the stability we consider small perturbations u(x,t) =
v(z)e® on the static solution ¢(x), and linearize the time-dependent
sine-Gordon equation to obtain:

dz;(f) — J.(x)cos d(x)v(z) = (), (3.8)

under the boundary conditions

dv(x)
|x_:|: = 07
dx 2
where A = —s2%. It is seen that if the eigenvalue equation has a negative

eigenvalue the static solution ¢(x) is unstable. There is considerable
eigenvalue crossing so that we must monitor several low eigenvalues.
This is especially true near the onset of instabilities.

3.3 Asymmetric defect

In the following we will consider the variation of the maximum critical
current as a function of the magnetic field for several defect structures.
We start with a long (L > A;) junction of normalized length ¢ = 10
with a defect of length d = 2 which i1s placed D = 1.4 from the right
edge. Thus the defect is of the order of A\;. We plot in Fig. 3.2a the
maximum critical current /,,,, variation with the magnetic field. The
different curves correspond to phase distributions for which we have
a maximum current at a given value of the magnetic field H. The
overlapping curves called modes have different flux content as seen in
Fig. 3.2b where we plot the magnetic flux in units of ®, for zero current
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Figure 3.2: (a) Critical current /., and (b) magnetic flux at zero
current, versus the magnetic field H, for the different modes. ¢ = 10
and D = 1.4. (c¢) The evolution of the lowest eigenvalue A; with the
external field for the different modes. At the extremes of each mode \{
vanishes.
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versus the external field. The magnetic flux is only a weak function of
the external current.

For the perfect junction there is no overlap in the magnetic flux
between the different modes. In fact each mode has flux content be-
tween n®y and (n 4+ 1)®o and therefore is labelled the (n,n 4 1) mode
[22]. Here in the case of the defect the range (at zero current) of flux for
each mode can be quite different and the labelling is with a single index
n =0,1,2,... corresponding in several cases to the (0,1), (1,2), (2, 3),...
modes of the perfect junction. There are in several cases several modes
with similar flux. To distinguish them we add a letter following the
index n.

The maximum /,,,, 1s obtained for mode 1 and the increase comes
from the trapping of flux by the defect. We have to note that the (d, e)
part of this mode is a continuation of the (a, b) part of mode 0. In both
cases we have entrance of flux from the no defect part of the junction
and the instability in the critical current occurs when ¢(—(/2) = =.
Here and in the following we will take this to mean equal to 7 modulo
27. For the maximum current (at H < 0) the equationis H—1/2 = —2.
This can be understood from the pendulum phase diagram, where the
¢, = —2 1is the extremum slope, and thus the relation 1,,,, = 4+ 2H
holds. For the (b, ¢) part of mode 0 the flux enters from the right where
the defect is. This reduces the critical current compared to the perfect
junction 0 mode [22]. Note that 0-mode has its critical current [,
peak slightly to the left of H = 0 in the [,,,, vs H diagram, and to
the left of Ny = 0in an /., vs Ny diagram (see Fig. 3.11a). Also in
the absence of current, reversing the direction of H only changes the
sign of the slope d¢/dx, but the phase difference (in absolute value) at
the two ends will be the same. Thus the 0 mode at [ = 0 extends for
—1.6 < H < 1.6. This is not clearly seen due to curve overlapping in
the left side. Comparing the /,,,, for the modes 1 and —1 we see that
Iaz(1) > Lar(—1). In both cases a fluxon (or antifluxon) is trapped
in the defect. The major difference in the I,,,, comes mainly from the
phase distribution which in the mode 1 case leads to a large positive net
current in the undefected side, while in the —1 mode the net current in
the undefected side is very small.

For the mode 1, at H ~ 0 and zero current the instability happens
due to the competition of the slope of the phase at the defect center and
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at the right edge, while at the other end at H = 2, the field at the defect
center becomes equal to the external field applied at the boundaries
and there is no such competition. In this case the instability sets in
due to the critical value of the phase at the undefected boundary (i.e.
é,(—0/2) = 2). The situation is analogous for the mode —1. For H ~ 0
the instability sets in due to the depinning of the antifluxon while for
H = —2 due to the critical value of the phase at the free defect part of
the junction. For the mode 0 we have no fluxon trapping at the defect,
even though the instability at the two extremes with H = +1.6 at
zero current is caused from the tendency to trap a fluxon or antifluxon
correspondingly at the defect. At higher values of the magnetic field
(|H| > 1.6) we have stability for a range of non-vanishing current values
as will be discussed below. Thus this value can be considered as the
minimum value for the introduction of fluxons in the junction. Let
as remark that for the perfect junction, or a junction with a centered
defect, the corresponding values for fluxon introduction would be equal
to 2. Thus there is a decrease of the critical field as the defect moves
away from the center. For the 0 mode a centered defect would have no
influence on the solution.

The results for the maximum current are in agreement with the
stability analysis. In Fig. 3.2c we present the lowest eigenvalue A\
for the different modes in zero external current / = 0 as a function of
the magnetic field H. The sudden change in slope for the modes —1,1
is because at that point a new eigenvalue becomes lower. The )\ is
positive denoting stability and becomes zero at the critical value of the
magnetic field, where a mode terminates. The symmetry about zero
magnetic field is due to the symmetric boundary conditions for [ = 0.
Change of the sign of H changes the sign of the phase distribution,
but the cos ¢ in (3.8) remains unchanged. This symmetry is being lost
when a finite current is also applied. Also there are solutions (not
presented in the figure) for which the stability analysis gives negative
eigenvalues i.e instability. These solutions may be stabilized when we
insert multiple impurities.

In Fig. 3.3a we specifically draw only the 1 mode, to be discussed
in more detail. Here we changed the procedure, in searching for the
maximum current. Up to now we followed the standard experimental
procedure, 1.e. we scan the magnetic field and for each value of H
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Figure 3.3: (a) Critical values of the bias current as a function of the
magnetic field. The solid line is drawn for the mode 1 obtained with
the usual procedure starting form zero current and increasing the cur-
rent to the critical value, while the dashed line represents the values
obtained with the reentrant procedure described in the text. (b) The
same information as in (a), but for the mode 0.
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we increase the current /, starting from [/ = 0, until we reach the
maximum current. Here we consider the possibility that for I > 0
there is also a lower bound in the value of the current for some values
of the magnetic field. This requires a search where we vary both H and
I simultaneously. Thus we see that for H < 0 there is a lower bound
given approximately by the line H + [/2 ~ H., where H., =~ 0 is the
critical value of H at I = 0, for which we have depinning of the trapped
fluxon. Over this curve the slope ¢, at the right end (near defect) is
kept constant and equal to H, and above this line the fluxon remains
pinned and it should be stable. This line ends at H = —1, since in that
case the extremum value ¢, = —2 is reached in the left end. Increasing
now in that range of H the bias current we find that also the /,,,, curve
extends further to the left. The equation for this line is approximately
given by H — [/2 = —2, with an extremum at ¢,(—(/2) = —2. Thus
the instability on this line arises from the left side (far from the defect).
It extends up to H = —1 for a long junction and joins the other line
H+1/2=H,.

The above calculations were done for a long junction so that the
fields at the two ends do not interfere. For shorter length however
the two ends feel each other and in that case the two instabilities are
not independent. This means that the tail of the defect free side field
will compete with the slope of the trapped field. Then the two lines
H+1/2=H.,and H—1/2 = —2, end before they meet (at H ~ —1) at
a cutoff magnetic field. Also for short junctions we expect the straight
lines to have some curvature. A similar discussion holds for the right
end of the 1 mode. Again there is a lower current (positive) bound given
by H — /2 = 2 due to instability at the left end (qbl,(—g) = 2), and an
upper bound given by H + [/2 = H.,, where H., = 2.8, due to fluxon
depinning. On the same diagram, we show the lower bound for negative
currents. Thus we see that there is strong asymmetry for positive and
negative currents. Remark that for negative currents the mode 1 is very
similar to the mode (1,2) with no defect [22]. This is because the right
boundary is determined by an instability at the undefected side. The
left boundary is again very close because H, ~ 0. So an interesting
effect of the defect is that we have this strong asymmetry for positive
and negative currents.

We would get a similar picture if we considered the —1 mode. In
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Figure 3.4: Critical current as a function of the magnetic field, for the
mode 0, for different values of the defect critical current density j,.

fact we get the same curves (as for mode 1) if we put / — —1I and
H — —H. This is consistent with the —1 mode shown in Fig. 3.2a.
The discussion can also be extended to the other modes. In Fig. 3.2b
we show the result of a similar scan for the 0 mode, but for the sake
of shortness we will not discuss the —1, —2,2 modes. In any case when
the number of fluxons increases one must rely on numerical calculations
rather than simple arguments.

3.4 Variation with the defect critical cur-
rent

In the previous section we considered the case of a microresistance de-
fect. With present day masking techniques we can also consider any
finite critical current (lower or higher) in the defect. This situation can
also arise very often in junctions with high critical current densities,
where small variations in the thickness can create strong critical cur-
rent density variations. Thus for the previous asymmetric defect con-
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Figure 3.5: Same as in Fig. 3.4, but for the mode 1.

figurations we will study the effect of the defect critical current density

in the magnetic interference pattern /,,,,(H). We will concentrate on
the 0 and 1 modes.

(i) mode 0:

In Fig. 3.4 we see the [,,,.(H) variation for the mode 0 for decreas-
ing values of the critical current density from j; = 2, to j; = 0. Let us
discuss first the case for j; < 1. For the perfect junction where j; =1
we have a symmetric distribution about H = 0. As we decrease jy
the flux content of this mode (and the extremum H) is symmetrically
reduced (see Fig. 3.2b). It is not apparent from the drawing, due to
the superposition of several curves on the left side of the diagram, but
as expected the range of the magnetic field is symmetric about H = 0
at zero current. The corresponding I,,,.(H) curves, however, are not
symmetric. The right hand side of the curves i1s displaced towards
smaller critical fields with decreasing j;. This means that the critical
field at I = 0 to introduce a fluxon from the ends is decreased due to
the existence of the defect which acts with an attractive force on the
fluxon. The curves are linear and can be approximated by the equation

I(H) =4—2(H + 6H,.), where 6 H. is the decrease in the critical field
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H.y and depends on j;. A similar decrease happens for negative mag-
netic fields where the defect tries to pin an antifluxon. Even for higher
currents the right side critical field is determined by the tendency of the
defect to attract a fluxon. The left hand side, however remains rigid
(but is shifted along the line). This is due to the entrance of magnetic
flux from that part of the junction where there is no defect. The insta-
bility in the critical current occurs when (¢(—/(/2) = x) for every value
of j4. From the pendulum phase diagram which is the classical analog
of the Josephson junction, the extremum occurs at axqb(—g) = —2, or
H — I/2 = —2 which is the equation for this triangular side. At near
zero current the critical field is influenced from the attractive action
of the defect. At low currents and extreme negative magnetic field the
I,... curve shows a re-entrance behavior so that it is not stable at low
and high currents, but only for a finite intermediate range of current
values. This way we reconcile the different origins of the instability
mechanisms ¢(—{/2) = 7 at high current and the defect influence dis-
cussed for the right hand side of the mode.

For j; > 1 we see an increase in the /,,,,., while the critical magnetic
field at / = 0 remains almost constant at about H. ~ 1.9. The
instability at that point is due to the trapping of flux in the region
between the positive defect and the right edge of the junction. The
field for that is expected to be near H = 2 if the right undefected part
is of length of the order of Josephson length. Thus it is the same value
for flux penetration from the perfect junction edges. It will vary weakly
with jd-

(ii) mode 1:

The mode 1 in the perfect junction has a full fluxon for magnetic
field H = 0.07. The phase distribution is about § = 7 where the energy
has a minimum. At the end of this mode at H = 2.07 where two fluxons
have entered the junction the phase changes from ¢(—(/2) = —7 to
#((/2) = 3x. When the defect is inserted this mode is significantly
modified due to the flux trapping in the defect.

In Fig. 3.5 we see the magnetic interference pattern for this mode
for different values of the defect critical current density. For 0 < j4 <
0.7 the I, vs H curves are displaced downwards, and a fluxon is
trapped in the defect. We notice that all the curves for j; < 0.7 have
the same critical magnetic field H = 2 for [ = 0. This 1s because at
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Figure 3.6: The lowest eigenvalue versus the magnetic field for the mode
1 for different values of the defect critical current density jg,.

this end of the mode, at I = 0 the instability arises at the side with no
defect where the phase reaches the critical value ¢ = x (modulo 27). Of
course as discussed in the previous section we have a reentrant behavior
above H = 2. At the other end for small magnetic field the instability
is due to depinning of the trapped fluxon. For 0.7 < j; < 1.0 the defect
can trap the flux only for H < H.4, where the value of the H.; depends
on the defect critical current j; and in Fig. 3.5 it 1s shown for j; = 0.9.
Notice that for this value of j; the fluxon is very weakly trapped, and
the untrapping process happens slowly over a range of magnetic field
values. For H > H.; the fluxon has moved away from the defect, and
for this weak defect the junction does not feel it. The critical current
goes abruptly close to the curve for the perfect junction. We conclude
that the behavior of the junction for values of j; close to j; = 1 is
determined by the ability of the defect to trap one fluxon. This can be
seen also from the change in the lowest eigenvalue variation with the
external field H, at values of the critical density j; > 0.7, in Fig. 3.6.

For j; > 1 (thin lines in Fig. 3.5) the [, vs H curve for mode 1
has a similar form as for j; = 1, i.e. there is no fluxon trapping. Again,
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as in the 0 mode, the H.. at [ = 0 stays around 2.0 and 1s again due
to the trapping of flux in the right edge.

In Fig. 3.7 we present the evolution of /,,,, with the defect critical
current density j; for a magnetic field H = 1.5. For this value of the
magnetic field there are no solutions with trapped fluxons for j; > 0.83.
The lowest eigenvalue at I = 0 becomes zero at this point. For j; > 0.83
and H > 1.5 there are solutions which are not trapped. For these
solutions the maximum current coincides with the one of the perfect
junction and there is a discontinuity in the curves. Notice the point at
Ja = 1.0. In the same figure we also show the magnetic flux at / = 0
and at [,,, which is almost constant as a function of j; as expected,
with small difference between the two different current curves.

3.5 Variation with the defect position

In Fig. 3.8a we see the evolution of the critical current at zero magnetic
field as we move the defect from the right edge of the junction D = 0 to
the left edge where D = 8. The position is measured from the edge of
the junction to the nearest edge of the defect. We examine the several
modes separately:

(i) mode 0

For this mode and for I = 0, we are able to find solutions for all
the defect positions. As we can see in Fig. 3.8b the corresponding
magnetic flux at [,,,, is slowly changing and equal to zero when the
defect is in the junction center. But when the defect is placed close
to the ends the magnetic flux at the maximum current deviates from
zero. The critical current for this mode is symmetric for defect positions
about the junction center, and has its maximum value when the defect
is at the center. This is because at that position it does not influence
the solution at the edges which is very close to the undefected case,
while near the center the phase is almost zero. But when the defect
comes close to the junction ends the defect cuts into the area by which
the current flows, and the critical current is reduced.

For even smaller distances D = 0.2, and D = 0 there is a jump
to solutions which correspond to a current, which is much higher than
that of the 0 mode for nearby D values. This is because the defect
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cuts negative current regions and for this position we have an increase
of the critical current. In fact these solutions (see +4 symbols in Fig.
3.8a) are very close to the solutions of a perfect junction within the
undefected area, except that now the defect at the edge can give con-
tribution to the flux but no contribution to the current. Thus the flux
1s much higher than that of the 0 mode and it approaches that of mode
1. Nevertheless these points should be considered as a separate mode.
In fact they are part of a branch (crosses). In these distances there are
no other modes for H = 0. Similar results were obtained by Chow et
al. [25] where they attributed this enhancement in the [,,,, for small
distances to a self field which was generated by the current, penetrating
into the defect and resisted any further penetration of field. To over-
come this resistance it was necessary to apply a higher current. But
they do not distinguish between modes with different flux content, and
their evolution with the defect position.

(i) modes 1, —1

For these modes we do not have solutions for all the defect positions
at [ =0 and H = 0, but only in the range 1.4 < D < 6.6 as seen in Fig.
3.8¢ where the lowest eigenvalue is plotted as a function of the defect
position for the different modes. The curves for the 1 and -1 modes
coincide, while the 0 mode shows a change of slope corresponding to
the last two points ( D = 0 and 0.2 discussed above) which belong to
another curve. Mode —1 has a trapped antifluxon in the defect. When
the defect is to the left (4.0 < D < 6.5), then the instability in the
current of mode —1 at H = 0 is created at the right-end of the junction
when the phase reaches the critical value ¢(//2) = x. This instability
occurs for currents which are less than those necessary to unpin the
antifluxon. Notice that increasing the current there is no competition
with the slope of the antifluxon trapped in the left end. Thus at this
point (for 4.0 < D < 6.5) the maximum current is very close to the
undefected junction mode 0, except that in this case Ny =~ —1 is close
to an antifluxon. At the other end (D < 4.0) the instability for mode
—1 1is caused by the depinning action of the applied current, which
takes now much smaller values (close to zero) because of competition
with the pinned fluxon. The phase distribution at the defect free end is
that expected for H = 0 and [ close to zero. The mode 1 with a fluxon
trapped has a symmetrically reflected (about the center) form in 7,,,,, vs
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D and the instability for D > 4.0 occurs at the left end of the junction,
which is the opposite case of mode —1. The eigenvalue becomes zero
at the positions D = 1.4 and D = 6.6. The A\;(D) curve coincides for
the modes 1 and —1 due to the fact that the phase distributions for
the same D for these modes are symmetric about @ = /2, and the
cos ¢(x) that enters the eigenvalue equation is the same.

In the rest we examine the variation of the critical value at which
the instability sets in, as we scan the magnetic field in the positive
(negative) direction H..(H.) for zero current, for the different modes,
as a function of defect position. This instability can be attributed to
the pinning, or the depinning field or to the critical value of % at
the defect free edge, depending on the particular mode that we are
considering. Explicitly for the mode 0 the instability in the H.,(H.,) is
due to the pinning of a fluxon (antifluxon), respectively. In this mode
the defect has no influence for positions close to the center as seen in
Fig. 3.9a and 3.9b. However as we move the defect close to the
edges the pinning field H.(H,.,) is reduced in absolute value because
it is easier to trap a fluxon (antifluxon). For the mode 1 the H,, is
constant for all defect positions. This is due to the fact that at / =0
it 1s the phase distribution at the undefected edge of the junction that
determines the instability. Notice that due to the reentrant character
the critical magnetic field takes higher values at larger bias currents
which vary with defect position. The H. curve depends on the phase
distribution near the defect and therefore is strongly defect position
dependent. For the mode —1 the picture is reversed compared with
the 1 mode. In this case the H, is constant while the H,.. varies with
position. Note that in this mode the depinning of an antifluxon is the
reason that causes the instability at H.,.

3.6 Two symmetric pinning centers

As noted defects (with j; < 1) or inhomogeneities in the junction can
play the role of pinning centers for a fluxon. In this section we discuss
more precisely the effect of multiple pinning centers on the magnetic
interference patterns [,,,,(H) and the flux distribution. The pinning
effect of the Josephson junction has also been analyzed in [107, 106],
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by using a simple mechanical analog. The analogies of the mixed state
of type II superconductors and vortex state of the Josephson junction
has been discussed in these references. In Fig 3.10a we present, as an
example, the critical current /,,,, versus the magnetic field for a junc-
tion which contains two defects of length d = 2 placed symmetrically at
a distance D = 2 from the junction’s edges. We examine the following
modes grouped according to flux content:

(i) modes 0, Oa

These modes have magnetic flux antisymmetrical around zero field,
as seen form Fig. 3.10b where the magnetic flux is plotted versus the
magnetic field. At / = 0 and magnetic field H = —0.7, the 0a mode
contains one fluxon trapped in the left defect, while an antifluxon exists
at the other part of the junction. As H increases towards 0.7 the picture
changes slowly, so that the antifluxon is pinned in the right defect. The
stability analysis shows that this mode is unstable. We remark that
there are also other unstable modes near zero flux, which we will not
present here. For example there is another unstable mode with the same
flux as Oa but a much higher critical current (the same as the 0 mode).
Mode 0 has phase distributions which are similar to the corresponding
mode of the homogeneous junction since it has no trapped flux in each
defect.

(it) modes 11, 1r

These modes have magnetic flux close to unity, and are both stable.
For the mode 1r one fluxon has been trapped to the right defect, and
in the mode 1/, the vortex is trapped in the left defect. Due to the
symmetry this mode has the same magnetization as the mode 1r, but
the critical current is reduced. The phase distribution for the modes
1r, and 1/, at zero current are related by ¢y(2) = 27 — ¢y, (—x). The
maximum field H = 1.9 (at [ = 0) for both modes is determined by
an instability at the fluxon free side. At the other extreme there is a
competition at the fluxon side between the applied field and the field
created by the pinned fluxon. Thus the critical field at H = —0.62 can
be considered as a coercive field and below this value the fluxon gets
unpinned. The two modes have characteristically different currents and
this depends on the current through the fluxon free defect, since the
pinned fluxon itself gives no major contribution. Thus the maximum
current is much larger for the 1r mode. The opposite would be true if
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we look for negative currents. There are also the symmetrically situated
modes that correspond to an antifluxon in the left or right defect, which
are not shown in Fig. 3.10a. The respective flux is antisymmetric with

H around H = 0.

In Fig. 3.10a we also show the mode 2 with flux around 2 fluxons.
Several unstable modes are not shown, for the sake of clarity. Their
analysis however, can show the connection between different modes,
while a defect in the correct place with proper characteristics can sta-
bilize these solutions. We conclude that depending on the positions
where the vortex is trapped we may have modes with the same mag-
netic flux content, but different critical currents. Also due to soliton
localization on the defects, we may have stable states with magnetic
flux close to unity, for zero magnetic field. These states together with
the one existing in the homogeneous junction form a collection of stable
states in a large H interval. We must comment here that states with
unit flux, for zero magnetic field (H = 0) exist in the homogeneous
junction, as a continuation of the stable (1) mode to negative magnetic
fields, but as we found in a previous work [22], are unstable. So we may
argue here that the presence of defects stabilizes these states.

In comparing the results for one (Fig. 3.2a) and two defects (Fig.
3.10a) we see some similarities and differences. In the case of two defects
new modes appear but also the region of stability of the equivalent
modes is different. This is more clearly seen in Fig. 3.11 where we plot
the /..., vs Ny for both cases. This presentation is useful since the Ny
is a nonlinear function of H. This plot (Fig. 3.11a) is a combination
of Figs. 3.2a and 3.2b. We should point out that the maximum peak
in the current in both case comes due to the trapping of a fluxon in
the defect at the right side. The maximum of 0-mode is very close in
both cases and this happens because this mode does not involve fluxon
trapping. The 1r mode for the two defect case is very close to the 1
mode of the single defect, since in both cases there 1s a fluxon trapped
in the same side. In the two defect case we see an enlargement of the
region of stability so that the modes overlap. The thin continuation
lines in modes 0 and 1 for the single defect are in the reentrant region
of flux as discussed in section 3.2.



3.6. TWO SYMMETRIC PINNING CENTERS 99

50 -
a) %
> 4.0 0
S e N 1
= -2
T 3.0 - -— -1
5 —-- =2
o
g 2.0 I '/’ \\‘ //\\ III/\\‘
g ! ! II \\ \ / “\
é 10 [ il \ /I \\ I’, \
E [ / v /
/ / \ /
0_0 L. - Lo . L ! |
-3.0 -1.0 1.0 3.0
magnetic flux N,(I=1__)
50 -
b)
—~ I 0
é 4 0 I ’I/ \“ _________ Oa
< -
G 3.0 - / N -— 1l
= / \ A -2
=} ,’ \\ / \
o //\\ v \
g 20 I 1 l/ \\ \\ ‘/ \
= o H \
3 1.0 - I VY \
e ! ! \
/ /
1 v \
H I A \
OO L . Pod el 1 | 1 ' I '
-1.0 0.0 1.0 2.0 3.0 4.0

magnetic flux N,(I=1__)

Figure 3.11: Critical current /., versus the magnetic flux Ny, at the
maximum current for the different modes, for a junction of length ¢ =
10, (a) for the asymmetric defect case, and (b) for the two symmetric

pinning centers of length d = 2.



100 CHAPTER 3. CRITICAL CURRENTS ...

3.7 Symmetric distribution of pinning cen-
ters

In this section we study as an example the case where a junction of
length ¢ = 14.2 contains three defects of length d = 2, and the distance
between them is 2. The length was augmented, so that we keep the
same width of the defects when we increase the number of the defects,
since we saw that the width of the order d = 2, gives the possibility
of fluxon trapping and increased maximum current when the defect
is situated asymmetrically. We will study the phase distribution at
I = 0 and try to extract information about the critical field values and
magnetization. We find the following modes grouped according to flux
content:

i) modes 0, 01, Or, Oc

In Fig. 3.12a we present the critical current versus the magnetic
field for the modes with magnetic flux around zero (see Fig. 3.12d).
This is indicated by the 0 symbol. There are four modes belonging in
this category, which are stable. The solutions for the mode 0 are simi-
lar to the homogeneous junction mode 0, with no flux trapping in the
defects. The only difference is that the instability in the critical field
occurs when the phase at one edge, reaches a value, which is smaller
(due to pinning) than the corresponding value for the undefected junc-
tion, which is ¢(—//2) < . The same was true for the two defect case.
Mode Oc has the maximum critical current /,,,,, = 5.08 for H = 0. One
antifluxon is trapped to the leftmost defect, one fluxon to the rightmost,
and the phase in the center defect is constant. The trapping at the edge
defects leads to a positive current distribution between them, for this
particular length, and enlarges the maximum current. The same type
of mode was not found for the two defect case (with a shorter junction
length), and we conclude that the extra defect along with the increased
junction length stabilizes this solution. For the mode 0/ one fluxon
is trapped in the left defect where the phase changes about the value
¢ = w. The antifluxon is distributed at the other two defects, where
the phase is about the values 37/2 (or 7/2), and we have a cancellation
of the positive and negative current density in this region. Similar for
the mode Or the fluxon is trapped to the right defect, and the current
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1s distributed with opposite sign to the other two defects. These modes
are similar to the 0Oa mode for the two defect case.

ii) modes 11, 1¢, 1r

In Fig. 3.12b we see the maximum current versus the magnetic
field for the modes with magnetic flux around Ny =1 (see Fig. 3.12e).
There are three modes with flux close to Ny = 1 each of which cor-
responds to the trapping of one fluxon in one defect. In the mode 1¢
the fluxon is trapped in the center defect. In the mode 17 (1r) it has
been trapped in left (right) defect. Due to the symmetry the lowest
eigenvalue, and the magnetic flux coincides for these two modes, but as
we showed in the previous section, their critical currents are different,
depending on the tunneling current distribution in the region with no
trapping. The 1r mode corresponds to a higher critical current.

iii) modes 2, 2a, 2b

In Fig. 3.12c we see the maximum current versus the magnetic
field for the modes with magnetic flux around Ny = 2 (see Fig. 3.12f).
Only the mode 2 corresponds to stable solutions. There we have two
fluxons trapped in the side defects. In mode 2a one fluxon is trapped
in the right defect, while in mode 2b this trapping occurs in the center
defect. We conclude that distributed pinning centers are more effective
in trapping the vortex, and lead to an increased critical current. Some
conclusions will continue to be valid for larger number of defects where
we keep the defect width and separation fixed. In that case we also
expect the results to change significantly when there is either a peri-
odic array of defects, where we expect higher fluxon modes to give the
highest current peak [47].

3.8 Defect with a smooth variation of cur-
rent density

Up to now we considered defects with abrupt changes in the local crit-
ical current density and the question arises whether the abruptness of
J. variation is crucial in the significant change in /,,,, for the n = 1
mode. We will see that similar effects exist for smoother variation,
where again the fluxon pinning is an important feature. For this reason
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Figure 3.13: Inline critical current /,,,, versus the magnetic field H,
for the modes 0, 1 and 2, for the junction with an asymmetric defect
but smooth variation of the critical current density.zg = 7.6 and p = 2.

we chose a single defect at the junction center with a smoothly varying
critical current density given by

J.(x) = tanh? [%(:1; _ :1;0)] , (3.9)

where the defect is centered at xo, and the width is determined by p.

In Fig. 3.13 we show the results for the case z¢ = 7.6 and p = 2,
which can be compared with the results of the asymmetric defect in Fig.
3.2a. For the modes shown the curves are very similar and thus we see
that the main results survive since the defect strengths are similar.
Of course there is a quantitative difference. But most of the stability
criteria described earlier are still valid.

In Fig. 3.14 we consider the effect of the form of current input and
compare the case of inline with overlap for a smooth defect situated at
the center of the junction i.e. zg = 0 with ¢ = 0.5. In Fig. 3.14a
we present the [,,,, for inline boundary conditions, and we show only
the —1,0,1 modes. The 0 mode is not influenced at all from the defect
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Figure 3.14: Critical current [,,,, versus the magnetic field H, for the
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since all the phase variation is at the boundaries. There is a strong
similarity with [,,,, for the 1, and —1 modes. The reason is that in
these cases there is a trapped fluxon or antifluxon at the center and
at zero current and magnetic field the phase variation dies out at the
boundaries. Thus when increasing the current at H = 0 towards [,
we have the same situation at the boundaries as for the 0 mode and the
instability happens at close [,,,, values. Of course due to the pinning,
the fluxon content is very different from the 0 mode. The —1 and 1
modes have an enhanced [,,,, and the small difference in 7,,,, from
the 0 mode is attributed to the small influence of the trapped fluxon
to the boundaries. Let us remark that a similar situation was seen in
Fig. 3.8a for the square well defect, when the defect position is at the
center for H = 0. By comparing with Fig. 3.9 the H. and H., values
we see close agreement with the case of j; = 0 in the defect. These
results could change for a smaller length junction or if we move the
defect towards the edges (as seen in Fig. 3.8a).

For the same defect we also investigated the effect of the overlap
current input, where the current is distributed along the whole junction.
In Fig. 3.14(b) we present the maximum current per unit junction
length versus the magnetic field, and it should be compared to the
inline case in Fig. 3.14(a). We see a significant change for the —1
and 1 modes. Of course at I = 0 both current inputs give the same
solutions, but [,,,, is much smaller for the overlap boundary conditions.
This is from the fact that due to the applied current the fluxon is pushed
against the pinning barrier until it is overcome at the critical current. In
the absence of applied current the phase at the defect centeris ¢(0) = 7,
while the application of the current pushes the fluxon to the edge of the
defect which is taken to be near the point where the curvature of the
defect critical current distribution changes sign. So we can consider in
this case this maximum current as a measure of the pinning force.

In Fig. 3.15a we plot the magnetic flux N; at zero current versus
the magnetic field H for the inline case. The lowest eigenvalues for the
different modes versus the magnetic field are seen in Fig. 3.15b. For
a homogeneous junction the 0 mode is the only stable state available
at H = 0. However in the problem we consider here, the mode 1(—1)
exists and it is stable for H = 0 and corresponds to the localization
of the soliton (antisoliton) in the inhomogeneity. For these modes we
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have pinned flux at H = 0, with ¢(0) = #, and % = 2. In Fig. 3.16
we show the evolution of ¢ and %, for the mode 1, as we change the
magnetic field at / = 0. Near H = —1.9 the fluxon content is near
zero and for H < —1.9 an instability sets in due to the depinning of the
fluxon. This is because the slope at the pinned fluxon competes with the
opposite slope tried to be imposed by the external negative magnetic
field at the boundaries. At the other end the flux is equal to 2, and
the instability sets in when ¢ at the boundaries approaches 7 (or odd
multiplies). The range of H values for the 1 mode, when the defect is at
the center is significantly broadened and gives a corresponding range
for the flux of two fluxons. Usually each mode has about one extra
fluxon and in particular for the perfect junction it contains only one
extra fluxon. This is because the defect is at the center and far enough
from the edges where the magnetic field i1s applied and therefore even
for negative fields there is no significant competition, with the field at
the defect center. This is especially true when the distance of the defect
from the edges is grater than 2)\;. When however the defect is near
the edge the instability sets in before we cross to negative magnetic
fields. The maximum current /,,,, for the mode 0 is greater than in
the modes 1,—1, but is reduced compared with the [,,,, for the mode 0
in the homogeneous junction, in zero field. In [33] they approximated
this reduction in an analytical calculation using a delta function for the
defect potential, and they found Al,,,, = —p/2L ~ 0.02. In [33] they
arrived at the analytical result, by minimizing the fluxon free energy,
for the maximum overlap current versus the magnetic field H, for these
modes, which is a good approximation of the numerical solution we
consider here in the himit L > 1.

3.9 Conclusions

In several applications it is desirable to work in an extremum of the
current for a region of the magnetic field. This can be achieved by
the appropriate distribution of defects so that the negative lobes of
the current distribution in the junction due to the fluxons are trapped
in the defect with no contribution to the current. Of course if the
defect is isolated (far from other defects or the edges) we expect zero
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contribution to the current. Due to the effect of the applied current
and magnetic field at the boundaries in certain cases we can obtain
positive current lobes outside the defect. In several cases in section 3.3
this was the reason for the increased current. Because the control of
magnetic field is very easy compared to other system parameters (like
temperature, disorder, etc.) the measurement of the effect of magnetic
field on junction behavior, provides a convenient probe for the junction.
The calculation of the [,,,, can characterize the quality of the junction
or verify the assumed distribution of defects when they are artificially
produced. The spatial variation of the critical current density on low T.-
layered junctions, and high 7. grain boundary junctions can be directly
imaged with a spatial resolution of 1um using low temperature scanning
electron microscopy (LT SEM) [45, 36]. Information on smaller scale
inhomogeneities has to rely on the magnetic field dependence of the
maximum tunneling current /,,,,.

The purpose of this chapter is the consideration of large defects in
order to study the interaction between fluxons and defects and give es-
timates of the coercive field for pinning or depinning of a fluxon from a
defect. The region of consideration puts us far from the region of per-
turbation calculations and is amenable to direct experimental verifica-
tion since it 1s easy to design a junction with the above characteristics.
The defects influence strongly the low fluxon modes. At high mag-
netic fields larger than the depinning field of a single fluxon we expect
only minor effect and fluxon trapping. Of course for a large number
of defects interesting behavior can be obtained.[71, 62] The interaction
between fluxons in the few defect case also assists to overcome coercive
fields and untrap fluxons. The results of two trapped fluxons in the two
defect case show that the fluxons are strongly coupled and one cannot
consider an exponential interaction type potential between the fluxons.
Also the critical current in a long junction, cannot be calculated as
the Fourier transform of the spatial distribution of the critical current
density J.(x), at least for weak magnetic fields. For strong magnetic
fields, where we have the field penetrating uniformly the junction, as is
the case for short junctions, we recover the diffraction like pattern.

In summary we saw that the bounds of the different modes deter-
mined by the stability analysis depend on two factors: (i) the instability
at the boundaries away from the defect when ¢, reaches its extremal
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values equal to +2, and (ii) the instability due to the pinning or depin-
ning of a fluxon by the defect. If the junction is near one end then we
saw that both criteria play a role in determining the instability, inde-
pendently in different areas. In general, however, there will be coupling
between defects and the edges (surface defects) especially in the case
of multiple defects. Defects also introduce hysteresis phenomena which
are weaker in the case of smooth defects. We also saw that due to
fluxon trapping in general we see a reentrant behavior, i.e. there are
regions of magnetic field for which there is both an upper and a lower
bound on the maximum current. We also find that due to the pinning
of magnetic flux from the defect there exist additional stable states in
a large interval of the magnetic field. The abrupt change in the critical
current density is not crucial for the trapping. Similar results are ex-
pected from smooth defects, with quantitative differences. The above
results can be checked experimentally since it is easy to design a junc-
tion with a particular defect structure, using masking techniques. In
fact a few parameters or characteristics could give at least partial infor-
mation on defect properties. In particular the measurement of H., or
H,; can give some information of the defects near the edges. In addition
the measurement of the /,,,,. vs H diagram will give us information on
the defect critical current density. Also one can imagine the situation
where we scan locally with an electron beam affecting thus the local
critical current and observe the variation of the /,,,. as we increase
the heating. Omnce a fluxon is trapped we can decrease the heating
(or increase jg) and observe the variation of [,,,,. Thus one can have
pieces of information to put together in guessing the defect structure
that might fit the whole [I,,,, pattern. The extension to many defects
requires considerable numerical work. It is hoped, however, that some
of the stability criteria will still be useful.



Chapter 4

Magnetic-interference
patterns in Josephson
junctions with d + s
symmetry

4.1 Introduction

In this chapter the numerical techniques of chapter 2 and also the skills
acquired in the problem of a macroscopic defect will be applied to a
more interesting problem, which deals with the pairing symmetry of
unconventional superconductors [80, 42, 103, 97, 54].

This question is crucial since it will allow the identification of the
underlying mechanism of superconductivity in cuprates. The Joseph-
son effect provides a unique tool in theory and experiment since it is
sensitive to the phase as well as in the magnitude of the order param-
eter.

The most possible scenario is that the bulk pairing state is an ad-
mixture of a dominant d-wave with some small s-wave component. This
fact is a direct consequence of the orthorhombic distortion of the sys-
tems which makes both the d-wave and s-wave indistinguishable (they
transform according to the identity representation of the group). There
is a basic difference in the physics if one takes into account the phase
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difference between the two parts of the order parameter. The mixing
due to orthorhombicity predicts a d + s or equivalently d — s order
parameter. In an orthorhombic lattice the crystal axis ¢ and b are not
equal. The order parameter has to follow the symmetry of the lattice.
The d + s or d — s order parameter has one lobe slightly larger than the
other and hence it is related to the crystal lattice structure. Therefore
the order parameter in orthorhombic YBCO lattice has to be d + s or
d — s. This has been analyzed within the Ginzburg-Landau framework,
valid close to T. [17]. Experimental observation of this possibility has
been clearly realized in photoemission experiments [64] and the c-axis
tunneling [57].

In addition to the above work, calculations based in BCS weak-
coupling theory [70, 78] predict that a mixed symmetry is realized in a
certain range of interaction. This state has the time-reversal symmetry
7T broken. This symmetry (d + is) is realized in bulk calculations only
as a consequence of the absence of any orthorhombic distortion since
the orthorhombic distortion favors the d + s or d — s order parameters.
The d + is-wave state favors a phase difference of 7 /2 between the two
components as opposed to 7 in the d + s state. The Fermi surface is
either circular or tetragonal in the particular examples. In the d + is
state the dominant order parameter d is superimposed with a complex
s-wave order parameter in a sense that the shape of the d-wave lobes
is not affected. Hence the d + is-wave function should be related to a
crystal lattice with tetragonal symmetry.

The situation becomes more complicated if we consider surface ef-
fects. The observation of fractional vortices on the triangular grain
boundary in YBayCu3O; by Kirtley et al. [51], may indicate a possible
violation of the time-reversal symmetry near grain boundary (because
the boundary breaks the bulk orthorhombic symmetry). Their experi-
mental arrangement consists of two segments of c-axes textured YBCO
films where one is a triangular inclusion within the other. Therefore it
is interesting to study more this symmetry in the case of interfaces.

In the present chapter we study the static properties of a one dimen-
sional junction which contains a twin boundary where the phase differ-
ence between the two superconductors acquires an extra relative shift
in each twin. The maximum current /. that a junction can carry versus
the external magnetic field H in the direction parallel to the plane of
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the junction is calculated by solving numerically the sine-Gordon equa-
tion. The stability of fractional vortices f, or antivortices f,, which are
spontaneously formed as a consequence of the symmetry, is examined
in the absence of current and magnetic field for different lengths and
relative phases.

In the 7 -violated state the magnetic interference pattern as has been
obtained by Zhu et al. [108] in the short-junction limit is asymmetric.
They conclude that for a long junction the magnetically modulated
critical current is basically identical to the conventional 0-0 junction
due to the formation of the spontaneous vortex near the center of the
junction. Our exact numerical calculations show that there is a “dip”
near the center of the diffraction patterns even for junctions as long as
10A;.

The rest of the chapter is organized as follows. In Sec. 4.2 we
discuss the Josephson effect between two superconductors with mixed
s and d-wave symmetry. In Sec. 4.3 the role of the twin boundary
is discussed. In Sec. 4.4 we present the results for the magnetic flux
and the interference pattern. Finally, a summary and discussion are
presented in the last section.

4.2 Josephson effect with mixed wave sym-
metry

The GL free-energy density in terms of two complex components of
the order parameter, nq(r) and ny(r) is given by

F(2) = aalna s a4+ 22 a2 4 P 4 a0y 3)

2
$5alTIngl? 43 M+ (oo L — o) 4 c.e] 4 (VAT
(4.1)
where a15 , 3, ¢ = 1,2,3,4 and 7,2, are real coefficients, and the
operator
. 2e
II=—ificy — —A. (4.2)

c
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Figure 4.1: (a) A single Josephson junction between superconductors
A and B with a two component order parameter. The angle between
the crystalline a axis of A(B) and the junction interface is 61(62). (b)
The geometry of the junction between the twinned crystal (regions A
and (') and the untwinned crystal B. The dashed line marks the twin
boundary.
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In the case where the interaction in the dominant pairing channel 1
and the subdominant 2 is attractive the phenomenological parameters
ay and a; are taken to be proportional to 1 — T/T5 and 1 — T'/T},
where T3, and T} are the transition temperature for the 2 and 1 order
parameter respectively. Also the parameters ;.2 = 1,2, v are related
to the effective masses in the way, ~; = 1/2m?.

By varying the free energy [ f(r)dr with respect to nj and nj, we
obtain the field equations for the order parameter n; and ns,

asng + ﬂ2|n2|2n2 + ﬁ3|n1|2n2 + 25471%”; + 721—12”2 + %(Hazc - H?)nl =0

(4.3)
ainy + ﬂ1|n1|2n1 + ﬂ3|n2|2n1 + 254”371; + ’711_12”1 + %(Hi — Hz)nz =0
(4.4)

The current density is given by

J = (—n3IIny, + —niIIn, + —*[(nzﬂxnl + nijll,ns)ex
2 my m,

—(n3Ilng + nill.ny)ey]) + c.c.. (4.5)
We consider two superconductors (A and B), with a two component
order parameter (nf(B), n’;(B)), which are separated by an intermediate

layer of thickness ¢ in the z direction, as seen in Fig. 4.1(a). If the
angles between the crystalline a axis of each superconductor A and B
with the junction interface are defined as 6; and 6;, respectively, the
bulk order parameters ny; for the d-wave component and n, for the
s-wave component, near the interface can be written as

oy = ﬁfe@f; = n1o cos(201)ei'¢f;, z>1 (4.6)
nPei? = nygcos(20y)er, 2 <0’
and
e — ﬁ’z“ew? = nzoew?, z>1 (4.7)
2 ﬁge“‘sg = nzoei%B, 2< 0 ’

Here ¢} and ¢4, u = A, B, are the phases of the order parameters in
superconductors A and B.
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The expression for the supercurrent density can be obtained by the
Ginzburg-Landau equations [108, 9] as a function of the two order pa-
rameters and evaluated at the interface to find the tunneling current
density. For this we need the solution of the order parameter in the
interface which is obtained by using the approximation of small thick-
ness compared to the coherence length [7], with boundary conditions
as given by Eqs. (4.6) and (4.7). The approximation leads to a lin-
ear variation of the order parameter across the interface. Applying the
boundary conditions, we obtain

= (1 —z/W)aPe s 4 2 /Waite'hra, (4.8)

= (1 —2z/W)naBe®5 4 2 /Wiife' P24, (4.9)

Substitution of Eq. (4.8,4.9) into Eq. (4.5) gives the supercurrent
density

J = ZZ: Jeij sin(¢F — 1), (4.10)

7,7=1
where
Ja1 = (2eli/mit)nin?
y— (Zeh/m*t)nfng
Jaz = (2eh/mit)ngnb (4.11)

Jeaz = (2eh/mit)ny nf

are implicit functions of the orientation of the crystalline axis through
the tilded order parameters as seen in Eqs. (4.6) and (4.7); m}5, m>, m*
are the effective masses that enter into the Ginzburg-Landau equations.

Some special cases are the following

(1) For d-wave symmetry one component of the order parameter
vanishes at the interface (ny = 0). The Josephson current density
becomes J = |J.q1|sin(¢ + ¢.) with ¢. = 0 for J.4; > 0 and ¢. = 7 for
Jo1 < 0.

(i1) For d+ s-wave and the restriction where ¢3' — ¢ft = ¢f — ¢F =
is fixed on both sides of the interface, the current density .J depends
only on one phase difference through the interface, say ¢ = ¢ — ¢,

and

J(6) = | J.| sin(¢ + ¢.), (4.12)
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Figure 4.2: Magnitude and phase of the superconducting order param-
eter as a function of direction in the CuO; planes of the cuprates for
the candidate pairing states.
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with
Jo = Jar + Jez2 — Jaaz — Je2n. (4.13)

In Eq. (4.12) ¢. = 0 for J.> 0 and ¢. = 7 for J. < 0.
(7i7) For the d + is-wave case the intrinsic phase difference within
each superconductor A and B can be assumed to be ¢35 — ¢t = ¢F —
B — x/2. The current density J is

J(¢) = J.sin(¢ + ¢.), (4.14)

with
Jc = \/(Jcll + Jc22)2 + (Jc12 - chl)z, (415)
tan~! L& Ji >0
_ T
¢e = { 7 + tan~! %, Jy <0’ (4.16)

where J; = Ja1 + Jea ,Jo = Jeo1 — Jaa. Equation (4.16), through
(4.6,4.7,4.11), defines the relationship, between 6, 6 and the phase
o.. In Fig. 4.2 we present the magnitude and the relative phase of the
possible pairing states.

4.3 Role of the twin boundary

We consider two superconducting sheets A and ' which overlap for a
distance L with the superconducting sheet B, in the z-direction, [as
shown in Fig. 4.1(b)]. The relative phase of the s- and d-wave or-
der parameter in all three superconducting regions is assumed to be
7/2. The regions A and C' are separated with a twin boundary, with
odd reflection symmetry. At an odd reflection symmetry twin bound-
ary, the relative orientation of the ¢ and b axes changes by 7/2 on
reflection across the twin boundary, and the lobes of the s and d order
parameter with different sign face each other along the boundary [101].
This symmetry is a consequence of the dominant d-wave order param-
eter that we have assumed, and the fact that the order parameter is
continuous and varies as little as possible at the twin boundary. Exper-
iments have shown that the transition temperature (7%.) of a twinned
crystal remains the same following the removal of the twin boundary
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[37]. We then choose the angle between the a-axis in region A, and the
x-direction to be #; = 15°, causing the angle between the a-axis and
the junction interface in region C' to be §3 = 75°. The missorientation
angle of superconductor B with the junction interface 1s 6, = 22.5°.
This choice of angles was made intentionally in order to compare our
results with those of Ref. [108]. With the above arrangement a simple
calculation from Eq. (4.16) yields ¢, = 0.0l7 in 0 < = < L/2 and
b2 = 1.087 in L/2 < & < L. The current transport across the junction
is taken to be only along the z direction. We describe the entire junc-
tion with width w small compared to A; in the y direction, of length
L in the = direction, in external magnetic field A in the y direction.
We expect that experiments in Josephson junctions between twinned
and untwinned superconductors will show the results that we present.
Our analysis can equally well apply to explain the results of Ref. [51].
The superconducting phase difference ¢ across the junction is then the
solution of the sine-Gordon equation

To) _ 1 Gnfo(e) + oule)], (4.17)

dz? )%
with the inline boundary conditions
do 1
— |0 = =+ H. 4.18
dx lp=0.0, 2 + (4.18)

The Josephson penetration depth is given by

he?
A=, =,
/ metJ,

where d is the sum of the penetration depths in two superconductors
plus the thickness of the insulator layer. We also assume that the criti-
cal current density J, is constant within each segment of the interface.

The spatial variation of ¢ induces a local magnetic field given by

the expression

q)od T
o) = 32 .

We can classify the different solutions obtained from Eq. (4.17) with

their magnetic flux content

B = 2"(6n —b1), (4.20)

(4.19)
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where ¢r(r) is the value of ¢ at the right(left) edge of the junction, and
Oy = % is the flux quantum.

To check the stability we consider small perturbations u(x,t) =
v(z)e® on the static solution ¢(x), and linearize the time-dependent

sine-Gordon equation to obtain:

J?
) 4 cosl(e) + 6. )ole) = Mol w.21)
under the boundary conditions dq;(;)|$:07L = 0, where A\ = —s2. It is

seen that if the eigenvalue equation has a negative eigenvalue the static
solution ¢(x) is unstable.

We can also compute the free energy of the solution for zero current
and external magnetic field

F= hiw /OL [1 — cos [¢(x) + do(a)] + Az—g (%ﬂ dr.  (4.22)

Note that the no vortex solution ¢ = 0 everywhere is not a solution of
this problem.

When ¢, = ¢, = 0 we have the conventional s-wave junction.
In case ¢4 = 0, ¢.o = ® we have the d-wave or d + s-wave junction.
The above cases have time reversal symmetry (7 -conservation). When
®c1, Peo are slightly different from 0 and 7, we have the d + is-wave
pairing, which is a broken time reversal symmetry state (7 violation).
In this chapter, the particular parameters we use are ¢.,; = 0.01x,
¢ = 1.087, and the pairing state is d + ¢s.

4.4 Spontaneous flux and interference pat-
terns

We consider first a symmetric 0 — 7 junction. Here the change of
¢. from 0 to 7 introduces spontaneous flux lines i.e., vortices with half
the conventional flux quantum (® = +®,/2), if the junction length is
much larger then A;. We call them half-vortex (h,) and antivortex (hg,)
solutions. To obtain these vortices as solutions of Eq. (4.17) for zero
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Figure 4.3: Critical current /. versus the magnetic flux ® (in units of
Py) for a symmetric 0 — 7 junction(left),and a junction with d + is
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current and magnetic field, a kink or antikink like initial condition is
used, which is iterated until convergence. Using the h, and h,, solutions
as initial conditions and increasing the current we are able to reach the
critical current /. for a given magnetic field. In Fig. 4.3(left) we plot
the critical current /. as a function of the magnetic flux ® (in units of
P,) for different junction lengths: (a) L =10, (b) L =4, (¢) L = 2, and
(d) L =1 (A; = 1). The circles (squares) in this figure correspond to
the half vortex (antivortex) branch. For most of the range of existence
of hy (hg,) the magnetic flux is positive (negative) while there is a small
region where it turns into an antivortex (vortex). A similar calculation
has been done in Refs. [105] and [52] where they considered only the
h, solution. As we can see, there is a “dip” at ® = 0, for lengths as
long as L = 10.

In the d + 1s-wave case, where ¢.,; = 0.0l7 and ¢., = 1.087, the
phase ¢ must form a kink or antikink near = 0 in order to match the
conditions on both sides. The flux quantization is ® = y®y where y is
neither integer nor half-integer. We call the solution with positive flux
a fractional vortex (f,) while the negative flux solution is the fractional
antivortex (f,,). Note that y is equal to 1 — (¢.2 — ¢1)/27 for the (f,)
solution [108] and (—¢es + ¢e1)/27 for the (f,,) in the long junction
limit.

In Fig. 4.3(right) we present our calculations for the 7 -violation
case where ¢, = 0.017 and ¢, = 1.087. We also plot for L. = 1 the
analytical result (solid line) of Zhu et al. [108]. In contrast to the pure
d-wave case, for small lengths this pattern is asymmetric and the “dip”
in the maximum current does not occur at ® = 0, but at a finite ®
value. This behavior also exists for lengths as long as L. = 10.

In Fig. 4.4 and 4.5 we plot I. vs H for the d and d + is-wave
states respectively. For large lengths the f, and f,, branches are almost
coincident and one might draw the conclusion that the behavior for a
long junction is the same independent of the symmetry. The proper
quantity to consider though is the total magnetic flux which includes
both the contribution from the external field and the induced self-field.
It should be remarked that for an s-wave junction the relation between
® and H is linear for small H so that the plot of I. vs H or ® does
not show any differences for small H. For higher H, however, the
overlapping branches (for long L) are unfolded. In the case of a different
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symmetry even the small H form can change due to the existence of
spontaneous magnetization.

In Figs. 4.3(right)(a) and 4.3(right)(b) both f, and f,, branches
are stable. There are also unstable branches which are not presented,
but are seen in Fig. 4.3(right)(c). The [. almost coincides for two
solutions, one of which is stable and the other unstable. Still we can
distinguish the two peaks corresponding to f, and f,,. As expected for
the short length (L = 1) the stable and unstable branches are exactly
coincident. These unstable branches also exist for longer lengths but
we need different initial conditions to obtain them due to the strong
nonlinear dependence of ® on the magnetic field H. In the calculations
we vary nonmonotonically the magnetic field, but the slope of ®(H)
changes sign near the boundary separating the stable and unstable
solution.

Figure 4.6 addresses the question of spontaneous flux generation
in junctions with broken time reversal symmetry (7 violation) as a
function of the reduced length (L) and the relative factor of s and d
components. The long-dashed line is the result of Ref. [108] which
compares with our numerical result (solid line). Both cases have ¢ =
0.017, ¢.o = 1.087. The approximation they made is that the forma-
tion of the spontaneous vortex at the junction center simply changes
the phase in the left (right) part of the junction by ¢.1(¢e2). This ap-
proximation is valid for long junctions but as we can see in Fig. 4.6
does not hold for junctions with lengths less than 10\ ;, since the ex-
ponentially decaying analytic solution does not satisfy the zero current
boundary conditions at the ends. We have also used two other values
for ¢.9, i.e., 0.97 (dotted line) and 0.87 (dashed line). We conclude
that as we decrease the value of ¢, the fractional vortex f, tends out
to be a 27 vortex, whereas the fractional antivortex gradually loses its
flux content.

In Fig. 4.7(a) we have plotted the magnetic flux ¢ (solid line,
Py = 1) versus the value ¢ for L = 10 and H = 0. In the limit
¢es = 0 and ¢4 = 0 the junction behaves as the usual s-type junction
[74], where the different solutions are distinguished by the number of
complete vortices present in the junction. Solutions where the junction
contains more than n and less than n 4+ 1 vortices we say that they
belong to the (n,n + 1) branch. In this case the only stable solution
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Figure 4.6: The spontaneous magnetic flux ® as a function of the re-
duced junction length L. for different values of the intrinsic phase ¢
in the right part /2 < @ < L of the junction and ¢, = 0.01x.
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-1.0

Figure 4.7: The evolution of the fractional vortex f, and antivortex f,,
as a function of ¢.y, for two different lengths (a) L = 10, (b) L = 1. The
stability of theses branches is also denoted by the lowest eigenvalue Ay of

the linearized eigenvalue problem. Note that the double arrow connects
the flux with its stability curve.
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present in the junction is that with ¢ = 0 everywhere. This solution has
magnetic flux ® = 0 and belongs to the (0,1) branch. The vortex and
antivortex solutions with ® = 1 and ® = —1, respectively, also exists
for H = 0, but as seen in Ref. [22] are unstable. As we increase the
value ¢.9, the no vortex solution with ® = 0 of the usual s-type junction
is transformed to the fractional antivortex f,,. If we further increase
b2 (not presented in the figure) it will reach the full antivortex of the
s-wave junction when ¢., = 27. Besides, the unstable vortex solution
of the s-type junction with ® = 1, as we increase ¢.y, goes to the f,
of the d + s junction stabilizing itself as seen by the stability analysis
from which the lowest eigenvalue is also displayed (light line). If we
continue increasing the ¢., it will go to the no vortex solution of the
usual s-type junction. The linear dependence of ® from ¢., can also
be seen in the analytical result of Ref. [108] for large lengths, where
the approximation they made is valid. When we change ¢.; and keep
beo = 0, from 0 to 27, the (0,1) branch goes to f, and then to the
unstable (1,2), while the unstable (—2,—1) branch goes to f,, and
then to the stable (0,1).

The situation is a little bit different for small lengths as can be seen
from Fig. 4.7(b) where L = 1, H = 0. Here the stable solution of
the s-wave junction will be transformed to the f,, of the d + is-wave
junction, with the increase of ¢.5, while the unstable ® = 0 solution of
the s-wave junction will go to the stable f, when ¢, is equal to 1.087.
Notice that the magnetic flux remains almost constant - almost zero -
which can be expected since we are in the short junction limit where
self currents are neglected.

In Fig. 4.8 we plot the ratio F'/ Fj of the free energy of the state with
some spontaneous flux to the state with no flux. This ratio becomes
larger than 1 as we decrease the ¢y, for the f, branch, for small lengths.
On the other hand, when F'/Fy < 1 the no-flux state is metastable and
the final state will be the one with spontanecous flux.

4.5 Conclusions

We have studied the static properties of a one-dimensional junction with
d + s order parameter symmetry. The magnetic interference pattern
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i1s asymmetric, and there exist a “dip” near ® = 0 for lengths as long
as 10\;. The diffraction pattern of a junction can give us information
about the pairing symmetry, at least where junctions are formed.

We have followed the evolution of spontanecously formed vortex and
antivortex solutions for different mixing between the s and d compo-
nents of the order parameter. We have shown that for small lengths the
fractional vortex becomes unstable as we decrease the extra phase of
the pair transfer integral in the right part of the junction. We conclude
that when a mixing state symmetry is realized, the fractional vortex
and antivortex solutions evolve differently and this characterizes the
d + 1s-wave pairing. We expect these findings to hold even if a bulk
d + s state evolves continuously as a function of distance from the in-
terface to a d + s one, as long as the there is a well defined area close
to the interface where the time-reversal symmetry is not conserved and
the junction is formed.



Chapter 5

Critical currents in
Josephson junctions, with
unconventional pairing
symmetry: dxg_yg + 1S versus

5.1 Introduction

One of the main questions in the research activity on high-7. supercon-
ductors nowadays is the identification of the order parameter symme-
try and its underlying mechanism[80, 42]. The most possible scenario
is that the bulk pairing state has a d,»_,»-wave character. Theoret-
ical calculations, suggest that an imaginary s-wave component which
breaks the time reversal symmetry is induced in some cases, wherever
the d,2_,2-wave order parameter varies spatially such as near a vortex,
or near the surface [66]. Also the observation of fractional vortices on
a triangular grain boundary in YBayCusO7 by Kirtley et al. [51], may
indicate a possible violation of the time-reversal symmetry near grain
boundary. Theoretical explanation of this experiment is given by Bai-
ley et. al. in Ref. [9] where they study a triangular grain boundary in
d-wave superconductors. They conclude that under the assumption of

131



132 CHAPTER 5. CRITICAL CURRENTS ...

d-wave symmetry the flux at the edges of this triangle can take the val-
ues +®¥4/2, which does not agree with the experiment. However under
the assumption of d,2_,» 4 ¢s-wave symmetry an intrinsic phase shift
é.(x) exists in each triangle edge. In turn the phase ¢(a) must change
in order to connect the different values of ¢. in each segment. This
arrangement leads to fractional vortices or antivortices at each three
corners, in agreement with the experiment.

Another pairing state which breaks the time reversal symmetry is
the d,2_,2 +1d,,-wave. Patches of complex d,, components are induced
around magnetic impurities at low temperatures in a d,2_,2-wave su-
perconductor forming a phase coherent state as a result of tunneling
between different patches [10]. Violation of parity and time reversal
symmetry occurs in this state. Also on the high field region, H < H
the d,2_,2-wave state can be perturbed by the external filed, producing
a dy2_,2 + id,, state in the bulk [11].

The observation of the splitting of the zero energy peak in the con-
ductance spectra at low temperatures indicates that a secondary com-
ponent is induced which violates locally the time reversal symmetry
[26]. Theoretical explanation based on surface-induced Andreev states,
has been proposed [35]. Recently the field dependence of this splitting
has been observed in the tunneling spectra of YBCO [6, 60]. This ob-
servation is consistent with a d,2_,2 +1s surface order parameter as well
as a dy2_,2 + tdy, bulk order parameter. Another question which can
be asked is to what extend, the observation of a symmetric magnetic
interference pattern in the corner junction experiments [42] is an iden-
tification of d,2_,2-wave symmetry, or could also imply a d,2_,2 4 1d,,
pairing state also? In this work we propose a phase sensitive experi-
ment based on the Josephson effect, which may be used to distinguish
which symmetry (d,2_,2 + s or d,2_,2 4 id,,) the order parameter has
near the surface. We study the static properties of a frustrated junction
which is made of two one-dimensional junctions, of d,2_,» + iz-wave,
(where © = d,, or ¥ = s) and s-wave superconductors. By introducing
an extra relative phase in one part of this junction, the above junction
can be mapped into the corner junctions experiments[42, 99]. We ex-
amine the spontaneous flux and the critical current modulation of the
vortex states with the junction orientation angle 6, the magnitude of
the secondary component n,, and the magnetic field H. In each case
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we derive simple arguments which are useful to discriminate between
the time reversal symmetry broken states. For example, when the ori-
entation is exactly such that the lobes of the dominant d,:_,-wave
order parameter points towards the junction interface the magnetic in-
terference pattern is symmetric (asymmetric) when the secondary order
parameter is @ = d,,(s). This is verified for small junctions as well as in
the long junction limit, and can be used to distinguish between broken
time reversal symmetry states.

The rest of the chapter is organized as follows. In Sec. 5.2 we
discuss the Josephson effect between a superconductor with broken time
reversal symmetry and an s-wave superconductor. In Sec. 5.3 the
geometry of the corner junction is discussed. In Sec. 5.4 we present
the results for the magnetic flux of the spontaneous vortex states in
corner junctions with some intrinsic magnetic flux. In Sec. 5.5 the
parameters which can modulate the spontaneous flux and the critical
currents are considered. In Sec. 5.6 a connection with the experiment
is made. Finally, a summary and discussion are presented in the last
section.

5.2 Josephson junction with mixed wave
symmetry

We consider the junction shown in Fig. 5.1(a), where two superconduc-
tors (A in the region z > ¢ and B in the region z < 0), are separated by
an intermediate layer. We assume that each superconductor has a two
component order parameter. The order parameter for each component
k(k = 1,2) in the superconductors, can be written as

{ B s
ne =

. . 5.1
ﬁfeka, 2 <0 (5-1)

Here qﬁ’:(B) is the phase of the order parameter n; in superconductor
A(B). Then phenomenological Ginzburg-Landau theory is used to cal-
culate the supercurrent density given by [108]

J = Z Jckl sm(qﬁf - ¢;4)7 (52)

k=1
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Figure 5.1: (a) A single Josephson junction between superconductors A
and B with a two component order parameter. The angle between the
crystalline @ axis of A and the junction interface is 6. (b) The geometry
of the corner junction between a mixed symmetry superconductor, and
an s-wave superconductor.
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where
Jcn == (26h/m2d)ﬁfﬁ{3
Jc12 == (2€h/m;d)ﬁ§ﬁIB ’ )

chz = (26h/mgd)ﬁ§4ﬁ§

m:,m’, m; are the effective masses that enter into the Ginzburg-Landau
equations. In the following these masses are taken equal to an effective
mass m™.

We restrict to the case where B is s-wave. In this case n? = 0, and
nP=constant. We define ¢ = ¢F — ¢¢', as the relative phase difference
between the two superconductors. We consider the case where the
intrinsic phase difference within superconductor A is ¢ — ¢t = 7/2.
Then the order parameter in A is complex and breaks the time reversal

symmetry. The supercurrent density can be written as:

J(6) = Josin(6 + 6.). (5.4)

with
Jo=/JE+ JZ, (5.5)
tan~! 22 Ji >0
¢c = o Jl—l J: ! ) (56)
7 + tan f, J1 <0
where J; = Je1, J2 = —J.22. The Josephson critical current density jc
eh

1s scaled 1n units of J,g = Two special cases are the following:

1) For d,2_,2 + is waveﬂgzadse the magnitude of the d,2_,>-wave com-
ponent in (5.1) is 75! = nygcos(20) , where 0 is the angle of the crys-
talline a-axis of superconductor A with the junction interface. The
magnitude of the secondary order parameter in superconductor A is
ﬁ’;‘ = n9g = 0.1n4g.

ii) For d,»_,» + id,, wave case, the magnitude of the d,>_,.-wave
component in (5.1) is given by 1 = nygcos(20), while the d,, wave
component is 173 = ngsin(20), where nyy = 0.1n19. This order pa-
rameter can occur in the following way: The order parameter mag-
nitude for the d-wave state Ag(f) = Agcos(20) is an equal admix-
ture of pairs with orbital moment L, = +2. and can be written as
Ag(0) = (Ao/2)[exp(2i0) +exp(—2i0)]. In the presence of perturbation
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such as (feromagnetically) ordered impurity spins S, the coefficients of
L, = £2 components will shift linearly in S, with opposite signs. The
final state will be Ag(8) — Ag(0) + iS.A1(0), where A;(0) = sin(26).
The strength of the secondary component is proportional to the per-
turbation S,.

5.3 The corner junction geometry

We consider the corner junction shown in Fig. 5.1(b), between a su-
perconductor with broken time reversal symmetry at the surface and
an s-wave superconductor. If the angle of a-axis with the interface in
the z-direction is €, then the corresponding angle in the z-direction
will be 7/2 — §. We map the two segments each of length /2 of this
junction into a one-dimensional axis. In this case the two dimensional
junction can be considered as being made of two one dimensional junc-
tions described in Sec. II connected in parallel. Their characteristic
phases ¢, and ¢., depend upon the angle §. We call this junction
frustrated since the two segments have different characteristic phases
®c1, Peo. The fabrication details of corner junctions or superconducting
interference devices (SQUIDS), between sample faces at different angles
can be found in Ref. [42, 99].

The superconducting phase difference ¢ across the junction is then
the solution of the sine-Gordon (s-G)equation

d*¢(x)
dx?

= Josin[o(x) + ¢o(w)] = 17, (5.7)
with the boundary conditions

do
T le=0 (5.8)
The length x is scaled in units of the the Josephson penetration depth
given by

fic?
SmedJ.y’

where d is the sum of the s-wave, and mixed wave A,, penetration
depths plus the thickness of the insulator layer. The relative phase

Ay =
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Table 5.1: The magnetic flux (®) in terms of ¢4, ¢ for the sponta-
neous solutions that exist in the corner junction geometry between a
superconductor with time reversal broken symmetry and an s-wave su-
perconductor (¢.1, ¢e2 is the extra phase difference in the two edges of
the corner junction due to the different orientations, of the a-axis of the
dominant d,»_,2-wave superconductor). We present only the minimum
flux states n = 0, —1, 1.
Vortex state n =~ Magnetic flux (@)

0 (=2 + ¢e1)/27

1 (—¢e2 + ¢ +27) /27

-1 (—¢e2 + ¢ — 27) /27

dc(2) 18 Pe1(Pea) in the left (right) part of the junction. The external
magnetic field H, scaled in units of H. = 257?1—CAJ is applied in the y
direction, which is considered small compared to A;. The bias current
per unit length 7°” in the overlap geometry is scaled in units of =,
and 1s uniformly distributed along the entire x axis of the junction.
We can classify the different solutions obtained from Eq. (5.7) with

their magnetic flux content

o — %(@% ), (5.9)

where ¢p(r) is the value of ¢ at the right(left) edge of the junction, in

units of the flux quantum ®y = %

5.4 Spontaneous vortex states

Firstly let us consider the case where the two one-dimensional junctions
of d,2_,2 +ix-wave where x = s or x = d,,, and s-wave supeconductors,
each of length L/2, described in Sec. II are uncoupled. Then for
0 < @ < L/2 the stable solutions for the s-G equation are ¢(x) =
—&e1 + 2ny7, where ny = 0,4+1,4+2, ..., while for L/2 < x < L the
stable solutions for the s-G equation are ¢(x) = —¢doo + 2nem, where
ny = 0,£1, 42, ..., where ¢.1, @2, are the relative phases in each part of
the junction due to different orientations. These solutions are plotted
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Figure 5.2: The stable solutions ¢ = —¢.1+2n17 (¢ = —pea+2n97), for
n; = 0,—1, 2= 1,2, that exist in the left(right) junction, of d,2_,> +is-
wave and s-wave superconductors, when considered uncoupled, at zero
current, versus the orientation angle . Each junction has length /2,
where [ = 10)\;, and ¢.1, (¢.2) is the extra phase difference in the left
(right) junction due to the different orientations. The arrows denote the
variation of the phase ¢ in order to connect these stable solutions in the

frustrated junction geometry. We present three possible solutions i.e.
n =0,—1,1, and down(up) arrow denotes negative(positive) magnetic

flux.
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in Fig. 5.2, for n; = 0,—1, 2 = 1,2 as a function of the orientation angle
f. When the frustrated junction is formed, and we consider the above
junctions in parallel, the phase ¢ is forced to change around = = L/2,
to connect these stable solutions. This variation of the phase ¢, along
the junction describes the Josephson vortices. The flux content of these
states (in units of ®g) is [82]

T = [6(L) — 6(0)]/27 = (~6ua + b + 2n7) 27, (5.10)

where the n-value (n = ny — ny = 0,£1,42,...) distinguishes between
solutions with different flux content. We will concentrate to solutions
called modes with the minimum flux content i.e., n = 0,1, —1. Their
magnetic flux in terms of ¢.1, ¢.o is shown in table 5.1. Generally the
flux content is fractional i.e. is neither integer nor half-integer, as a
consequence of the broken time reversal symmetry of the problem.

In the actual numerical simulations, the stable solutions of the sine-
Gordon equation in the left(right) part of the junction are taken as the
initial conditions for the iteration procedure. For example for the n = 0
solution the phase ¢(x) is taken ¢(x) = —da (—¢e2) in the left (right)
part of the junction, as an initial condition and then is iterated until
convergence. Besides if we take as initial condition , ¢(x) = —¢., in
the left side, and ¢(x) = —27 — ¢, in the right side, the final state of
the system, after the iteration procedure, is the solution which we call
n = —1, with negative magnetic flux, and not exactly opposite to n = 0.
We comment here that the solutions after the iteration procedure have
smooth variation as a function of the position, as opposed to the step
function variation of the initial conditions.

For the 0 — 0 junction ¢.; = ¢ = 0, and the flux becomes ® = n,
so we say that the flux is quantized in integer units of ®(. In this case,
there exist solutions with flux & = ..., —1,0,1, ... [22]. These solutions,
when n # 0 are stabilized by the application of an external magnetic
field. In the case of a junction with some spontaneous flux, at least for
the modes with lower flux content, the external field is not necessary
since the spontaneous magnetization state is stable.

In the case of 0 — 7 junction, where the intrinsic phase in the right
(left) part of the junction is ¢ = —7 (¢ = 0), the stable solutions of
the s-G equation are ¢(x) = 2nx for the left part, while ¢(z) = 7(2n+1)
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Figure 5.3: The magnetic flux ® as a function of the angle 6§, for the
various vortex states, n = 0, —1,1, that exist spontaneously in a corner
junction between a d,2_,» + ts-wave and an s-wave superconductor,
with length L. = 10);. The flux for § = 0 is fractional.

for the right part of the junction. In this case a 0 — 7 junction is formed.
The corresponding flux becomes ® = (n 4+ 1/2)7, and the particular
values of n = 0, n = —1 give the half vortex and antivortex solutions,
with opposite fluxon content, ® = 0.5 and ® = —0.5 respectively.

5.5 Magnetic flux and critical current mod-
ulation

In the following we will describe three parameters which can alter the
spontaneous flux and the critical currents of the vortex states described
in the previous section, in a corner junction between a superconductor
with time reversal broken symmetry and an s-wave superconductor.
These include the orientation angle #, the magnitude of the secondary
order parameter ng, and the magnetic field H. In each parameter sep-
arately we will point out the differences between the d,._,» + 1s-wave,
and d,2_,2 4 1d,,-wave.
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5.5.1 Junction orientation

For the d,2_,» + is-wave case, we consider first the situation where 0
is varied from 0 to 7 /2. In Fig. 5.3 we plot the spontaneous magnetic
flux versus the angle (#) for the different modes n = 0,—1,1 in the
corner junction geometry. As we can see the magnetic flux changes
with orientation. For angles 6 close to 0 or 7/2 the spontaneous modes
existing at H = 0 are separated by an integer value of the magnetic flux.
This is also the case in the perfect junction problem. The difference is
that the modes are found displaced to fractional values of magnetic flux,
contrary to the s-wave case where the magnetic flux takes on integer
values at H = 0. In particular the vortex solution in the n = 0 mode
(solid line) contains less that half a fluxon for § = 0, and as we increase
the angle 6 towards 7/4 it continuously reduces its flux, i.e. it becomes
flat exactly at § = 7 /4 and then it reverses its sign and becomes an
antivortex with exactly opposite flux content at § = 7/2 from that at
6 = 0. In addition we have plotted in Fig. 5.4a the phase distributions
for the mode n = 0 in different orientations § = 0,7/4,7/2. The
transition form the vortex to the antivortex mode as the orientation
changes is clearly seen in this figure. Note that the solutions in this
mode remain stable for all junction orientations. This is seen in Fig.
5.5 where we plot the lowest eigenvalue () of the linearized eigenvalue
problem as a function of the angle 6 [22]. We see that A; > 0, denoting
stability for all values of the angle # in this mode.

Let as now examine the solution in the n = —1 mode, (dotted line
in Fig. 5.3). We see that at # = 0 it has negative flux, which in absolute
value is more than ®/2 and as we increase the angle 6 it decreases its
flux to a full antifluxon when the orientation is slightly greater than
7/4 and than to flux greater than ®; when 6 reaches #/2. As seen in
Fig. 5.5 this solution becomes unstable at a point to the left of § = 7 /4
(point ¢) due to the abrupt change of flux at this angle. More strictly
the instability sets in due to the competition between the slope of the
phase at the edges of the junction and at the junction center as the
angle § approaches the value 7/4. At this point the slope competition
makes the antivortex unstable. This is seen in Fig. 5.4b) (dotted line)
where the phase distribution for the n = —1 mode solution is plotted
at the point where the instability starts i.e. § = 0.2427, for L = 10);.
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Figure 5.4: The phase distribution of the vortex solutions a) n = 0, at
6 =0, n/4, #/2; b) n = —1, at § = 0, 0.2427, where the instability
sets in, and 7/2; ¢) n = 1, at § = 0, 0.2587, at the point where the
instability occurs, and 7/2, for a corner junction of d,2_,» + is-wave
and s-wave superconductors, with length L. = 10)\;, and zero overlap
external current /°V = 0.
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Figure 5.5: The lowest eigenvalue \; of the linearized eigenvalue prob-
lem as a function of angle 8. for the n = 0, —1, 1 solutions. In the range
where 6 is close to zero, the eigenvalues for both n = 0, and —1 are
positive and correspond to stable solutions.



144 CHAPTER 5. CRITICAL CURRENTS ...

0.0 I LY | .
0.0 0.1 0.2 0.3 04 0.5

o/mt

Figure 5.6: Critical overlap current /2% per unit length versus the angle
¢ for a corner junction of d,2_,» 4 1s-wave and s-wave superconductors,
with length L = 10\;, for the vortex solutions n = 0, —1,1 that exist
spontaneously in the junction.

Finally the solution in the n = 1 mode contains more than one
fluxon at # = 0 and is clearly unstable. It becomes stable at an angle
slightly on the right of § = 7/4, (point v in Fig. 5.5) where the flux
varies more smoothly, see § = 0.2587 in Fig. 5.4c. At § = 7/2 it
contains more than ®/2 in flux. We expect a time reversal broken
symmetry state like d,2_,2 +1s to be characterized by either the solution
in the fractional vortex or antivortex mode, because due to the different
character of these solutions a change from one variant to the other
would demand the application of an external current or magnetic field
and in this sense it would cost additional energy. So since these states
are stable in external perturbations, once the system is prepared in one
of these it will remain to that state.

In general we see that for each value of § there exist in the junction
a pair of stable solutions which when applying an external bias current
will lead to observable critical currents. In Fig. 5.6 we plot the overlap
critical current per unit length /¥ as a function of 0, at H = 0, for
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the n = 0, —1,1-mode solutions, in the d,._,» 4+ ¢s-wave case. In the
overlap geometry the current is distributed in the entire x-axis. In
the calculations we have taken into account that the Josephson critical
current density .J. has a characteristic variation with the orientation.
We find that for a given orientation it is possible for the junction current
density to vary in the way that several modes with different critical
currents can exist.

In Fig. 5.7 we plot the current density when the total current is
maximum, for different modes, and orientations, which will give us
information about the actual shapes of the vortices. Let us consider
the situation where the junction contains a solution in the mode n = 0,
at # = 0, when the net current is maximum. The spatial variation of ¢
is described by a fractional vortex which is displaced around the value
¢ = w, from the corresponding distribution at zero current which is
around 7/2 (see Fig. 5.4a). The current density distribution as seen in
Fig. 5.7a (solid line) at the maximum current is flat above unit with
a small variation around the junction center giving rise to the large
value on the net current, seen in Fig. 5.6. Also at § = 7/4 the flat
phase distribution corresponding to the n = 0 solution at zero current
1s displaced towards the value ¢ = 7 when applying an external current.
The corresponding current distribution seen in Fig. 5.7a, (dotted line)
is straight line and the net current is small for this orientation. For
the n = —1 solution at the point where the instability sets in i.e.
f = 0.2427, the current density distribution is symmetric around zero
as seen in Fig. 5.7b (dotted line) and carries zero net current at this
point. Thus the instability occurs just before the angle where a full
antifluxon enters the junction. A slightly different situation occurs in
the magnetic interference pattern of a perfect junction [74] where, the
net current is zero at the magnetic field where a full fluxon or antiluxon
enters the junction, in the no flux 0-mode. At the point § = 7 /2, of the
n = —1-mode the junction contains more than one fluxon causing the
characteristic oscillations in the current density around the junction
center as seen in Fig. 5.7b (dashed line). This reduces the critical
current for this orientation.

For the d,2_,2 + id,, pairing symmetry state, we plot in Fig. 5.8a)
the flux content for the n = 0, —1, 1, versus the angle §. Note the half
integer or multiplies value of ® at 6 close to 0 or 7/2. For this grain
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Figure 5.7: The current density distribution .J(x) of the vortex solutions
a)n =0,at § =0, 7/4, 7/2, b) n = —1, at § = 0, 0.2427, where
the instability sets in, and 7/2, ¢) n = 1, at § = 0, 0.258x, at the
point where the instability occurs, and 7/2, for a corner junction of
dy2_,2 + 1s-wave and s-wave superconductors, with length L = 10\;,
and maximum external overlap current /2".
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Figure 5.8: a) The spontaneous magnetic flux ¢ as a function of the
angle 6, for the various vortex states, n = 0, —1, 1, for a corner junction
between a d,2_,2 +1d,,-wave and an s-wave superconductor, with length

L = 10X;. The flux for # = 0 is integer multiply of ®o/2. b) The
corresponding critical current /2% per unit length.
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orientation the magnetic flux is only sensitive to the real part of the
order parameter, which has a sign change but does not break time-
reversal symmetry. In the d,>_,» + ¢s-wave state the order parameter
is complex for all junction orientations and breaks the time-reversal
symmetry. Close to 0 or 7/2 the flux is fractional. The flux quantization
at # = 0 can be used to discriminate between these states.

In Fig. 5.8b) we plot the critical current per unit length evolution
with the grain angle 0 in the d,2_,» + id,,-wave state. Close to 6 =0
we see that the I2¥ for the n = 0, —1 solutions, coincide. This happens
also at § = 7/2 for the n = 0,1 solutions. In these orientations the
order parameter becomes pure real and does not break the time-reversal
symmetry. As a result the critical current at these angles is the same
as in a junction with pure d-wave symmetry. At § = 7/4 the order
parameter is pure imaginary and has the same magnitude for both
pairing states. As a consequence for § = 7 /4, the critical currents for
both junctions coincide. Also the unstable part of the n = 1 branch,
in the I. vs # is almost the same for the two symmetry states, due to
the small difference in the flux, compared with the large flux content
of the solutions in this region.

5.5.2 Magnitude of the secondary order parameter

In the above calculations the magnitude of the secondary order parame-
ter is small compared to the dominant (i.e. ng = 0.1n10). However the
maximum fraction of the secondary component that has been observed
in phase coherent experiments employing different materials, geome-
tries, and techniques is up to 25% of the dominant [42]. This triggered
our interest to study the magnetic flux and also the critical currents
as a function of the strength (n,) of the secondary order parameter,
where the magnitude of the dominant order parameter n, is also var-
ied in a way that n, + ng = 1. When n, = 0 only the d,2_,2-wave
order parameter is present, while when n, = 1 only the s-wave order
parameter appears. This situation can be realized for example near the
surface where the d,2_,2-wave order parameter is suppressed and the
s-wave order parameter is enhanced. The result is presented in Fig.
5.9a) and 5.9b) for the d,2_,» + is-wave case at § = 0. We see that
when the secondary component is absent (i.e. ny; = 0) the picture of
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Figure 5.9: a) The spontaneous magnetic flux ® and b) the critical
current /2V per unit length versus the strength n, of the secondary s-

wave component for a corner junction of d,>_,» + is-wave and s-wave

superconductors, with length L = 10\, for the vortex solutions n =
0,—1,1 that exist spontaneously in the junction. The magnitude n, of

the d,2_,2-wave order parameter is given by the relation ns 4+ ng = 1.
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the d,2_,»-wave state is reproduced. The same picture also holds for
the d,2_,» 4 1d,,-wave state at § = 0, since the order parameter for the
dy2_,2 + tdyy-wave state at 6 = 0 is real not breaking the time-reversal
symmetry. So for # = 0 the magnetic flux and the critical current for
the d,2_,2 + vd,y-wave state would not show any change with the vari-
ation of the secondary order parameter d,,. As n, is increasing the
modes n = 0 and n = —1 are no more degenerate, in the sense that
their flux deviates from the value ®/2 and —®,/2 respectively and
also their critical currents are no longer equal. The mode n = 0 has
larger critical current because it has smaller flux content in absolute
value. For values of n, close to unity, the different modes contain inte-
ger magnetic flux, as in the junction between s-wave superconductors,
and also their critical currents have the same values as in the perfect
junction problem. The conclusion is that the larger the secondary com-
ponent is in a sample the easier is to be detected in a flux measurement
experiment.

5.5.3 Magnetic field

We now examine the influence of the magnetic field on the spontaneous
vortices for broken time reversal symmetry pairing states. In Fig. 5.10
we plot the magnetic flux at zero current versus the magnetic field H
for the d,2_,» + td,,-wave state at § = 0. The corresponding critical
current as a function of the magnetic field is plotted in Fig. 5.11. In
the pure s-wave superconductor junction there is no overlap between
different modes in the magnetic flux, and each mode has magnetic flux
which is more than n®q and less than (n+1)®q. In this problem due to
spontaneous magnetization the range of the modes is different and in
some cases overlapping, and the labeling 1s with a single index n, cor-
responding to the pure s-wave superconductor junction (n,n41) mode
[74]. Moreover the range in magnetic flux of each mode is displaced
compared to the pure s-wave superconductor junction problem by an
amount which corresponds to the intrinsic flux. Also we have the exis-
tence of stable vortex states i.e. n = 0, —1, together with the unstable
ones i.e. n = 1, —2 in a large interval of the magnetic field, which is
almost the same. The n = —2 mode extends to zero magnetic field,
and the reason we didn’t examine this mode in Sec. IV is because the
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Figure 5.10: Magnetic flux ®/®; at zero external current versus the
magnetic field H for a corner junction of d,2_,2 + id,,-wave and s-wave
superconductors, with length L = 10A;, for angle § = 0°. H.(H.,)
denotes the critical values of the magnetic field where the mode n = 0,
terminates.
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Figure 5.11: Overlap critical current versus the magnetic field H for a
corner junction of d,2_,» +td,,-wave and s-wave superconductors, with
length L = 10\, for angle § = 0°.

stability analysis shows negative eigenvalues for all the range of junc-
tion orientations, at H = 0. In the long s-wave junction the extremum
of the mode (0,1) in H is the critical field for one fluxon (antifluxon)
penetration from the edges, [denoted by H. (H.), for the right (left)
edge], and is equal to 2(—2). The solution for the phase at these ex-
tremum values of the field becomes unstable because the value of the
phase at the junction edges reaches a critical value. In the problem of a
junction with some spontaneous flux, we consider here, the range of the
corresponding mode 0 in H is significantly broadened and also the in-
stability at the boundaries sets in due to different reasons. In particular
the instability occurs due to the interaction of the flux entering from
the junction edges, when the magnetic field reaches the critical value
H..(H.), with the spontaneous flux at the center. Similar features are
encountered in the problem of flux pinning from a macroscopic defect
in a conventional s-wave junction. [92]

We now examine the magnetic-interference pattern for the two sym-
metries where the bias current enters in the overlap geometry. In the
dy2_,2 +1dy,-wave case, where 6 = 0, this pattern has a symmetric form
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Figure 5.12: (a) Overlap critical current /¥ per unit length versus the
magnetic flux ® in units of @, for a corner junction of d,2_,2 + id,,-
wave and s-wave superconductors, with length . = 10);, for angle
6 = 0°. (b) The same as in (a) but for § = 0.5. (¢) The same as in (a)
but for d,>_,» 4 is-wave and s-wave superconductors for angle § = 0°.
(d) The same as in (c¢) but for § = 0.5.
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as we can see from Fig. 5.12(a). This is because this result is only sen-
sitive to the real part of the order parameter, which has a sign change
but does not break time-reversal symmetry. For the angle § = 0.5
where the order parameter has a finite imaginary part and breaks the
time-reversal symmetry this pattern becomes asymmetric and the ”dip”
appears to a value of flux slightly different than zero. Note that the
asymmetry refers mainly to the modes n = 0, and n = —1. The other
modes are not influenced much due to their higher flux content. Also
the critical current is suppressed compared to the case where § = 0 as
can be seen in Fig. 5.12(b), due to the drop in J..

In the d,2_,» + is-wave symmetry, in the limit where § — 0, the
order parameter is complex and the pattern is asymmetric as can be
seen in Fig. 5.12c, for the angle § = 0. This i1s in agreement with our
previous work for the inline current input for a junction with d,2_,» +s
symmetry [88]. There it was found that the pattern is asymmetric for
lengths as long as [, = 10)\;. For angles close to 7/4, the magnetic
interference pattern is similar with the d,2_,» + vd,,-state. This is
because the sin(20) dependence of the d,, component is almost unity.
This is seen in Fig. 5.12d where we present the variation of the critical
current per unit length versus the enclosed flux for § = 0.5, and the
symmetry state is d,2_,» + is.

In the short junction limit I, < A; the same argument can be ap-
plied without any explicit reference to fractional vortex and antivortex
solutions. However as we found in our previous work [88], both n = 0
and n = —1 (there f,q, f,) exist, with reduced flux content, in this limit
as a continuation of the corresponding solutions in the large junction
limit. In this case the external applied magnetic field becomes equal to
the self field, and the maximum current can be calculated analytically
108],

1,(®) B sin(7®/2®¢) cos[7 P /2P + (Pe2 — ¢c1)/2]
T = 5738, . (5.11)

As we see at 0 = 0 for the d,2_ 2 +1d,,-wave case, the relation ¢, — ¢ =
nm holds, and the magnetic interference pattern becomes symmetric,
while for the d,2_,» + us, this difference is a fraction of 7 and the
pattern is asymmetric. However as we increase the junction length,
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we expect this symmetric pattern for the d-wave order parameter to
be continued. This symmetry in the large junction limit, is described
more effectively by the assumption of the n = 0, —1 solutions which
give a symmetric magnetic interference pattern as we presented. Also
the n = —1 solution extends to values for the magnetic flux, where
the n = 0 solution is absent. Eliminating one of them will break the
symmetry of the diagram.

5.6 Experimental relevance

The symmetric pattern with a minimum at zero applied field observed
in corner junction experiments between YBCO and Pb at §# = 0 has
been interpreted as an indication of d,2_,2-wave symmetry. [104, 103]
This result refers to short junctions where the junction size is much
smaller than the Josephson penetration depth. However as we found
here these experimental data are also consistent with an order param-
eter with d,2_,» + id,, pairing symmetry at § = 0.

Also the critical current I. versus the magnetic flux ® of a SQUID,
consisting of two planar Josephson junctions on the faces of YBCO su-
perconducting crystal, connected by a loop of a second superconductor,
for § = 0 or § = 7/2 is found shifted by & = 0.5®; and has a minimum
at ® = 0 (instead of a maximum as in a SQUID involving conventional
s-wave superconductors or the edge SQUID in which both junctions are
on the same crystal face) but is still symmetric. This result has been
attributed to an order parameter with d,>_,»-wave symmetry. However
the theoretical analysis done by Beasley et al. [15] shows that it is also
consistent with an order parameter with d,>_,2 +1d,,-pairing symmetry
at 8 = 0.

In both cases of SQUID and corner junction the symmetric pattern
observed at § = 0 rules out the d,2_,2 +¢s-wave pairing state where the
order parameter is complex everywhere resulting in an asymmetric /.
versus ¢ pattern for all angles §. However the small asymmetry (less
than 2%) observed at § = 0 in some experiments can be attributed
to various complicating factors e.g. fluxon trapping, as will discussed
latter.

The experiment proposed here to resolve ambiguity between d,2_,2+
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tdyy and d2_2 at § = 0, is to execute the same experiments using
SQUID or corner junction at an angle between sample faces § between
0 and 7/2. Our calculation predicts symmetric(asymmetric) pattern
for the d,»_,-wave (d,2_,» + id,,)-wave pairing state for the corner
junction case. This kind of experiment has already been done in the
case of SQUID geometry. [99] The tunneling directions are defined
lithographically and patterned by ion milling of a c-axis oriented film. A
YBCO thin film is patterned into a circle with a series of Nb-Au-YBCO
edge junctions at orientations spaced every 7.5°. The measurement of
the I. vs 6, which probes mainly the magnitude of the order parameter
has an angular anisotropy, indicating an anisotropic order parameter.
Also the execution of these experiments is not easy due to the difficulty
in cleaning, polishing a crystal at angle 6, between 0 and 7 /2.

Also in an experiment analogous to the corner junction Miller, Ying
et. al. [69] used frustrated thin-film tricrystal samples to probe the
pairing symmetry of YBCO. They found a minimum in the /. vs the
externally applied flux ®, diagram at ®. = 0 in the short junction limit
and a maximum at ®, = 0 for a wide junction where the junction length
i1s much larger than the A;. However for a wide junction the correct
quantity to be compared should be the total flux ® which involves
contribution both from the externally applied flux and the intrinsic
flux.

There i1s a number of complicating factors in the interpretation of
the experiments involving corner junctions that could lead to an asym-
metric pattern even for § = 0. These are the asymmetry of the junc-
tion (meaning that the critical current of the two junction faces are
not equal). In the SQUID case, this asymmetry will generate circu-
lating current with its own flux and will modify the /. vs ® diagram.
In general the effects of asymmetry are to suppress, skew and shift the
SQUID flux modulation pattern. However in the corner junction case it
will only cause the dip to be shallower and will maintain the symmetry
of the I. vs ® diagram. In order to extract the intrinsic phase shift
of the crystal it is necessary either to reduce the asymmetry or to ex-
trapolate the results to the zero current limit. Also these experiments
are influenced by the sample geometry and the effect of flux trapping
i.e. there can be vortices trapped between the planes of the cuprate
superconductors that could affect the /. vs ® diagram. In the SQUID
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case 1t shifts the flux modulation pattern that is indistinguishable from
the intrinsic phase shift arising from the order parameter symmetry,
while in the corner junction case, it creates an asymmetry in the flux
modulation curves. In this regard the single corner junction experiment
may be more accurate in verifying a state with time-reversal symme-
try broken. [53] However these flux trapping effects are not sufficiently
large to change the qualitative interpretation of these experiments. The
probability of flux trapping is smaller for corner junctions than SQUIDs
due to the smaller junction area.

The suppression of the order parameter near (110) surfaces give way
to subdominant order parameter to be formed at low temperatures. The
presence of a subdominant order parameter can be detected by SQUID
interferometry where a phase shift between 0 and = should be observed
in interfaces in the (110) direction. The phase shift depends on the
ratio of the d,2_,2-wave to the subdominant s or d,, order parameter,
and also on the temperature. In the absence of such a state the SQUID
will yield a phase shift of 0 or 7 indicating d,>_,2-wave symmetry. Al-
ternatively these time-reversal symmetry broken states can be directly
observed by measuring the magnetic field distribution around the edge
of a superconductor island or hole with the edges along (100) or (110)-
directions,using a scanning SQUID microscope. In both cases vortices
are formed at the edges consistent with spontaneous currents. [99]

5.7 Conclusions

We studied numerically the possible spontaneous vortex states that
may exist in a corner junction between a superconductor with time
reversal symmetry broken, (i.e. d,2_,2 +1d;, or dy2_,2 + ts), and an s-
wave superconductor, in the long junction limit. We studied separately
three parameters which can be used to modulate the spontaneous flux.
These are the magnetic field H, the interface orientation 6, and the
magnitude of the secondary order parameter n;,. We pointed out the
differences between time reversal broken states under these modulation
parameters.

We found that in flux modulation experiments involving supercon-
ductors with some spontaneous flux the range in magnetic flux of each
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mode is displaced compared to the case of a perfect junction by an
amount which corresponds to the intrinsic flux. In particular when the
magnetic field H is considered as the modulation parameter, the range
in H of the lower fluxon modes is significantly broadened compared to
the s-wave case, and the instability at the boundary values of the field
sets in due to the interaction of the flux entering from the junction
edges with the intrinsic flux. In any case, for each value of the param-
eter which changes the flux, the modes are separated by a single flux
quantum.

We also derived some simple arguments to discriminate between
the different pairing states that break the time reversal symmetry. For
the d,>_,» + id,,-wave pairing state, the junction orientation where
0 = 0 ie. the lobes of the dominant d,»_,2-wave order parameter are
at right angles for the corner junction, give flux quantization condition
¢ = n®y/2 as in the d,»_,.-wave state, which is different from the
corresponding flux quantization for the d,»_,» + is-wave pairing state,
at § = 0, which is ® = (n/2 4+ f)®,, where f is a small quantity.
These different conditions provide a way experimentally to distinguish
between time reversal broken symmetry states. Note that since the
magnitude of the secondary order parameter is small compared to the
dominant, the detection of time reversal broken states requires a very
precise measurement of the spontaneous magnetic flux.

Also we showed that the magnetic interference pattern at § = 0 is
symmetric (asymmetric) for the d,2_,2 + id,, (d2_,2 + is), and this
also can be used to probe which symmetry the order parameter has, at
least where the junctions are formed. We expect our findings, for the
magnetic field dependence of the critical current, to hold even in the
short junction limit, where the most experiments on corner junctions
have been performed [42, 99].



Chapter 6

Concluding remarks

In this report we discussed phase sensitive tests of the pairing symme-
try in unconventional superconductors. These tests give direct evidence
in favor of dominant d-wave pairing symmetry in cuprate superconduc-
tors. However it does not suggest a mechanism for high-temperature
superconductivity. A number of other features such as the pseudogap,
pairing interactions, the anomalous normal state and the stripe phase
should be considered in order to provide a possible mechanism. Also
this have to be established by impurity-doping experiments, and other
techniques that are sensitive to the interactions that mediate the su-
perconductivity.

The possibility of coexistence of subdominant s-wave or d,,-wave
components with the predominant bulk d-wave state near surfaces has
been extensively discussed. This subdominant order parameter breaks
the time reversal symmetry and modifies the junction’s properties.
However further experimental tests are needed to provide the origin
of such states.

Using the magnetization and critical current measurements the sig-
nature of various types of defects (twin boundaries oxygen vacancies
site defects) could be discovered, which could help to tailor devices
with the desired critical current.

Phase sensitive tests on the pairing symmetry should be carried out
in other superconducting systems such as the organic superconductors
or heavy-fermion superconductors in future experiments in order to test
for unconventional superconductivity. Also it is important to apply the
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phase sensitive techniques in other cuprate materials beyond YBCO
in order to examine whether the apparent d-wave pairing is specific
to YBCO or whether it also occurs in materials with similar layered
structure.

The applications of HTS include the microwave filters for mobile
phones base stations, wires and cables for current limiters, beam-steering
magnets in high-energy accelerators and energy-storage systems. Also
the bistable magnetic-flux state in a 7 ring can be used for quantum
computation. Quantum computation is based on the superposition
principle of quantum mechanics.
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