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Preface

The present report was written in partial ful�llment for the require-
ments of Ph.D. degree for the University of Crete, Greece. The work
was carried out at the Department of Physics, University of Crete, dur-
ing the period from (March 1) 1996 to 2001, under the supervision of
Assoc. Prof. N. Flytzanis.

Chapters 2,3,4 are based on published papers [22, 92, 88, 89] and
conference proceedings [87, 93, 86], chapter 5 is based on a paper ac-
cepted for publication [85], and has recently been presented in confer-
ences [90, 91].

The objective of the present report is to provide information con-
cerning the phase sensitive tests on the symmetry of the order parame-
ter in anisotropic superconductors, based on the Josephson e�ect. The
approach used is through the numerical solution of the sine-Gordon
equation. Of major importance is the concept of the trapped or sponta-
neous 
ux and its in
uence on observable quantities such as the critical
current and the critical magnetic �eld.

The objective of the �rst chapter is bilateral. Firstly, it serves as an
introduction to the basic theories developed in superconductivity (i.e.
BCS and Ginzburg-Landau) and it introduces the reader to the con-
cepts and the language (e.g. order parameter). Secondly a comparison
is made between conventional s-wave superconductors and unconven-
tional high temperature cuprate superconductors. Emphasis is given in
the experimental methods and theoretical techniques used to probe the
symmetry of the order parameter. The Josephson e�ect is discussed in
detail. Some of these techniques are analyzed extensively in the next
chapters (i.e. tricrystal junctions, corner junction).

The second chapter is devoted to the static properties of Josephson

vii
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junction made of conventional s-wave superconductors. We derive the
basic Josephson relations and the sine-Gordon equation which is used
for the study of the static properties in long Josephson junction i.e.
critical currents, magnetic �eld, length of the junction. Both numerical
and analytical (in terms of elliptic functions) approaches are used to
study the stability of the solutions. The motivation of this study is also
to compare properties of the junction made of conventional s-wave su-
perconductors with the corresponding in junctions made of anisotropic
superconductors and the ones with inhomogeneities, which are actually
the topic of the next chapters. This chapter serves as a prototype to
test the program used, verifying the well known properties of conven-
tional superconductors and comparing with the new results concerning
the high Tc superconductors.

In the third chapter, the static properties of a junction containing
macroscopic inhomogeneities are derived in terms of the position of
the defect, its strength and the external �eld. Simple arguments are
derived that could help the defect characterization and could serve as
a tool to study the properties of trapped 
ux in Josephson junctions or
weak links. The last one is very important since the junction made of
unconventional superconductors also has spontaneous 
ux arising from
the order parameter symmetry.

In the fourth chapter we introduce Josephson junctions made of su-
perconductors with anisotropic pairing symmetry e.g. dx2�y2 or dx2�y2+
is. We use the tricrystal junction model - presented in the introduction
- to describe the fractional vortex and antivortex that spontaneously
appears near the junction center, due to the order parameter symme-
try. We are particularly interested in long Josephson junctions since
the large length is a prerequisite for the development of the vortex in
the junction.

The �fth chapter is devoted in the discussions of three parameters
that could modulate the critical current and the spontaneous 
ux in
the corner junction model i.e. junction orientation, magnitude of the
order parameter and magnetic �eld. The pairing symmetries that we
examine are dx2�y2 + is and dx2�y2 + idxy. A theoretical experiment is
proposed to distinguish them. The question is crucial since although
the dx2�y2 -wave pairing symmetry has been established as the pairing
symmetry in the bulk of the high Tc superconductors, near the surface
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the question has not yet been satisfactorily answered. Theoretical work
as well as experimental data are needed to unsolve the puzzle and give
a direct answer that could help determining the mechanism responsible
for the high Tc superconductivity. Some �nal remarks and directions
for future experiments are reported in the last chapter.



x CONTENTS



Summary in Greek

Êßíçôñï ôçò äéáôñéâÞò åßíáé ç ðáñïõ�á�ôùí ìåèüäùí ãéá ôïí Ýëåã÷ï ôçò
�ììåôñßáò ôçò ðáñáìÝôñïõ ôÜîçò �õðåñáãùãïýò õøçëÞò èåñìïêñá�áò
ìåôÜâá�ò, ðïõ åîáñôþíôáé áðü ôçí öÜ�, äçëáäÞ Ý÷ïõí Üìå��Ý�ìå
ôï öáéíüìåíï Josephson. Ç ðñï�ããé�ðïõ Ý÷åé ÷ñç�ìïðïéçèåß âá�æåôáé
�áñéèìçôéêÞ ëý�ôçò åîß��ò sine-Gordon. Ìéá Ýííïéá ðïõ Ý÷åé
ìåãÜëç �ìá�á åßíáé áõôÞ ôçò ìáãíçôéêÞò ñïÞò ðïõ Ý÷åé åãêëùâé�åß
�çí åðáöÞ ëüãù áíïìïéïãÝíåéáò ôçò êñß�ìçò ðõêíüôçôáò ñåýìáôïò Þ
ëüãù �ììåôñßáò ôçò ðáñáìÝôñïõ ôÜîçò, êáé ç åðßäñá�ðïõ Ý÷åé áõôÞ
ç ñïÞ �ðåéñáìáôéêÜ ìåôñÞ�ìåò ðï�ôçôåò üðùò ôï êñß�ìï ñåýìá Þ ôï
êñß�ìï ìáãíçôéêü ðåäßï.

Óôï êåöÜëáéï Ýíá åé�ãïõìå ôéò âá�êÝò èåùñßåò ðïõ Ý÷ïõí áíáðôõ÷èåß
ãéá ôçv åñìçíåßá ôïõ öáéíïìÝíïõ ôçò õðåñáãùãéìüôçôáò äçëáäÞ ôçí BCS
êáé ôçí Ginzburg-Landau êáé åðß�ò äéÜöïñåò Ýííïéåò (ð.÷. ðáñÜìåôñïò
ôÜîçò) êáé ôçí ãëþ�á. Åðß�ò ãßíåôáé ìéá�ãêñé�ìåôáîý s�ììåôñßáò
õðåñáãùãþí êáé áíé�ôñïðéêþí õøçëÞò èåñìïêñá�áòìåôÜâá�ò. Éäéáßôåñç
Ýìöá�äßíåôáé �éò ðåéñáìáôéêÝò ìåèüäïõò êáé �éò áñéèìçôéêÝò ôå÷íéêÝò
ãéá íá äéáêñßíïõìå ôçí�ììåôñßá ôçò ðáñáìÝôñïõ ôÜîçò. Ãßíåôáé äéÜêñé�
áíÜìå��ôå÷íéêÝò ðïõ åßíáé åõáß�çôåò �çí öÜ�êáé �ôå÷íéêÝò
ðïõ äåí åîáñôþíôáé áðü áõôÞí. Ôï öáéíüìåíï Josephson ðáñïõ�Üæåôáé
éäéáßôåñá. ÌåñéêÝò áðü ôéò ôå÷íéêÝò ðïõ åßíáé åõáß�çôåò�çí öÜ�ôçò
ðáñáìÝôñïõ ôÜîçò áíáëýïíôáé åêôåíÝ�åñá�åðüìåíá êåöÜëáéá.

Óôï êåöÜëáéï äýï ðáñïõ�Üæïõìå ôéò äõíáôÝò ëý�éò �ìéá åðáöÞ
Josephson ìå åîùôåñéêü ñåýìá êáé ìáãíçôéêü ðåäßï�ãåùìåôñßá åðéìÞêç
êáé åðéêÜëõøçò êáé åîåôÜæïõìå ôçí�áèåñüôçôá ôùí ëý�ùí. Áêïëïõèïýìå
ôéò äéáêëáäþ�éò ôùí íÝùí ëý�ùíêáèþò áõîÜíïõìå ôï ìÞêïò ôçò åðáöÞò.
Ïé áíáëõôéêÝò ëý�éò åêöñÜæïíôáé �íáñôÞ�é åëëåéðôéêþí �íáñôÞ�ùí
êáé åßíáé ��ìöùíßá ìå ôéò áñéèìçôéêÝò ëý�éò åîçãþíôáò ôá Ýíôïíá

xi
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öáéíüìåíá õ�Ýñç�ò ðïõ ðáñáôçñïýíôáé �ïí õðïëïãé�ü ôïõ ìåãß�ïõ
ñåýìáôïò. Áõôü ðñïôåßíåé ìéá äéáöïñåôéêÞ ðñï�ããé��ï ðåßñáìá ðïõ
âá�æåôáé�çí÷ñÞ�, áíôß ôïõ åîùôåñéêïý ìáãíçôéêïý ðåäßïõ, ôïõ õðïëïßðïõ
ôçò åëëåéðôéêÞò�íÜñôç�ò Þ ìéáò�åôéêÞò ðï�ôçôáò ðïõ åßíáé ç ïëéêÞ
ìáãíçôéêÞ ñïÞ ãéá íá áðïöåõ÷èåß ç õ�Ýñç�êáé íá áíáäéðëùèïýí ïé
åðéêáëõðôüìåíåò Ic(H) êáìðýëåò.

Óôï êåöÜëáéï ôñßá õðïëïãßæïõìå ôï ìÝãé�ï ñåýìá �åðáöÞ Joseph-
son ìå ìáêñï�ïðéêÝò áôÝëåéåò ãéá äéáöïñåôéêÝò êñß�ìåò ðõêíüôçôåò
ñåýìáôïò �í�íÜñôç�ôïõ ìáãíçôéêïý ðåäßïõ. Åðß�ò åîåôÜæïõìå ôçí
åîÝëéîç ôùí äéáöüñùí êëÜäùí ìå ôçí èÝ�ôçò áôÝëåéáò êáé ôï åîùôåñéêü
ìáãíçôéêü ðåäßï. Ìåëåôïýìå ôç �áèåñüôçôá ôùí ëý�ùí êáé åîÜãïõìå
áðëÜ �ìðåñÜ�áôá ðïõ ìðïñïýí íá âïçèÞ�õí �ï ÷áñáêôçñé�ü ôùí
áôåëåéþí. Óôéò ðåñé�üôåñåò ðåñéðôþ�éò ðáñáôçñïýìå Ýíá ìÝãé�ï êáé
Ýíá åëÜ÷é�ï ñåýìá.

Óôï êåöÜëáéï ôÝ�åñáõðïëïãßæïõìå ôï ñåýìá�íáñôÞ�éôçò ìáãíçôéêÞò
ñïÞò êáé ôçí áõèüñìçôç ñïÞ�åðáöÝò Josephson õðåñáãùãþí ìå dx2�y2+
is �ììåôñßá ôçò ðáñáìÝôñïõ ôÜîçò, ãéá äéáöïñåôéêÜ ìÞêç åðáöÞò êáé
�åôéêÝò öÜ�éò áíÜìå��éò äýï �íé�þ�ò ôçò ðáñáìÝôñïõ ôÜîçò.
ÅîåôÜæïõìå ôçí�áèåñüôçôá ôïõ êëá�áôéêïý öëáîïíßïõ êáé áíôéöëáîïíßïõ
êáèþò êáé ôçí åîÝëéîç ôïõò ìå ôï ìÞêïò êáé ôçí �åôéêÞ äéáöïñÜ öÜ�ò
áíÜìå��çí dx2�y2 êáé ôçí s�íé�þ�. Á�ììåôñßá�ï I(�) äéÜãñáììá
õðÜñ÷åé ãéá ìÞêç ìÝ÷ñé êáé L = 10�J .

Óôï êåöÜëáéï ðÝíôå ç èåùñßá Ginzburg-Landau ÷ñç�ìïðïéåßôáé ãéá
ôïí õðïëïãé�üôùí ðéèáíþí áõèüñìçôùí öëáîïíßùí ðïõ ìðïñåß íá õðÜñ÷ïõí
�åðáöÞ Josephson ìåôáîý dx2�y2+i� (üðïõ � = s Þ � = dxy)�ììåôñßáò
ôçò ðáñáìÝôñïõ ôÜîçò õðåñáãùãïýò êáé s �ììåôñßáò õðåñáãùãïýò, �
ãåùìåôñßá ãùíßáò. Ìåëåôïýìå ôçí ìáãíçôéêÞ ñïÞ êáé ôçí ìåôáâïëÞ ôïõ
êñß�ìïõ ñåýìáôïò ìå ôçí ãùíßá ôïõ êñõ�áëïãñáöéêïý a-Üîïíá êáé ôçò
ìéáò ðëåõñÜò ôçò åðáöÞò, ôïõ ìÝôñïõ ôçò ðáñáìÝôñïõ ôÜîçò êáé ôïõ
ìáãíçôéêïý ðåäßïõ H. Ôï êñß�ìï ñåýìá ��íÜñôç�ôçò ìáãíçôéêÞò
ñïÞò åßíáé �ììåôñéêü (á�ììåôñéêü) ãéá � = xy(s) üôáí ç ãùíßá åßíáé
ôÝôïéá þ�åïé ëïâïß ôçò dx2�y2 �íé�þ�òôçò ðáñáìÝôñïõ ôÜîçò äåß÷íïõí
ðñïò ôéò äýï åðáöÝò ðïõ åßíáé �êÜèåôç ãùíßá ùò ðñïò ôçí ãåùìåôñßá
ãùíßáò. Ôï �ìðÝñá�á åßíáé üôé ìéá ìÝôñç�ôçò Ic(�) �Ý�ò ß�ò
äéáêñßíåé ðïéÜ �ììåôñßá dx2�y2 + is Þ dx2�y2 + idxy Ý÷åé ç ðáñÜìåôñïò
ôÜîçò. Óôï êåöÜëáéï Ýîé êáôáãñÜöïõìå ôá ôåëéêÜ �ìðåñÜ�áôá êáé
äßíïõìå êáôåõèýí�éò ãéá ìåëëïíôéêÜ ðåéñÜìáôá.
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Chapter 1

Introduction

1.1 High Tc cuprates

In 1911 Kemerlingh Onnes discovered superconductivity just three years
after he �rst lique�ed helium. He found that the electrical resistance
of some metals disappeared at a critical temperature Tc of the order
of a few Kelvin. In 1986 Bednorz and Muller discovered superconduc-
tivity in the copper oxide La2�xSrxCuO4, where x denotes the dop-
ing level [16]. The transition temperature varies with the concentra-
tion of strontium and reaches a maximum of 38K when x = 0:15. A
year later groups from US, Japan, and China reported the discovery of
Y1Ba2Cu3O7�� or 123 a material with Tc = 90K. The basic structure
of this new class of materials consists of layers of CuO2 with elements of
yttrium and barium or lanthanum and strontium between the layers. In
addition the 123 compounds contain CuO "chains", which are thought
to serve as reservoirs to control the electron density in the planes. The
basic structure of Y1Ba2Cu3O7�� is seen in Fig. 1.1. When x = 0
the material La2SrCuO4 is an antiferromagnet insulator, but when x
increases i.e. Sr with only two available electrons replaces some of the
La with three available electrons in a process called doping additional
holes which are charge carriers are introduced into the copper-oxide
layers and make the material conducting and under certain conditions
superconducting. The same doping process occurs in 123 when Ca2+

replaces Y3+.

3



4 CHAPTER 1. Introduction

Figure 1.1: Plot of the basic structure of Y1Ba2Cu3O7��. Y, Ca:dark
blue, Ba: light blue, O: red, Cu:pink

1.2 The phase diagram

The phase diagram of the cuprates seen in Fig. 1.2 consists of the an-
tiferromagnetic region at zero doping i.e. the electron spins on neigh-
boring copper ions point in opposite direction. When doping increases
we enter the pseudogap phase which is characterized by the presence of
gap and not superconductivity and is not well understood. The most
possible scenario is that the Cooper pairs are formed above Tc, at a
temperature Tp but due to the small number of charge carriers there
is no phase coherence and they condense at Tc [31]. As the doping is
further increasing we enter the superconducting region where the re-
sistivity is zero and a gap is present in the single particle excitation
spectrum. At high doping level there exists the Fermi-liquid region
where the key concept is the quasiparticle and the non Fermi liquid
which is characterized by unusual power laws in all of the transport
properties as a function of temperature. For a review see [73].
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Figure 1.2: Plot of temperature versus the doping level in cuprate su-
perconductors

1.3 BCS theory and unconventional pair-

ing

In 1956 Cooper proved that the normal Fermi sea is unstable in the
presence of two electrons interacting via an attractive potential. In low
temperature superconductors the crystal lattice vibrations allow the
electrons to overcome their mutual electrostatic repulsion and to form
Cooper pairs, occupying states with equal and opposite momentum
and spin. In 1957 Bardeen, Cooper and Schrie�er studied a reduced
Hamiltonian [13, 96]

Hred =
X
ks

�knks +
X
kk0
Vkk0b

y
kbk; (1.1)

where byk creates an electron pair in (k";�k#) and �k is the normal state
quasiparticle energy. The particle number operator nks is de�ned by
nks = cykscks, which has an eigenvalue of unity when operating on an
occupied state and gives zero when operating on an empty state, and
cyks(cks) is the electron creation (annihilation) operator. They proposed
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a variational wave function of the form

� =
Y
k

(uk + vkb
y
k)j0 >; (1.2)

with u2k + v2k = 1. This form implies that the probability of the pair
(k";�k#) being occupied is v2k, while the probability that it is unoccu-
pied is u2k = 1� v2k. The minimization of the energy with respect to vk
leads to the self consistent solution for the gap function

�k = �
X
k0
Vkk0

�k0

2Ek0
; (1.3)

with

v2k =
1

2
(1� �k

Ek

); (1.4)

and
Ek =

q
�2k +�2

k: (1.5)

One of the predictions of the BCS theory is the existence of the energy
gap �(T ) between the ground state and the quasiparticle excitations
of the system. A minimum energy Eg = 2�(T ) should be required to
break a pair, and create two particle excitations. At zero temperature

Eg(0) = 2�(0) = 3:52kBTc: (1.6)

The spatial extension of the Cooper pairs or the coherence length is
de�ned by

� =
�hvF
��(0)

; (1.7)

where vF is the Fermi velocity. In s-wave superconductors � is quit
large of the order of 103 � 104A�.

In s-wave superconductors �k is independent on k. This means that
the Cooper pairs have zero orbital angular momentum. In anisotropic
material like YBCO �k is a function of k and has the same symmetry
as the crystal lattice. The physical mechanism for the high-Tc is not
yet clear. It is clear that a two electron pairing is involved but the
nature of the pairing remains controversial, although there is evidence
indicating that the Cooper pairs have dx2�y2 -wave symmetry. Possibly
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the mechanism is purely electronic and is based on the exchange of
antiferromagnetic spin 
uctuations among quasiparticles. Furthermore
in cuprates due to the large value of the gap and the low Fermi velocity
stemming from the low electron density, the Cooper pairs have little
overlap and the coherence length � is small of the order of 10A.

1.4 Order parameter and symmetry break-

ing in superconductors

BCS microscopic theory is valid when the gap is constant in space. In
situations where the order parameter is inhomogeneous e.g. in type
II superconductors, a more macroscopic theory is needed i.e. the
Ginzburg-Landau theory (GL). In the GL theory the superconducting
state is described by a complex order parameter

	(r) = j	(r)je�(r); (1.8)

where j	(r)j is the modulus and �(r) is the phase. The super
uid
density is given by

�s(r) = j	(r)j2: (1.9)

If 	(r) is small, the Free energy density can be expanded in a series
of the form

fs = fn + aj	(r)j2 + 1

2
�j	(r)j4 + 1

2m� j(
�h

i
5� e�

c
A)	(r)j2 + h2=8�:

(1.10)
In the absence of �eld and gradients only the �rst two terms are re-
tained. � must be positive. For a > 0 the minimum of the Free energy
occurs at j	j2 = 0 (normal state) while for a < 0 the minimum occurs
for j	j2 = �a=�. Then fs � fn = �a2=2�. A minimization of the
volume integral of Eq. (1.10) with respect to variations in 	(r) and
A(r) leads to the GL equations

a	(r) +
1

2
�j	(r)j2	(r) + 1

2m� (
�h

i
5� e�

c
A)2	(r) = 0; (1.11)

J =
e�

m� j	(r)j2(�h5��
e�

c
A) = e�j	(r)j2vs: (1.12)
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Equation (1.11) has the form of the Schroedinger equation for parti-
cles with energy eigenvalue �a apart from the nonlinear term. This
term acts like a repulsive potential of 	(r) on itself tending to favor
wavefunctions 	(r) which are spread out as uniformly as possible in
space. The current expression (1.12) has exactly the form of the usual
quantum mechanical expression for particles of mass m�, charge e� and
wave function 	(r). We de�ne

�(T ) =
�h2

2m�ja(T )j; (1.13)

as the characteristic length over-which a small disturbance of 	(r) from
	1(r) will decay to zero. Near Tc �(T ) diverges as (Tc � T )�1=2 since
a vanishes as (T � Tc). Also the relation

� =
�eff (T )

�(T )
; (1.14)

where �eff (T ) is the e�ective penetration depth de�nes the GL param-
eter. In pure s-wave superconductors � << 1 since � � 500A�, and
� � 3000A�, while in dirty superconductors or in the high Tc supercon-
ductors � may be much greater than 1. The value � = 1=

p
2 separates

superconductors of type I and II. Abrikosov showed that for materials
with � > 1=

p
2, (called type II superconductors), instead of a discon-

tinuous breakdown of superconductivity at the critical �eld Hc, there
was a continuous increase in 
ux penetration starting at a lower critical
�eld Hc1 and reaching B = H at an upper critical �eld Hc2 > Hc1 [3].
In the mixed state between Hc1 and Hc2 the 
ux penetrates forming a
triangular array of 
ux tubes as con�rmed by scanning tunneling mi-
croscope measurements for the superconductor NbSe2[44]. Hc2 is equal
to 10T for s-wave superconductors, while Hc2 is approximately 100T
for cuprates.

In 1959 Gor'kov showed that the GL theory is a limiting form of
the microscopic BCS theory, valid near Tc where 	(r) � � [38].

The non-zero expectation value of the two-particle density matrix

�(r; r0) =< 	y
#(r)	

y
"(r) >< 	#(r

0)	"(r
0) >; (1.15)

explains the existence of certain particle correlations. The order param-
eter is a measure of the amount of symmetry breaking in the ordered
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Table 1.1: Even parity irreducible representations of D4h along with
examples of basis functions for �k

Irreducible representations Basis functions for �k

A1g 1, cos kx + cos ky
A2g sin kx sin ky(cos kx � cos ky)
B1g (cos kx � cos ky)
B2g sin kx sin ky

Eg(1; i) sin kx sin kz , sin ky sin kz

state. The symmetry group H describing the superconducting state
must be a subgroup of the full symmetry group G in the normal state

G = X �R� U(1) � T for T > Tc
H for T < Tc

; (1.16)

where X is the symmetry group of the crystal lattice, R is the sym-
metry group of the spin rotation, U(1) is the one-dimensional global
gauge symmetry, and T is the time reversal symmetry. In BCS super-
conductors U(1) is broken due to the existence of long range order in
the superconducting state. In unconventional superconductors one or
more symmetries are broken at Tc.

1.5 Possible pairing states

In cuprates the physics occurs in the CuO2 planes while the interme-
diate layers act as charge reservoirs to exchange electrons with the
planes. So the symmetry of the order parameter should be related to
the lattice structure of the planes which is square like. In a tetrago-
nal lattice with D4h symmetry there exist �ve even parity irreducible
representations, since the pairing state is singlet. Their basis func-
tions correspond to candidates gap functions for high Tc cuprates as
listed in table 1.1 [83]. The k-space representation of the allowed
basis functions for the D4h symmetry is seen in Fig. 1.3. The d-
wave �d

x2�y2
(k) = �0(cos kx � cos ky) is the basis state for B1g, while

�dxy(k) = �0(sin kx sin ky) is the basis state for B2g
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kx

ky

A1g

B1g

A2g

B2g

Figure 1.3: Schematic representation of �(k) in the Brillouin zone, for
the allowed symmetry basis functions for theD4h symmetry appropriate
for the CuO2 planes in the high-Tc superconductors.

The cuprate superconductors have a slight orthorhombic distortion
and the point group of interest is of lower symmetry orthorhombic D2h

where some degrees of freedom like 90� rotation and x = �y re
ection
are removed. In D2h group the dx2�y2 also belongs in the A1g and based
on symmetry arguments only, it can not be distinguished from the s-
wave or the extended s-wave. So any combination of s, extended s,
dx2�y2 is possible, including the state dx2�y2+ is with gap function � =
�0(�(cos kx�cos ky)+i(1��)) and dx2�y2+idxy with gap function � =
�0((1� �)(cos kx� cos ky)+ i�2 sin kx sin ky) where the order parameter
is complex breaking the time reversal symmetry.

1.6 How would we know the pairing sym-

metry

The problem to identify the pairing symmetry in cuprates has not found
a satisfactory solution yet. The order parameter can not be probed
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directly, i.e. it is not a macroscopic observable. Hence one tries to
infer the type of the order parameter from its in
uence on various
thermodynamic quantities and transport properties. A number of ex-
periments have been proposed that allow to distinguish between the
possible candidate pairing states. In a spin singlet state the spin sus-
ceptibility is suppressed in the superconducting state. The Knight shift
goes smoothly to zero at T = 0 and is consistent with singlet pairing
state, as in conventional s-wave superconductors [95]. In s-wave super-
conductors where the magnitude of the gap does not vanish, the density
of states and the various thermodynamic and transport properties de-
crease exponentially. If the gap has nodes as in dx2�y2 -wave then N(�)
varies linearly with � and the various quantities vary as power laws.

1.6.1 Non-Phase Sensitive Techniques

Penetration depth

The penetration depth �(T ) in the usual BCS theory is given by

�s = (
�(0)

�(T )
)2 = 1 � 2�

Z 1

0
d�
N(�)

N(0)
f(�)(1 � f(�)); (1.17)

where � = 1=kBT , f(�) is the Fermi function

f(�) =
1

1 + e��
: (1.18)

For the s-wave state the BCS form of the density of states is assumed

N(�)=N0 = Re
�p

�2 ��2
; (1.19)

while for the d-wave

N(�)=N0 = �=�0: (1.20)

For s-wave the result for the penetration depth is

�(T )� �(0)

�(0)
=

s
2��

T
e��0=kBT ; (1.21)
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while for dx2�y2 -wave the result is

�(T )� �(0)

�(0)
= ln(2)

kBT

�0
; (1.22)

where �0 is the zero temperature value of the gap. So in a dx2�y2 -wave
superconductor the penetration depth varies linearly with T , while in
an s-wave superconductor it varies exponential with T . This theoret-
ical prediction is con�rmed experimentally for the YBCO [41]. The
value of � is of the order of (103 � 104A�) in cuprates, while in low
Tc superconductors, � � 500A�, due to the smaller value of the phe-
nomenological parameter �s in cuprates. At low T the linear variation
of �(T ) is also consistent with an extended s-wave symmetry and hence
the penetration depth measurements can not distinguish between these
pairing states.

NMR measurements

In conventional s-wave superconductors the nuclear relaxation rate 1=T1
shows a peak just below Tc before an exponential drop-o� to zero with
the freeze out of quasiparticles at lower temperatures [43]. This is
explained with the BCS theory with the assumption of the coherence
factors. The absence of the Hebel-Slichter peak in the nuclear relaxation
rate 1=T1 for both Cu and O in in-plane sites observed in NMR studies
in high Tc materials suggests a breakdown or a modi�cation of the BCS
coherence factors. Also at low temperature the absence of exponential
freeze out of 1=T1 as replaced by a power law variation suggests a
dx2�y2 -wave pairing state. A convenient review of this �eld was given
by Pennington and Slichter in [76].

ARPES

Angle resolved photoemission spectroscopy (ARPES) data provide in-
formation about the position of the gap nodes in momentum space.
The developments of this technique for studying pairing symmetry in
the cuprates has been hampered by its sensitivity to surface conditions
and by its relative poor energy resolution comparable to the size of
the energy gap. ARPES data for Bi2Sr2CaCu2O8+x, (B2212) seen in
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Figure 1.4: High resolution photoemission spectra from Ref. [81]
recorded at locations A and B, of sample 1 as illustrated in the in-
set. The spectra at B were measured before those at A. The spectral
changes above and below Tc are caused by the opening of the super-
conducting gap. The change at A is quite visible, yielding a larger gap.
The change at B is hardly visible, suggesting a very small or null gap.
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Figure 1.5: Energy gap in Bi-2212, measured with ARPES as a function
of angle on the Fermi surface, solid curve which �ts to the data using a
d-wave order parameter. Inset indicates the locations of the data points
in the Brillouin zone. Data are from [30]
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Fig. 1.4, above and below Tc for Fermi wave vector along the direction
parallel to the a or b crystallographic axes shows a shift in the leading
edge of the spectral weight indicating a gap. [81] The absence of shift
along the diagonal direction �Y (the diagonal direction between the
a and b) indicates a large gap anisotropy consistent with the dx2�y2 -
wave gap. Also the energy gap measured with ARPES, as a function
of the angle on the Fermi surface seen in Fig 1.5 is consistent with a
dx2�y2 -wave model. These results rule out the B2g, A2g, and A1g pairing
states. However these experiments probe the magnitude of the gap and
hence cannot discriminate between a highly anisotropic s-wave and a
dx2�y2 -wave gap.

1.6.2 Half-integer 
ux quantization

Josephson tunneling

Josephson �rst predicted in 1962 [48] that it is possible for Cooper pairs
to 
ow through an insulating barrier between two superconductors. If
two superconductors (i; j) are brought into contact with an oxide layer
between them, their order parameters ni and nj are no longer indepen-
dent. When there is a phase di�erence between them supercurrent will

ow. This is the Josephson e�ect. The Josephson current is

I = I0i(n
�
inj � nin

�
j ) = I ijc sin �ij; (1.23)

where �ij = �j � �i, �i; �j are the corresponding phases and

I ijc = 2I0jnijjnjj; (1.24)

is the Josephson critical current. Under a �nite dc voltage V the time
dependence of � is given by the Josephson relation

d�=dt = 2eV=�h; (1.25)

and the junction will carry an ac supercurrent at frequency 2eV=�h.
It can be detected by its resonance frequency with a superimposed
ac �eld (Shapiro steps). The Josephson e�ect was veri�ed by experi-
ment in 1963 [5]. First the Josephson e�ect can be used to determine
the parity of the superconductor, since it is found that the Josephson
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current vanishes up to second order in tunnel junctions between sin-
glet and triplet superconductors [75]. The Josephson tunneling also
includes other weak-link structures such us Superconductor / Normal
metal /Superconductor with a di�erent current phase relation.

The Josephson e�ect provides a powerful means to study the phase
of the superconducting order parameter. In Josephson junctions be-
tween d-wave superconductors the critical current is given by

I ijc = As cos(2�i) cos(2�j); (1.26)

and �i; �j are the angles of the crystallographic axes with respect to
the interface [84]. So depending on the orientation angles �i; �j, the
Josephson critical current can be negative. A negative critical current
I ijc can be thought of as a phase shift of � at the Josephson interface.
Also such phase shift can originate from the spin 
ip scattering by
magnetic impurities at the interface. [19]

Flux quantization in a superconducting ring

The single valuedness of the phase � requires that �(r) return to itself
(modulo 2�) on going once around a superconducting ring on any path.
The magnetic 
ux in a superconducting ring made from conventional
s-wave superconductors is quantized in integer multiplies of the 
ux
quantum (zero ring). A superconducting ring containing an odd num-
ber of � shifts (� ring) will generate spontaneous 
ux with half of the
conventional 
ux quantum �0 = hc=2e = 2:07�10�7G�cm2. The 
ux
quantization condition reads

�a + IsL +
�0

2�

X
ij

�ij = n�0; (1.27)

where the supercurrent is given by

Is = I ijc (�i; �j) sin �ij; (1.28)

where L is the self-inductance of the ring, �a is the externally applied

ux and �ij is the phase di�erence between the superconducting elec-
trodes i; j which is de�ned in the previous subsection. I ijc (�i; �j) is the
critical current of the junction between superconducting electrodes i; j
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and �i; �j are the corresponding angles of the crystallographic axis with
respect to the junction interface. The ground state of such a ring is
obtained from the minimization of the junction's free energy with re-
spect to the 
ux � and is achieved only when � = (n + 1=2)�0, for
n�0 < � < (n+ 1)�0.

Paramagnetic Meissner e�ect

The presence of the spontaneous 
ux has been proposed as an explana-
tion of the paramagnetic Meissner e�ect observed in Josephson junction
circuits [84]. If 2�LI ijc =�0 < 1, a zero ring has an induced 
ux with
opposite sign as the applied 
ux, while in a � ring the induced 
ux has
the same sign as the applied 
ux (paramagnetic shielding).

1.6.3 Phase sensitive tests of the pairing symme-

try

Squid interferometry

If YBCO is a dx2�y2 -wave superconductor, there should be a � phase
shift between weak links on adjacent faces of the crystal. If the self-
inductances are small, or if the self-inductances are symmetric then the
SQUID critical current versus the magnetic �eld is symmetric with a
maximum at � = 0 for a zero-ring and a minimum for a � ring. This
has been used byWollman et. al. [103] to probe the dx2�y2 -wave pairing
state in cuprates. However the interpretation of these experiments was
not easy due to a number of complicating factors such as the twinning
e�ects, the linear interpolation of the Ic vs � curves, the 
ux trapping,
and the sample geometry.

Also high-Tc SQUIDS made from 45� asymmetric biepitaxial grain
boundaries studied by Mannhard et. al. [65] shows anomalous Ic vs
H pattern and can be interpreted as arising from a dx2�y2 -wave order
parameter.

Corner junction experiments

The symmetry of the gap can be probed by measuring the magnetic 
ux
modulation of the critical current for a corner junction. We consider
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Figure 1.6: Summary of the experimental results of Wollman et. al
[103] (a) Bias current for a corner SQUID and an edge SQUID vs 
ux.
(b) Critical current vs applied magnetic �eld for an edge junction (c)
The same as in b but for a corner junction.
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the Josephson junction between YBCO and Pb where the a and b faces
of YBCO are at right angles to the junction edges [103]. If YBCO is a
dx2�y2 -wave superconductor, the Josephson critical current is equal to
Ic � cos(2�), where � is the angle of the crystal axes and the junction
interface. The Josephson critical current changes sign as we move from
one edge of the junction to the other introducing an intrinsic phase shift
of � to the Josephson coupling. In the dx2�y2 -wave case the magnetic
interference pattern is

Ic(�) = 2I0 sin
2(��=2�0)=(j��=�0j); (1.29)

and has a dip at � = 0, � = HAeff where H is the external �eld. Aeff

is given by the product of the length perpendicular to the �eld times the
quantity d+ �1+�2 where d is the thickness of the junction and �1; �2
are the London penetration depths of the two bulk superconductors.

The usual Fraunhofer form of the pure s-wave superconductor junc-
tion or the edge junction between a dx2�y2 -wave superconductor and an
s-wave superconductor is of the form

Ic(�) = 2I0j sin(��=�0)=(��=�0)j; (1.30)

and shows a maximum at � = 0. The proof of Eq. (1.30) is given in
chapter 2. The experimental result of Wollman et. al. [103] for the
critical current vs magnetic �eld, presented in Fig. 1.6(b),(c), for the
edge (corner) junction with a maximum(minimum) at H = 0 is consis-
tent with the assumption of dx2�y2 -wave pairing symmetry in cuprate
superconductors.

Also Miller, Ying et. al. [49] used frustrated thin �lm tricrystal
samples to probe the pairing symmetry in YBCO. They measured the
critical current versus the magnetic �eld and found a "dip" at zero �eld
for the short junction limit as expected for dx2�y2 -wave superconduc-
tors.

Tricrystal ring experiments

In tricrystal ring experiments grain boundary Josephson junctions are
formed between three YBCO �lms, as shown in Fig. 1.7 . [97] The
YBCO �lms grows with their a and b axis oriented along the (100) and
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Figure 1.7: Schematic diagram for the tricrystal (100) SrTiO3 sub-
strate, with four epitaxial YBCO rings, from Ref. [97].

(010) axis of the SrTiO3 substrate. The orientation of the a, b axis
in each �lm is such that in the grain boundary between 1 and 3 there
is an internal phase shift of �. Then rings are patterned such that
one ring has no grain boundaries, one has one grain boundary, and the
ring in the center has three grain boundaries. Tuei et. al. [97] using a
SQUID measured the magnetic 
ux and found that the three outer rings
have no magnetic 
ux trapped in them while he observed half integer

ux for the three junction ring which is consistent with the dx2�y2 -
wave pairing symmetry. We conclude that as discussed in chapter 4
for a similar geometry where between grains 2; 3 we assume that a
twin boundary exists, the magnetic 
ux quantization on a tricrystal
junction experiment give information about the pairing state and also
on a subdominant order parameter.
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1.6.4 Implications of the d-wave pairing symmetry

Time reversal symmetry broken states

For bulk properties the phase sensitive symmetry tests have ruled out
time-reversal symmetry broken state (TRSB). However it is possible the
TRSB state to appear wherever the order parameter varies spatially,
e.g. near the surface, interfaces, impurities. Then the dx2�y2 -wave
pairing state is unstable against the formation of a two component
order parameter at low temperatures.

Phase sensitive experiments can be useful to discriminate between
time reversal symmetry broken states as we will see in Chapter 5.
The intrinsic shift a determines the minimum of the junction energy
EJ;a(�) � cos(��a). If we apply the time reversal operation ni;j ! n?i;j,
then � ! �� and a ! �a. For a = 0; � the lowest energy is the
same under time reversal operation apart from 2� multiplies, while for
a 6= 0; � the lowest energy state is not unique but changes under time
reversal. The a 6= 0; � case results only when a two component complex
order parameter is considered, such as dx2�y2 + is or dx2�y2 + idxy. In
this case the gap is nodeless. Also the deviations on the current-phase
relation from the standard sinusoidal current-phase relation observed
by 45�-missoriented YBCO grain boundary junctions at low tempera-
tures is attributed to TRSB states. [46] Consequences are the fractional

ux quanta observed near grain boundaries as opposed to the half 
ux
quanta which indicate dx2�y2 -wave pairing. [51]

Tunneling experiments

The fundamental process in the tunneling experiments between normal
metals and superconductors is Andreev re
ection. In Andreev re
ec-
tion process an electron incident in the barrier with an energy less than
�0 can not drain o� into the superconductor. It is instead re
ected
as a hole and a Cooper pair is transfered in the superconductor. In
the case of conventional s-wave superconductors a gaped region ap-
pears in the tunneling spectra. In anisotropic high Tc superconductors
the transmitted quasiparticles feel di�erent sign of the pair potential.
This results in the formation of bound states. These Andreev bound
states give rise to a peak in the quasiparticle density of states at the
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Fermi energy and should result in a zero-bias conductance peak in the
quasiparticle tunneling spectra of superconductor - normal metal tun-
nel junctions. [27] The presence of an imaginary component breaking
the time reversal symmetry shifts the peak to the amplitude of the
secondary component.

1.7 Pinning e�ect

In high Tc superconductors there are several types of defects. They
include localized defects, such as departures from stoichiometry at
the atomic scale, or more extended defects such as dislocations, grain
boundaries, inclusions of second phases, twin planes etc.

The measurement of the maximum current vs the magnetic �eld
of the material will give information on the spatial distribution of the
defects, and would be useful to improve the properties of the material
such as the critical current or the critical magnetic �eld, melting line.
Information on the defect distribution can also be obtained from the
I � V characteristics where steps are introduced when the junction is
irradiated with microwaves.

In chapter 3 we calculate the Ic vs H in a Josephson junction with
spatial inhomogeneous Josephson defect critical current density and
perform the linear stability analysis to study the in
uence of the in-
homogeneity in the critical current and the magnetic �eld. Simple ar-
guments are derived that could help the sample characterization. Due
to 
uxon trapping from the defect additional stable states are intro-
duced in a large interval of the magnetic �eld and the critical current
increases as compared to the perfect junction. This modi�ed Ic vs H
diagram as compared to the experimental one could help to extract
information about the position of defects, the defect Josephson critical
current density, and the type of defect, in order to improve the material
properties.



Chapter 2

Stability analysis of static

solutions in a Josephson

junction

2.1 Introduction

In this chapter we describe the static properties of a pure s-wave super-
conductor Josephson junction by solving numerically the sine-Gordon
equation. [14] We calculate the maximum tunneling current Imax as
a function of the external �eld H, and compare the results with the
existing experimental data. We also study both analytically in terms
of elliptic functions and numerically the stability of the solutions.

The motivation of this study is

� to explain the hysteritic behavior seen in Josephson junctions.

� to express the static solutions in a way that will allow us to ex-
amine their stability and follow their evolution with length and
the magnetic �eld H.

� To develop a numerical simulation in order to study more compli-
cated problems like inhomogeneities, dynamics, �-junctions, and
also the two-dimensional window Josephson junctions. Some of
them are studied in the subsequent chapters.

23
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The static and dynamic stability of 
uxons has been analyzed using
the sine-Gordon equation [20, 28, 34, 18] both theoretically and nu-
merically, in case where no external current is applied. The numerical
procedure we follow here is based on iteration methods and requires an
initial guess that is close to the desired solution.

The rest of the chapter is organized as following. In section 2.2 we
derive the basic Josephson equations. In section 2.3 we present the
RCSJ model. In section 2.4 we present the e�ect of the magnetic �eld
in the Josephson junction. In section 2.5 we present the special case
of junctions with negligible screening. In section 2.6 we present the
electrodynamics of the Josephson junction. In section 2.7 we discuss
the I � V characteristic of a Josephson junction. In section 2.8 we dis-
cuss a special solution of the sine-Gordon equation i.e. the soliton. In
section 2.9 we present the inline boundary conditions, give the explicit
analytical solutions using elliptic functions for the sine Gordon equa-
tion and sketch the stability analysis. In section 2.10 we outline the
numerical procedure we follow. In section 2.11 we study the solutions
in the particular case of zero magnetic �eld H = 0, and in section 2.12
the analytic solutions for zero current I = 0. We study both theoret-
ically and numerically their stability in section 2.13 and we calculate
the maximum tunneling current. In section 2.14 we brie
y propose an
experimental procedure which utilizes our numerical procedure. We
summarize our results in the last section.

2.2 Basic Josephson relations

The Josephson e�ect arises when two superconductors are weakly cou-
pled. Here we present a derivation of the Josephson relations for a
certain con�guration, where two superconductors separated by an in-
sulating barrier. The derivation and notation follow that of Barone and
Paterno. [14] For the derivation we will be bringing two superconduc-
tors together, from the left(L) and the right(R), Fig. 2.1 The quantum
mechanical treatment of superconductors tells us that the electrons in
an isolated superconductor can be described by a single macroscopic
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ψ ψL R

S S
L R

Figure 2.1: Schematic diagram of the left and the right superconduc-
tors, with their wave-functions.

quantum state. The Schroedinger equation

i�h
@j >
@t

= Ĥj >; (2.1)

where Ĥ is the Hamiltonian of the system, yields

i�h
@ R

@t
= ĤR R = ER R; (2.2)

i�h
@ L

@t
= ĤL L = EL L; (2.3)

where ER and EL are the energies of the two wave functions. The two
superconductors become weakly coupled as they are brought together,
changing (2.2), and (2.3) to

i�h
@ R

@t
= ER R +K L; (2.4)

i�h
@ L

@t
= EL L +K R; (2.5)
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whereK is a small coupling constant. For two isolated superconductors
the energies are the two chemical potentials. For a dc voltage di�erence
between the two superconductors, the energy di�erence is EL � ER =
2eV . Choosing the potential energy to be zero halfway between the
value on the right and the left, we can rewrite (2.4), and (2.5) as

i�h
@ R

@t
= �eV  R +K L; (2.6)

i�h
@ L

@t
= eV  L +K R: (2.7)

The wavefunctions  L and  R have the form  L =
p
�Le

i�L, and
 R =

p
�Re

i�R, where � is the electron pair density in a supercon-
ductor. De�ning � = �L � �R and equating the real and imaginary
terms of 2.6, and 2.7 we have

@�L
@t

=
2K

�h

p
�L�R sin �; (2.8)

@�R
@t

= �2K
�h

p
�L�R sin �; (2.9)

@�L
@t

=
K

�h

s
�L
�R

cos �+
eV

�h
; (2.10)

@�R
@t

=
K

�h

s
�L
�R

cos�� eV

�h
: (2.11)

The pair current density can be de�ned as

J � @�L
@t

= �@�R
@t

: (2.12)

Therefore, by (2.8, 2.9) we have

J =
p
�L�R sin �: (2.13)

If we assume the superconductors have equal and constant pair den-
sities, �L = �R = �1, where �1 is a constant we can rewrite (2.13)
as

J = Jc sin �; (2.14)
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where Jc = 2K�1=�h. It appears that we are assuming that the constant
pair densities have nonzero time derivatives. However, we assume that
the superconductors are connected to a circuit, allowing the electron
pairs to dissipate or be replaced. Inclusion of this additional current
would not change the �nal results. From the other two equations (2.10,
2.11) we have

@�

@t
=
2eV

�h
: (2.15)

Equations (2.14, 2.15) are called the Josephson relations and are the
basis for most studies of the Josephson e�ect. The dc Josephson e�ect
arises when V = 0. By Eq. (2.15) the phase di�erence is constant, but
it is not necessarily zero. By Eq. (2.14) this means a zero potential
can exist even for a nonzero current density. For this reason Jc is often
called the critical current density, which is the largest current density
the junction can sustain without developing a voltage.

The ac Josephson e�ect arises when V is a nonzero constant. By
integrating Eq. (2.15) we �nd � = �0+ 2e=�hV t, so the current density
is

J = Jc sin(�0 +
2eV t

�h
): (2.16)

From this equation we see that a constant nonzero voltage produces an
alternating current.

2.3 The RCSJ model

The resistively and capacitively shunted junction (RCSJ) model is used
to describe the Josephson junction properties for �nite voltage. We
model the physical Josephson junction by the ideal one plus a resistance
R and a capacitance C, as seen in Fig. 2.2. The resistance introduces
dissipation while C re
ects the geometric capacitance between the two
electrodes. The current I is equal to the total junction current from
the three parallel channels, as follows

I = Ic0 sin �+
V

R
+ C

dV

dt
: (2.17)

The usual notation for the critical current is Ic which denotes an observ-
able critical current which may be less than Ic0. Using the Josephson
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C R(V)

Figure 2.2: Circuit diagram.

relation for V Eq. (2.15) we obtain the second order di�erential equa-
tion

d2�

d� 2
+Q�1d�

d�
+ sin � =

I

Ic0
; (2.18)

where � is in units of (!p)�1 where !p = (2eIc0�hc )
1=2 is the plasma fre-

quency, and Q = !pRC is the quality factor.

2.3.1 Overdamped junctions

If C is small so that Q << 1 Eq. (2.18) reduces to a �rst order di�er-
ential equation which is

d�

d�
=
2eIc0R

�h
(
I

Ic0
� sin �): (2.19)

The time average voltage is obtained by integrating this equation for
time T required by � to advance by 2�, and using 2eV=�h = 2�=T the
resulting equation for the voltage is

V = R(I2 � I2c0)
1=2; (2.20)

and is equal to zero for I < Ic0, while V = IR for I > Ic0.
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Vg=2∆ /e

I r0 Ic0 I

V
V=IR

Figure 2.3: I-V diagram for underdamped junction.

2.3.2 Underdamped junctions

When C is large Q > 1 the I�V curve becomes hysteretic. For V = 0 I
is increasing until Ic0 where it jumps discontinuously to a �nite voltage
Vg =

2�
e
equal to the energy gap voltage, as seen in Fig. 2.3. If I is

reduced below Ic0, V does not drop back to zero until a "retrapping
current" Ir0 = 4Ic0=�Q is reached.

2.4 The Josephson e�ect in the presence

of magnetic �eld

We consider the junction shown in Fig. 2.4 between superconductors
SL, SR. We choose a coordinate system such that the electrode surfaces
are parallel to the xy-plane and the tunneling current is along the z
direction. We will examine the e�ect of the magnetic �eld H applied
in the y direction which is small compared to �J . The magnetic �eld
penetrates into the superconductors a distance equal to the London
penetration depth �L;R respectively (shaded area in Fig. 2.4). From
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Figure 2.4: Plot of the junction geometry of length w. The magnetic
�eld is applied in the y direction.

equation (1.12) the phases �L, �R in each superconductor satisfy

5�L;R = e�

�hc
(
m�c
e�2�s

J+A); (2.21)

where A is the vector potential. We integrate along the curves CL, CR

as follows

�Ra(x)� �Rb(x+ dx) =
e�

�hc

Z
CR
(A+

m�c
e�2�s

J) � dl; (2.22)

�Lb(x+ dx)� �La(x) =
e�

�hc

Z
CL

(A+
m�c
e�2�s

J) � dl; (2.23)

where the paths CL;R are extended in the bulk where no current exists,
and dl is at right angles to J for the path within the area where the
magnetic �eld penetrates. Adding (2.22), and (2.23) we have

�(x+ dx)� �(x) = [�Lb(x+ dx) � �Rb(x+ dx)]� [�La(x)� �Ra(x)] =

e�

�hc
[
Z
CL

A � dl +
Z
CR

A � dl]; (2.24)
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�(x+ dx)� �(x) =
e�

�hc

I
A � dl = e�

�hc
Hy(�R + �L + t)dx =

e�

�hc
Hyddx;

(2.25)
or

d�

dx
=
e�

�hc
dHy ; (2.26)

where d is the sum of the penetration depths in two superconductors
plus the thickness of the insulating barrier. Equation (2.26) is a local
relation. This means that the gradient of the phase � depends on the
local value of the �eld. However in some cases it can be generalized in a
way that the gradient of the phase � depends on the �eld in neighboring
points and the relation becomes non local.

2.5 Junctions with negligible screening

When the junction length w is small the externally applied �eld be-
comes equal to the self �eld and Eq. (2.26) becomes �(x) = �0 + kx
where k = 2�Hd=�0, �0 is the phase at the origin x = 0. The super-
current through the junction is then given by

Is =
Z Z

Jc(x; y) sin �(x)dxdy; (2.27)

where the integration is over the junction area. After integration on y,
we can rewrite (2.27) as

Is =
Z
Jc(x) sin(�0 + kx)dx; (2.28)

where Jc(x) =
R
Jc(x; y)dy is the critical current density per unit length

along x.
If we choose a rectangular junction with dimensions X � Y then

Jc(x) = JcY . We perform the integration in (2.28) and choose �0 in
order to maximize the current. The result is

Imax =
sin � �

�0

� �
�0

; (2.29)
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Figure 2.5: Plot of the maximum tunneling current as a function of
applied magnetic �eld for a short junction with: (a) w = 1:0 and (b)
w = 10.
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where � = Hwd is the applied 
ux, �0 =
hc
2e the 
ux quantum [14]. In

Fig. 2.5a we present the maximum tunneling current as a function of
applied magnetic �eld for a short junction with w = 1:0. This pattern
is often called Fraunhofer di�raction pattern by analogy to the case of
light passing through a narrow rectangular slit. Each of the lobes in
the diagram can be labeled by the pair of integers (n; n + 1) where at
one end the magnetic �eld corresponds to exactly n 
uxons (i.e. 
ux=
n�0) and at the other end n+1 
uxons. For the case of a long junction
the problem was solved by Owen and Scalapino [74], and there, the
di�erent lobes overlap (as shown in Fig. 2.5b for w = 10).

2.6 The electrodynamics of the Josephson

junction

We will examine the e�ect of the Josephson currents on the time depen-
dent electromagnetic �elds in the barrier. We use the Maxwell equation

5�H =
4�

c
J+

1

c

@D

@t
; (2.30)

which in the z-direction is written as

@Hy

@x
� @Hx

@y
=
4�

c
Jz +

1

c

@Dz

@t
: (2.31)

We use the equation (2.26) and a similar equation in the y direction

d�

dy
= � e

�

�hc
dHx; (2.32)

to rewrite the Maxwell equation (2.30) as

�hc2

8�ed
(
@2�

@x2
+
@2�

@y2
) = Jc sin �+ C

@V

@t
; (2.33)

where

Dz = �Ez = �
V

t
; (2.34)
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� is the dielectric constant of the barrier, t is the the oxide barrier
height, Ez is the electric �eld across the barrier, and V is the voltage
across the barrier.

C =
�

4�t
; (2.35)

is the capacity of the junction per unit area, Jc is the Josephson critical
current. Using the Josephson relation (2.15), Eq. (2.33) is transformed
to the sine-Gordon equation

@2�

@x2
+
@2�

@y2
� 1

c2
@2�

@t2
=

1

�2J
sin �; (2.36)

where the Josephson penetration depth given by

�J =

s
�hc2

8�edJc
; (2.37)

is of the order of 2�m, for Jc = 108A=m2 and depends both on material
and geometry properties.

c = c(
1

4�Cd
)1=2 = c(

t

�d
)1=2; (2.38)

since d � 15A�, � = 6 the velocity of the electromagnetic waves in the
junction is c � c=20.

For the static case, �J plays the role of a penetration depth if � << 1
since then (2.36) reduces to

d2�

dt2
=

�

�2J
: (2.39)

The solutions of this equation are of the form � � e�x=�J where x is
measured from the outside edge of the junction. When the external �eld
is less than the critical �eld the phase � exponentially decays to zero
in the interior of the junction. It is often called as 'Meissner solution'.
A junction is called small if its length and width are small compared to
�J and long if its length w >> �J and its width is much smaller than
�J .

In the small junction limit Eq. (2.36) reduces to

d2�

dt2
+ !2p sin � = 0; (2.40)
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where !2p =
c2

�2
J

. This equation has the same form as the one found from

the RCSJ approximation with no damping and no external current.
The s-G equation must be generalized like the RCSJ model by the
introduction of a damping term proportional to @�=@t.

2.7 The I � V characteristics, for small

junctions

The current-voltage (I�V ) curve for a superconductor insulator super-
conductor (S � I � S) junction consists of two branches above 2�

e
and

bellow �2�
e
which represent the normal electron tunneling. We must

break a Cooper pair so that electrons can tunnel through the insulating
region. As a result the minimum voltage appears at the energy 2�

e
.

The current at zero voltage is a direct result of the Cooper pair
tunneling and is known as Josephson current. However there is a limit
to the amount of current that the Cooper pairs can carry and if too
much current is applied the Josephson e�ect is lost and the current is
carried by the normal electrons. The maximum dc current that can
be passed through the junction at zero voltage is known as Josephson
current density Jc.

2.8 Solitons in long junctions

An interesting type of solution for the long junction geometry is the
soliton which has the form

�(x; t) = 4 tan�1(exp[�x� x0 � utp
1 � u2 ]); (2.41)

where x is in units of �J and the velocity u is in units of c. This
solution goes from 0 to 2� as (x� (x0+ ut)) goes from �1 to +1 for
the upper sign solution. It also maintains the value � = � at the moving
point x = x0 + ut. There is a positive Josephson current localized at
a distance �J to the left of x0 + ut and a similar negative Josephson
current to the right of x0 + ut. Other exact solutions are the multi-

uxon solutions, 
uxon-anti
uxon solutions, plasma waves, etc. When
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the propagating 
uxon reaches the end of the junction it is re
ected
buck as an anti
uxon. This motion is periodic with period T = 2w

uc
.

The phase changes by 4�. Thus in the relativistic limit u � 1 the dc
voltage will be V = hc

we�
. This constant value is called �rst zero �eld

step (ZFS).

2.9 Inline geometry and stability of static

solutions

The main subject of this chapter is to describe the static solutions of the
sine-Gordon equation. The case of inline geometry is a one dimensional
problem, even for a wide junction, and one can obtain analytic solutions
[74]. Furthermore one can easily check their stability by using linear
perturbations. The particular cases of zero external magnetic �eld and
inline bias current also reduce the overlap boundary conditions to inline
ones.

In the one-dimensional case we have to solve the following problem

�d
2�(x; t)

dt2
+
d2�(x; t)

dx2
= sin �(x; t); (2.42)

x is in units of �J , H is in units of 4�
c
�JJc, and I is measured in units

of �JJc.
Two boundary conditions for the s�G equation are obtained from

the continuity of the magnetic �eld H across the junction edges. Using
dimensionless units we have

H(�w=2) = d�

dx
j�w

2

; (2.43)

where w is the normalized junction length. Also H(�w=2) is related to
the current line density I and H by Ampere's law

H(w=2) �H(�w=2) = d�

dx
jw
2

� d�

dx
j�w

2

= I; (2.44)

H(w=2) +H(�w=2) = @�

@x
jw
2

+
@�

@x
j�w

2

= 2H; (2.45)
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from (2.44,2.45) we obtain the following inline boundary conditions

d�

dx

���x=�w=2 = �I
2
+H � 
�: (2.46)

Eq. (2.42) has a static solution �0(x), implicitly expressed using
elliptic functions [2] as

sin �0(x) = �2
p
m sn (x+ x0jm) dn (x+ x0jm) ; (2.47)

cos �0(x) = 2m sn2 (x+ x0jm)� 1; (2.48)

d�0

dx
= 2

p
m cn (x+ x0jm) ; (2.49)

where the modulus m determines the period of the cn elliptic function
(equal to 4K(m)) and the arbitrary constant x0 the phase at the cen-
ter of the junction. They are determined by the boundary conditions
(2.46). Introducing (2.49) into (2.46) we get

2
p
m cn(x0 +

w

2
jm) = 
+; (2.50)

2
p
m cn(x0 � w

2
jm) = 
�: (2.51)

A useful quantity to classify the solutions is the 
uxon content or
the magnetic 
ux in units of the quantum of 
ux, de�ned by

Nf =
1

2�

�
�(
w

2
)� �(�w

2
)
�
:

At speci�c values of H, Nf takes integer values, so that the 
ux is that
of an integer number of 
uxons.

To check the stability of the static solution (2.47)-(2.49) we consider
small perturbations on the static solution �0(x) in the form

�(x; t) = �0(x) + U(x; t) (2.52)

and linearize Eq. (2.42) with respect to U(x; t), to obtain

�Utt + Uxx = cos�0(x) � U: (2.53)
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There is no loss of generality if we consider speci�c perturbations in
the form

U(x; t) = X(x)est: (2.54)

This way we obtain from Eq. (2.53) the eigenvalue equation

�X 00 + cos �0(x) �X = � �X; (2.55)

under the boundary conditions

X 0jx=�w=2 = 0: (2.56)

In Eq. (2.55) � = �s2. It is seen from Eq. (2.54) that if the eigenvalue
problem (2.55)-(2.56) has a negative eigenvalue the static solution �0(x)
is unstable. If all the eigenvalues are positive �0(x) is stable, while the
case � = 0 corresponds to neutral stability and de�nes the boundary
of stability. In the following we consider the two special cases 
+ =

� (I = 0) and 
+ = �
� (H = 0) separately, since the associated
boundary conditions are easy to handle and the stability analysis is
simpli�ed.

To get a feeling concerning the possible solutions, we plot from
the boundary conditions (2.46) and (2.50,2.51) the constant H and
I contours in the plane of the m and x0 parameters, for w = 3�=2 in
Fig. 2.6. We give di�erent plots form < 1 and m > 1. The lines labeled
with "0" correspond to H = 0 (or I = 0 for I contours) and in both
cases their network encloses areas with a single maximum (denoted by
"+") or minimum ("�") inside. Notice that there are two types of
curves on which H = 0 (or I = 0) as summarized in Table 2.1.

The curved lines in Fig. 2.6 correspond to the solutions of the �rst
line in the table which we call �xed x0 solutions, in the sense that the
shift is a �xed fraction of the period. From (2.50,2.51) we see that the
physical quantities I and H are periodic functions of x0 with period
4K(m). There are also solutions that have a �xed m = m? and arbi-
trary x0, and correspond to the vertical lines in Fig. 2.6 (remark that
contour �tting can be distorted when two equicurrent lines cross). Sim-
ilar results hold for the constant I contours. For m > 1 at the vertical
I = 0 curves we have an integer number of 
uxons in the junction.
Thus on the lines through c (a) we have Nf = 1 (2) correspondingly.
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Figure 2.6: Constant H (a) and I (b) contours in the (m, x0) plane.
The curves with the symbol O are for H = 0 in (a) and I = 0 in (b).
The signs " + " or " � " give the sign of I and H. The letter symbols
signify the same points in the I and H contours.
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Table 2.1: Di�erent types of curves due to various selections of m and
x0.

m x0 (periodic)
H = 0 0 < m < 1 �(2n + 1)K(m); n = 0; 1; :::

m = m�; n = 0; 1; :::nmax
w
2
= (2n + 1)K(m�) �1 < x0 <1

if w > �

I=0 0 < m < 1 x0 = �2nK(m), n=0,1,...
1 < m <1 x0 = � 1p

m
2nK( 1

m
)

m = m� < 1
w
2
= 2nK(m�); w > 2� �1 < x0 <1

n = 0; 1; :::; nmax

m = m� > 1
w
2
= 1p

m�
nK( 1

m�
) �1 < x0 <1

n = 0; 1; :::

In the current contours the points f and b correspond to peaks in the
Imax (see section 4.4). In the following we will focus our attention on
the solutions where either H or I .

2.10 Numerical procedure to obtain the

Imax vs H diagram

For the static solutions, the di�erential equation (2.42) turns into a
di�erence equation on a grid of size �x

�n+1 � 2�n + �n�1
(�x)2

= sin(�n): (2.57)

The boundary conditions are then described as di�erence equations,

�nj � �nj�1
(�x)

= I=2 +H; (2.58)

�2 � �1
(�x)

= �I=2 +H; (2.59)
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where nj =
w
�x

is the total number of junctions, and we set nj =
50. These coupled di�erential equations are solved using a relaxation
method to �nd �(x). An initial solution is assumed for �(x) that is
close to the desired solution. The magnetic �eld H is �xed and the
current is set to I = 0. For given I, H, the solution is iterated for a
maximum of Nmax = 500 times. The convergence criterion is then

njX
n=1

(�2n � �
2
n)

1=2 < �; (2.60)

where �n, and �n de�ne values of the phase at two successive iteration
steps, and � = 0:001. If this criterion has not been satis�ed after Nmax

iterations the iteration procedure is said to diverge for that value of
I;H parameters. If this criterion is satis�ed for N < Nmax then the
solution converges. Then the current I is increased while the conver-
gence criterion is satis�ed. The value of current for which the iteration
procedure diverges de�nes the critical current Imax for a given magnetic
�eld. The process is continued by increasing the magnetic �eld H for
I = 0 using as initial condition the phase �(x) at the previous value
of H and repeat the same procedure to �nd Imax for the new value of
the magnetic �eld H. This is repeated until the critical value of the
magnetic �eld where the mode terminates is reached.

2.11 No magnetic �eld case (H=0)

In the absence of external magnetic �eld we have 
+ = �
� = I
2 and

Eqs. (2.50,2.51) reduce to

2
p
mcn

�
x0 +

w

2
jm
�
=
I

2
; (2.61)

p
mcn

�
x0 � w

2
jm
�
= �I

2
; (2.62)

which determine the parameters m and x0 that characterize the peri-
odicity and phase shift of the static solutions. There are two di�erent
classes of solutions due to the antisymmetry of the boundary conditions,
which can be satis�ed for di�erent I either by �xing x0 or m.
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2.11.1 Fixed x0 solutions

It is seen from Eqs. (2.61,2.62) and the symmetry of the elliptic func-
tions that for positive I one choice for x0 in (2.61,2.62) is x0 = �K(m)
(K(m) is the elliptic integral of the �rst kind), so that x0 is �xed to
1
4
of the period of the elliptic function. It is in that sense that we call

them �xed x0 solutions. Strictly x0 is not a constant independent of m
since K(m) is a function of m. Thus we have (see [2])

I

2
= 2

q
m(1�m)

sn(w
2
jm)

dn(w
2
jm) ; 0 � m < 1; (2.63)

cos �0(x) = 2 m
cn2(xjm)
dn2(xjm) � 1; 0 � m < 1; (2.64)

sin �0(x) = 2
q
m (1�m)

cn(xjm)
dn2(xjm); 0 � m < 1: (2.65)

Another possibility is x0 = K(m) (x0 is shifted by half of a period) for
the case that 2K(m) < w

2
< 4K(m), or more generally when sn(w

2
jm) <

0, since we are limiting ourselves to I > 0. This means that every time
w increases by 2� we introduce two extra solutions. To put it in other
words the function I(m), in (2.63), is highly oscillating for large w.
We do not need to consider the case that m > 1 since in that case we
cannot satisfy the antisymmetric boundary conditions for the external
current.

In Fig. 2.7a we present three plots of I vs m for w = 2�
3 ;

3�
2 ;

5�
2 .

We see that for small w < 2� there is, as expected, only one lobe
for x0 = �K(m), and as we will see later only the part to the right
of the maximum will correspond to stable solutions, while the peak
corresponds to the maximum current for zero magnetic �eld. For w =
5�
2 we have an extra lobe, with the left one at x0 = K(m) and the right
at x0 = �K(m). For w = 10 (dashed line in Fig. 2.7b) the right lobe
has a maximum within 10�3 of m = 1 and corresponds to x0 = K(m),
while the left to x0 = �K(m). The jump in path along two di�erent
curves is necessary because of the restriction of positive current I. Of
course the curve is symmetric about the I = 0 line. The right lobe for
w = 10 is shown in the inset of Fig. 2.7b in expanded form (solid line)
with a di�erent scale for m. The part that is of experimental interest
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Figure 2.7: (a) Plot of I(m) (using Eq. (13)) with x0 = �K(m) or
K(m) and three values of w: (i) w = 2�=3, (ii) w = 3�=2 and (iii)
w = 5�=2. (b) Same as (a) with w = 10 (dashed line). The right lobe
in (b) is also shown in an expanded scale for m (solid line). The small
m scale is shown at the top of the �gure.
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is the last lobe near m = 1 to the right of the maximum. The two
extremal m values correspond to trivial solutions �0(x) = � (m = 0)
and �0(x) = 0 (m = 1), the �rst of which is clearly unstable (pendulum
analogy) and the second is stable. For currents above zero at w = 10
there are four possible solutions for a given I < I?, where I? is the
maximum of the lowest lobe.

Because the last lobe for large w is very steep it is useful to give
some analytic formulas valid near m = 1 and for the maximum point.
By using asymptotic formulas and assuming that m1 � 1 � m � �2,
where � is a small parameter, we obtain the value of m1 where I is a
maximum as

mmax
1 =

4

sinh2 w
2

:

The result is consistent with our scaling assumption with

1

sinh w
2

sin �:

Thus care is required when simplifying the analytic formulas in [2] (see
p. 574). The corresponding maximum current is

I = 4� 8

sinh2 w
2

; (2.66)

so that for large junction length w it approaches exponentially the
in�nite length limit. To the right of the maximum the relation between
I(m1) is

I = 4 �m
3=2
1

tanh w
2

sechw2
:

From the previous discussion we see that as we increase the junction
length w we obtain more solutions. In Fig. 2.8a we give as a function
of w the range of m values for each type of solution and the separating
lines. These values were determined by solving (2.50,2.51) numerically.
We remark that consecutive pairs of regions of solutions correspond
to di�erent x0 (i.e. di�erent lobes of Fig. 2.7). We see that when
w increases by 2� a new pair of solutions is introduced. Thus near
w = 10 we have four solutions labeled u, al, ar and a0, the �rst two
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Figure 2.8: (a) A diagram of the di�erent solutions in the space of
parameter w and m with x0 = �K(m) for the solutions in equations
(13)-(15). (b) The same as (a) but presented in the space of w and I
(instead of m).
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corresponding to x0 = K(m) and the last two to x0 = �K(m). For
w!1 there is an in�nite number of solutions and many of the dividing
lines coalesce at m = 1. The stability is checked by looking at the
eigenvalues of the linearized problem in (2.55). We see that already for
w = 10 only a small range near m = 1 gives stable solutions, while for
w = 14 it is of the order 10�7, which is extremely small and not visible
on the scale of the plot. In Fig. 2.8b we give the same information but
in a diagram of current vs w. The lines correspond to the maximum
current for each lobe and below each line there are two solutions. Thus
the solutions a0 and ar have the same maximum current (starting from
zero current) and correspond to the right lobe of Fig. 2.7b, while u and
al to the left one. In order to make sure that we get all solutions we
scan over m (with a uniform and �ne grid), and the current is obtained
from (2.63). As expected the maximum current for large w is accurately
estimated by (2.66) down to w = 4, while for small w it varies linearly.

2.11.2 Fixed m solutions

Another possibility exists if w > �, so that we can �t in the length
exactly an odd number of half periods. This automatically satis�es the
antisymmetric boundary conditions due to the current. Then, there
exists a �xed (sometimes more than one depending on the length) m =
m� for which w = 2K(m�). In fact every time w increases by 2� there
is an extra solution arising. Thus for �(2n + 1) < w < �(2n + 3),
we have solutions at w = 2K(m); � � � ; 2(2n + 1)K(m) with n-di�erent
values of m�. By shifting x0 we can obtain a range of possible currents
I while always satisfying the boundary conditions at zero magnetic
�eld. In Fig. 2.9a we plot the current as a function of x0, for w = 10,
where we expect two solutions of this type. The corresponding values
of m� are m� = 0:999272 (from w = 2K(m�), see curves 1l and 1r
in Fig. 2.9a) and m� = 0:213839 (w = 6K(m�), see curves 0l, 0r in
Fig. 2.9a), with the maximum currents being I0 � 4 (at x0 = �w

2 )
and I1 = 1:8 (at x0 =

w
6 ) correspondingly. These also coincide with

the maximum currents obtained by �xing x0 = �K(m); K(m) and
varying m. It should be remarked, though that they correspond to
di�erent solutions as we increase the current (I < Imax). This can be
seen by the di�erent 
uxon content of these solutions in Fig. 2.9b. At
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Figure 2.9: (a) Plot of I(xo) for H = 0, w = 10 and �xed m with (i)
m� = 0:999272 (curves 1l and 1r) from w = 2K(m�), (ii)m� = 0:213839
(curves 0l and 0r) from w = 6K(m�). (b) Fluxon content Nf as a
function of the bias current I for the di�erent solutions with �xed m:
(i) m=0.999272 with one half period of the elliptic function (1r and
1l). (ii) m=0.213839 with three half periods of the elliptic function (0l
and 0r).
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the maximum current value though they coincide. In comparison, the
solutions in the previous subsection correspond to zero 
uxon content
Nf = 0.

2.11.3 Solutions for w = 10

We will present in more detail the calculations for w = 10 since this
is a common length in experimental design of long junctions and one
can clearly see the multiplicity of solutions. In Fig. 2.10 we present
all the solutions (for constant x0 and constant m) for H = 0 at three
di�erent currents in order to follow their evolution. The branch with a
half period solution for w = 2K(m) (see 1r and 1l in Fig. 2.10g-i) has
a maximum current I = 4 which is the same as the maximum current
in Fig. 2.7b. In fact at the maximum current (Fig. 2.10i) we have the
coalescence of four di�erent solutions. In the third column of Fig. 2.10
(i.e. g; h; i) we see the four solutions being di�erent at I = 0 (see g)
but converging to the same solution (modulo 2�) as I approaches the
I � 4 (see i) value which is the maximum current for all four solutions.
The four solutions come in pairs: two from the pair with w = 2K(m)
discussed earlier (i.e. 1r, 1l) and two from the right lobe of Fig. 2.7b,
i.e. ar and a0 in Fig. 2.10g-i, discussed in the previous subsection. The
other pair of solutions with 3 half periods when w = 6K(m), i.e 0l,
0r in Fig. 2.10a-c have a maximum current near I = 1:8. For higher
currents (above the value at c) it jumps branch and converges to the
solutions of the left lobe of Fig. 2.7b since the two pairs of solutions are
quite close as can be seen from the plots in Fig. 2.10c and 2.10f . Notice
that the currents are di�erent for the two plots. We should also point
out (to be discussed in the next section) that by slightly increasing the
magnetic �eld the w = 6K(m) solutions show an interesting bifurcating
behavior with a jump in the maximum tunneling current. All solutions
as seen in Fig. 2.9b come in pairs with opposite 
uxon content. Thus
on the line Nf = 0 (zero 
ux) we also have two pairs of solutions up to
I = 2:4 (point A in Fig. 2.9b, where only the point at the maximum
current is shown). One pair is the curves u, al in Fig. 2.10d, e, f. A
second pair goes up to I = 4:0 (point B), i.e. the curves a0, ar in
Fig. 2.10g-i. The solutions of each pair are di�erent as can be seen in
Fig. 2.10a, d, g or Fig. 2.10b, e, h and only coincide at the maximum
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Figure 2.10: Plot of the phase distribution �(x) for all the solutions at
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current. Notice that u and a0 are simply displaced by �, while al and
ar have opposite signs. With increasing current, though, they evolve
very di�erently.

2.12 No current case (I = 0)

In the absence of external current Eqs. (2.50,2.51) reduce to the fol-
lowing

2
p
mcn

�
x0 +

w

2
jm
�
= H; (2.67)

2
p
mcn

�
x0 � w

2
jm
�
= H; (2.68)

which determine the parameters m and x0 that characterize the
periodicity and phase shift of the static solutions. This is seen from
Eqs. (2.67,2.68) and the periodicities of the elliptic functions. Notice
that these are the only three possibilities leading to three branches, if
we consider solutions, where only m varies and x0 is �xed to x0 = 0 or
x0 = 2K(m). Here we need x0 = 2K(m), and not x0 = �K(m) as in
the zero �eld solution, due to the symmetric boundary conditions for
the magnetic �eld. At the same time we also have solutions where m
is �xed and x0 is varied continuously with the current.

2.12.1 Fixed x0 solutions

We start by giving the three branches.
Branch I: An obvious choice in (2.67,2.68) is x0 = 0, so that for

m � 1

H = 2
p
m cn(

w

2
jm); 0 � m < 1; (2.69)

cos�0(x) = 2 m sn2(xjm)� 1; 0 � m < 1; (2.70)

sin �0(x) = �2
p
m sn(xjm)dn(xjm); 0 � m < 1: (2.71)

Another possibility is x0 = 2K(m) for the case that K(m) < w
2

< 3K(m), or more generally when cn(w
2
jm) < 0, since we are limiting

ourselves to H > 0. This means that every time w increases by 2� we
introduce two extra solutions. To put it in other words the function
H(m) in (2.69) is highly oscillating for large w.
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Branch II: For x0 = 0 and m > 1 we use the notation �m = 1=m
and the transformation rules of elliptic functions [2] to obtain

H =
2p
�m
dn

 
w

2

1p
�m
j �m
!
; 0 � �m < 1; (2.72)

cos �0(x) = 2 sn2
 
x
1p
�m
j �m
!
� 1; 0 � �m < 1; (2.73)

sin �0(x) = �2 sn
 
x
1p
�m
j �m
!
cn

 
x
1p
�m
j �m
!
; 0 � �m < 1: (2.74)

Branch III: Taking into account the period and symmetry of the
nd elliptic function we can also put in Eqs. (2.67,2.68) x0 =

1p
m
K( 1

m
)

with m > 1 (it cannot be satis�ed for m < 1) to obtain

H = 2

s
1�m

m
nd

 
w

2

1p
�m
j �m
!
; �m < 1; (2.75)

cos�0(x) = 2 cd2
 
x
1p
�m
j �m
!
� 1; (2.76)

sin �0(x) = 2
p
1 � �m cd

 
x
1p
�m
j �m
!
sd

 
x
1p
�m
j �m
!
: (2.77)

The branches II and III were obtained from Eqs. (2.67,2.68) by as-
suming that the modulus m > 1 and putting �m = 1

m
. The expressions

(2.69) and (2.72) can both be written in the form

H = 2
p
m cn(

w

2
jm); 0 � m <1: (2.78)

In this case branch II is described by Eq. (2.78) at m � 1 which reduces
to (2.73) by using the transformation formulas (see Ref. [2] ) when the
modulus is greater than unity. Again for large w, H(m) is strongly
oscillating, even though it remains always positive.

In Fig. 2.11 we plot the 
uxon content Nf , at I = 0 for three
lengths, that show di�erent patterns and evolution and the introduction
of multiple solutions with length. In the �rst row we plot the magnetic
�eld (H vs m) and we see that for the same H we have di�erent 
ux.
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This means that they correspond to di�erent solutions with di�erent
screening currents. Comparing the second and the third rows we see
that the modulus m (at zero current) is a much better parameter than
the magnetic �eld H to characterize the solutions, since the 
ux in this
case is unique except for a symmetry multiplicity. Also notice that
the curves should be symmetric about the horizontal at the zero level
(two x0 values), but the plot is not completed to keep the vertical scale
shorter and avoid optical complexity to the eye. Only for branch I we
show both curves (for x0 = 0 and x0 = 2K). On the other hand the
magnetic �eld plots exhibit some interesting changes of slope which
for very long junctions alternatively correspond to stable and unstable
regions of solutions. The change of slope is especially apparent for
w = 5�

2
but the alternation of stable and unstable regions also exists

for small lengths as will be discussed later.
Notice that at the points of slope change the 
uxon content is an

integer for both branches II (light dashed) and III (dark dashed). Ac-
tually for stronger H the curves in Fig. 2.11i will look just like in 2.11c.
Notice also that the symmetry in �gures (b),(e),(h) will correspond to
an antisymmetric form in the plot of 
ux (Nf ) with H. The oscillatory
form of 
ux vs H is understood by looking at the relation of H and m
as plotted in (a),(d) and (g) for the three lengths. Notice the evolution
with the creation of lobes for small m, whose number will increase with
w as discussed. In the w = 5�

2 case we also have extra solutions with
m �xed which are not shown in the plot, but will be discussed in what
follows. Also for higher w the Nf plot becomes more complex and as a
particular case we discuss the w = 10 length in the next subsection.

2.12.2 Magnetic 
ux for w = 10

In Fig. 2.12 we plot the 
uxon contentNf , for a junction length w = 10,
at zero current as a function of, the magnetic �eld H in (a) and equiv-
alently the modulus m in (b). We see that the plot in (b) is essentially
single valued, while the two curves correspond to the choices x0 = 0
and x0 = 2K(m) (of branch I), which give solutions with opposite 
ux.
The corresponding plot with H is quite deformed (due to the periodic
relation between H and the modulus m). In the plots the lines are the
results of the analytic solutions and the symbols the numerical simula-
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tion results. In the second case we have to try di�erent runs to complete
the curve. As we see the plot of Nf vs m can be continuously traced
by varying the modulus m in the analytic solutions. Then one can
obtain the magnetic �eld H from m using analytic expressions (shown
in Fig. 2.12c) and also trace the curve in (a). When, however you do
numerical simulations, using the magnetic �eld as a varying parameter,
you can trace only the part of the curve with the same slope. When you
reach an extremum in the magnetic �eld (see points g; l; i; k; r; q; � � �
in Fig. 2.12a), where the slope becomes in�nite, the iteration proce-
dure for the branch continuation with increase of H does not converge.
Then you must decrease the value for H to trace the negative slope
curve. Thus one needs �ve tracings back and forth in H to obtain all
the solutions of branch I, i.e. the curves 0l, 0r, u, 1l, 1r in Fig. 2.12a.

In Fig. 2.12 we show all three branches : branch I as given by the
curves o � i � g � e for x0 = 0 (solid line) and o � k � l � m) for
x0 = 2K(m) (dotted line); branch II is given by the line e� c� a� � � �
(long dashed line); and branch III is given by the line o � r � q � p � � �
(dashed line). NearH=0 for I=0 we have several solutions four of which
have the same 
uxon content Nf = 0, i.e. al, ar, a0, u, and four with
di�erent Nf at points e;m; x and y, i.e. 1l, 1r, 0l, 0r. Notice that the
point e is slightly to the right of the Nf axis. This is because, for the
particular value of w = 10 near m = 1, the cn(w2 ; 1) elliptic function
behaves like sech(w

2
) so that for large w it is small and positive.

When we increase the current I and �x H = 0, the points x; y of
Fig. 2.12, will give us the curves 0r and 0l in Fig. 2.9b for the 
ux.
The corresponding points in the neighborhood of e and m will give
us the curves 1l and 1r in Fig. 2.12. At the point o there are two
solutions with constant m, i.e. al, ar in Fig. 2.12a (which for H = 0
are part of the curve Nf = 0). With increasing current one of them
(i.e. al) reaches the maximum current at point A in Fig. 2.9b with
I = 2:5. The other (i.e. ar) goes to B in Fig. 2.9b with I � 4:0. These
solutions have m = 0:88299 where cn(wjm) for the given w vanishes.
They have opposite 
ux because they correspond to the two possible
values of x0 = �K(m);K(m). They are equivalent to the solutions in
the middle point with I = 0 in Fig. 2.7b. In the point o there are two
more solutions from which one belongs to the stable branch o � r (i.e.
a0) and the other to the unstable branch i� o�k (i.e. u) in Fig. 2.12a.
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2.12.3 Fixed m solutions

The �rst branch (I) has also solutions with �xed m = m� = 0:88299 if
w > 2�. The value of m� is obtained from the condition w

2 = 2K(m�),
so that we have an integer number of periods (4K(m)) for the elliptic
function in the junction length w. This automatically satis�es the sym-
metry requirement for the boundary conditions. The magnetic �eld is
determined from the position phase parameter xo (with H a periodic
function of xo with period 4K(m�) = w). It is given by

H = 2
p
m�cn(xo + 2K(m�)jm�)

and is presented in Fig. 2.13 for w = 10. The maximum value of H for
this branch is H = 1:8 at xo = �2K(m�). The two signs correspond to
the al and ar curves. Notice that these solutions at zero current have
zero 
uxon content (Nf = 0) over the whole extent of the magnetic �eld
for which they exist. These solutions also exist for w = 5

2
�, but are not

shown in Fig. 2.11h, i. For larger w we expect more pairs of solutions,
i.e. a pair for each increase of w by 2�. Thus for 4� < w < 6� there
are two pairs of solutions.

2.12.4 Maximum tunneling current

In Fig. 2.14 we plot the maximum tunneling current as a function of the
magnetic �eld for the three di�erent lengths. We see that for w = 2�

3

there are two curves (like a0 and u0 in (a)) for the maximum current,
one of which is stable and the other unstable. There are, however,
abrupt variations of the maximum current. Thus at the end of the
stable (0-1) branch (line a� b) there is an unstable (1-2) branch (line
c-d), which however has a discontinuity at about H = 3:3 in Imax

(see vertical arrow). The same happens at the left of the stable (1,2)
branch d�n�c�m where its continuation has a discontinuity of 0.4 in
Imax, at about H = 2:6. We see that at the Imax there are two curves
superimposed with the same Imax but they start from di�erent solutions
at I = 0. Thus one has to be very careful when tracing numerically the
Imax vs H curve. For intermediate current values (I < Imax at a �xed
H) you must check to the right of c which solution branch you follow.
Thus if we trace for the Imax the stable branch at I = 0 from H = 0
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Figure 2.13: Magnetic �eld H(x0) at I = 0 for the constant m =
0:882992 solution.

(i.e. �0(x) = 0) to the right we follow the curve a�p�b�c�n�d � � �,
while if we start from the unstable branch at H = 0 (i.e. �0(x) = �)
we follow the curve a� p �m� c� n� d � � �.

The plot for w = 3�
2
(Fig. 2.14b) is a bit more complicated. This to

some extend is caused by the loops in Fig. 2.11d. Thus when we trace
from H = 3:0 to the left, we follow the curve a� b� c with a jump to d
then d�f � e�f � g�f �h, followed by a jump to a point symmetric
to c and from then on following a symmetric path which is not shown in
the �gure. The corresponding path for w = 5�

2 (Fig. 2.14c) is a� b� c
with a jump to d then e� f � g, to h and from there on a symmetric
curve. Notice that in this case, the extra branch e� f � g has a lower
peak current from the previous cases.

In the above Imax diagrams the existence of jumps as we scan the
magnetic �eld and increasing the I value (at �xed H) implies a de-
pendence of the �nal solution at Imax on the initial condition and the
path of approaching it. This becomes clear if we connect it with the
morphology of the I and H contours in Fig. 2.6 for the case w = 3�=2.

As we see there are four paths to reach the point f (notice corre-
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the maximum current (d),(e),(f) correspondingly for the three lengths.
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sponding points in both Figs. 2.6 and 2.14b) if we �x H = 0 while
increasing the current. These paths are along the curves x0 = 3K(m)
(which is equivalent to �K(m)) and the vertical line m = m� = 0:84.
From these only the one from the right of f along x0 = 3K(m) (up
to m = 1) is stable. This corresponds to the solution a0. The other
three paths will give solutions u, 1l, and 1r. The last two are along the
vertical line and u along x0 = 3K(m) from O to f . Notice that the
whole vertical axis (i.e. m = 0) corresponds to the single point (H = 0,
I = 0) in the I-H diagram.

From the contours of H around the points e and g it is clear that
at these points we have extrema of H which also fall on the curves
x0 = 4K(m) and x0 = 2K(m) where I = 0. Let us take another look
in Fig. 2.14b. If we start from the point a (with Nf = 2) by decreasing
H at I = 0 we reach the point c (with Nf = 1) along the line x0 = 0
(i.e. branch II) in Fig. 2.6. The continuation of branch II through
m < 1 is branch I which goes up to point e in Fig. 2.14b. In the rest of
the curve, i.e. when m goes from e to O, the magnetic �eld is reversed
from -0.6 (at e) to zero. The range in H from c to m corresponds to
two di�erent paths in the x0�m diagram. From the topology it is clear
that they end up in di�erent maximum current as H is kept constant.
The path mc (above m) has its maximum current to the left of the line,
while the path cm (i.e. below m) has its maximum current to its right.
Notice that in Fig. 2.14b, in going from a to c (along branch II) you
cross the H value at m. The corresponding point in the x0-m diagram
is a di�erent one (m0) on the m-axis between a and c. Finally the point
b can be reached from several paths. A similar analysis can be given in
all cases, but we chose a single length as a point of illustration.

Below each case in Fig. 2.14 we plot the corresponding 
ux vs H at
the maximum current. These curves resemble the ones at zero current
in Fig. 2.11(c, f, i). One remark is that while at I = 0 the Nf vs H is a
continuous curve, at Imax the 
ux shows discontinuities the same way
that the maximum current was discontinuous. Comparing Figs. 2.11f
and 2.11e we see that the branches om (o being the origin) and ca are
only slightly modi�ed. The branch though e�c (in Fig. 2.11f) is folded
onto e � o � d (in Fig 2.14e). The same happens for w = 5�

2 between
Figs. 2.11i and 10f. In the plot for the 
ux we have not plotted all the
branches. For a more complete plot of the branch II and III solutions
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see the case w = 10 in Fig 2.15 since they have the same approximate
structure.

In Fig. 2.15a we show the maximum tunneling current and the 
ux
(at Imax) as a function of the magnetic �eld, for w = 10. At this
length we are already at the limit of long length branches. In this case
when going from right to left we trace the Imax through the points
a� b� c�d� e, jump to f � g�h� i� j�k� l�m with a symmetric
continuation. The 
ux (Fig. 2.15b) also shows a similar folding as for
the case w = 5�

2
. The letters correspond to the ones in Imax vs H plot.

2.13 Analytical stability analysis

Next we obtain some analytic estimates for the stability regions for the
zero current solution. The observations obtained by these estimates
will verify and extend our results by solving numerically the stability
eigenvalue problem in (2.55). Substituting Eq. (2.48) into Eq. (2.55)
we obtain the Lam�e eqn.

�X 00 +
h
2m sn2(x+ x0jm)� 1

i
X = � X: (2.79)

Numerical solution of (2.79) with the boundary conditions in (2.56)
gives us all the eigenvalues and we can check the stability of the static
solution. One can gain some insight into a necessary bound for stability
from the following analytic considerations, which we also compare with
the numerical results.

Let us remark that for three values of � = m�1; 0;m we can give an
explicit analytic form for the corresponding solutions of (2.79), which
are

X0 = dn(x+ x0jm); �0 = m� 1; (2.80)

X1 = cn(x+ x0jm); �1 = 0; (2.81)

X2 = sn(x+ x0jm); �2 = m; (2.82)

while other eigenfunctions of Eq. (2.79) have much more complicated
forms. It is worth stressing that the functions in (2.80,2.81,2.82) cannot
be called eigenfunctions of our problem in (2.55)-(2.56), because they
do not satisfy the boundary conditions (2.56). Taking now into account
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at I = Imax.
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Eq. (2.56) we can �nd the curves of neutral stability, i.e. the critical
relationship between parameters (w and H or I in our case) when the
problem (2.55)-(2.56) has an eigenvalue � = 0.

In the following we shall examine the implications of the above
three analytic eigenfunctions on the stability of the static solution. We
must bear in mind though that it is not su�cient that one of the three
above eigenvalues is zero or negative, but on top we must satisfy the
boundary conditions. Even in that case we can prove instability but
not the reverse, which can only be done by numerical solution of the
eigenvalue problem. We will see, however that some of the conclusions
will be very useful. We will examine the situation for each of the three
branches separately.

Ist branch: In this case it is not easy to get analytical estimates.
We do not have an extra neutral stability since m < 1 and in any case
it can be considered as a continuation of branch II.

IInd branch: In this case the three eigenfunctions of interest are

X0 = cn
�p
m xj 1

m

�
; �0 = m� 1 > 0; (2.83)

X1 = dn
�p
m x j 1

m

�
= dn

"
xp
�m
j �m
#
; �1 = 0; (2.84)

X2 = sn
�p
mxj 1

m

�
; �2 = m > 0: (2.85)

Again, since m > 1 only X1 is of interest. It is an eigenfunction of
the linearized problem if

sn

 
wp
�m
j �m
!
= 0 (2.86)

or equivalently if

wp
�m
= 2 j K( �m); j = 1; 2; � � � : (2.87)

Substituting (2.87) into (2.72) we get two families of curves of neutral
stability, where again we can distinguish two cases for even (j = 2n)
and odd (j = 2n+ 1) values of j. For even j we have Nf = 2n+1 and
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for odd Nf = 2n , i.e. odd and even number of 
uxons correspondingly.
The respective values of w are given by

w =
8

H
nK

�
4

H2

�
; Nf = 2n ; with n = 0; 1; � � � (2.88)

w =
2(2n + 1)q
1 + H2

4

K

 
1

1 + H2

4

!
; Nf = 2n + 1 ; with n = 0; 1; � � � :

(2.89)
IIIrd branch: In this case m > 1 and we can write the eigenfunc-

tions in the following form

X0 = cn
�p
m(x+ x0)j 1

m

�
; �0 = m� 1 > 0;

X1 = dn
�p

m(x+ x0)j 1
m

�
=

q
1� 1

m

dn
hp
m xj 1

m

i = p
1� �m

dn
h

xp
�m
j �m
i ; �1 = 0;

(2.90)

X2 = sn
�p

m(x+ x0)j 1
m

�
; �2 = m > 0

In (2.90) we used a standard transformation of elliptic functions
so that their modulus is less than unity, and then substituted x0 =q

1
m
K( 1

m
). We also used the notation �m = 1

m
. Since �0 and �2 are

always positive we only need to consider X1. For X1 in (2.90) to be an
eigenfunction of (2.55)-(2.56) we must have again the condition (2.86)
or the equivalent (2.87). Here we can distinguish two cases for even
(j = 2n) and odd (j = 2n + 1) values of j. It can easily be veri�ed
again that for even j we have Nf = 2n and for odd Nf = 2n + 1 , i.e.
even and odd number of 
uxons correspondingly.

Substituting Eq. (2.87) into Eq. (2.75) we obtain two families of
curves of neutral stability in H, with the values of w given for n =
1; 2; � � � by

w =
4nq
1 + H2

4

K

 
1

1 + H2

4

!
; N = 2n � 1 (2.91)
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and

w =
4

H
(2n � 1)K

�
4

H2

�
; N = 2n: (2.92)

Eq. (2.91) is valid for any H � 0 but (2.92) only for H � 2. As we
will see in the section of the numerical evaluation of stability the above
families of curves will in fact compare very well giving the boundaries
of stability.

2.13.1 Numerical stability results

To check the stability of the solutions discussed and examine the valid-
ity of the analytical stability results we have calculated the eigenvalue
spectrum for small oscillations around the solution �0(x). In Fig. 2.16
we plot the four lowest eigenvalues of Eq. (2.55) for w = 10 and I = 0
as a function of the parameter m for the I and II (Fig. 2.16a) and the
III branch (Fig. 2.16b) correspondingly. Stability requires all eigenval-
ues to be positive while an increasing number of negative eigenvalues
denotes a higher degree of instability.

The regions in m with all positive eigenvalues correspond to the
stable 
uxon solutions and are separated by regions in m with unstable
solutions. Often stable solutions correspond (in the plot of Nf with
H) to the branches with positive slope, line ec, etc in branch II of
Fig. 2.12 or qp, etc in branch III. This is not the case though of small
w (see Fig. 2.11) or strong magnetic �elds. All the solutions in branch
I (m < 1) are unstable, with several eigenvalues being negative. In all
cases as expected the lowest mode has no nodes and is symmetric. It
can have however several lobes, re
ecting the number of 
uxons that
show in the unperturbed solution �0(x). Also when a higher mode
eigenvalue vanishes the lowest mode re
ects this and reforms by cre-
ating more lobes, and this e�ect can be strong when eigenvalues cross
each other. In comparing Figs. 2.16a and b we see that the regions of
stable solutions in m for branch II are regions of unstable solutions for
branch III, while the bounding values of m are the same in both cases.
This is consistent with the analytic expressions (26) and (28). Of course
they correspond to di�erent solutions due to di�erent x0. In branches
II and III there are at most two negative eigenvalues, while in branch
I [m < 1 in (2.82)] there is a region with four negative eigenvalues.
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Figure 2.16: Plot of four lowest eigenvalues as a function of m for (a)
branches I and II and (b) branch III.
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Figure 2.17: Plot of four lowest eigenmodes for m = 1:01012 of branch
II.

The analytic formulas for stability are entirely consistent for the points
in m where instability sets in. In fact in Fig. 2.17 we show the four
lowest eigenvectors for m = 1:01012 where �1 = 0. The corresponding
eigenvector is �tted with equation (25) and as expected for m � 1 the
dn function behaves like a sech(

p
mx). The same is true for the branch

III, where the lowest mode can be �tted well with (31).

In Fig. 2.18 we plot in the m vs w diagram the lines from conditions
(2.87), so that each line corresponds to solutions with an integer 
uxon
number. Thus the range of m values between two lines for a given w
corresponds to the (j; j+1) branch of both II and III cases. In Fig. 2.19
we plot the same information but in an H vs w plot for II (Fig. 2.19a)
and III (Fig. 2.19b). Due to the oscillatory relation of H and m the
extrema of the magnetic �eld at I = 0 for each branch do not exactly
coincide with the stability boundary lines. This means that the branch
ends on these lines but in the intermediate it might reach H values
slightly outside this range. If viewed as a function of w for a �xed m
(or �m) then the corresponding magnetic �eld varies periodically, with a
period in w equal to 4

p
�mK( �m), i.e. for each m it covers the w�values
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Figure 2.18: Plot of the neutral stability lines of integer Nf in an m vs
w diagram.

between every other curve (�j = 2). We also notice from Fig. 2.19
that the width in H of the (0,1) branch is almost independent of w
for large w, while for w ! 1 many branches tend to coalesce in the
same interval of H for both II and III. One can understand this case by
using the pendulum analogy and realize that for large w the solutions
correspond to trajectories that pass near the separatrix points. This
can also be seen from (2.75). In order to satisfy the boundary condition
for w !1, the important values of �m are quite close to �m � 1, since
in that case K( �m) ! 1. On the other hand for high magnetic �elds
H !1 the corresponding values of �m are near zero.

2.14 Experimental Relevance

In this section we relate some of our theoretical and numerical results
to the experimental techniques and data. Since the behavior of the
maximum tunnel current is of importance for junction characterization,
we start by plotting in Fig. 2.20 the numerically estimated (using the
iteration procedure described in section 4.2) values of Imax for three
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Figure 2.19: Same as Fig. 14 in an H vs w plot. (a) branch I and II
and (b) branch III.
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di�erent lengths (8.24, 9 and 10) and the associated experimental data
extracted from �gure 5.10 in [14]. The best �tting seems to be for
L = 9:0, i.e. slightly di�erent from L = 8:24, as was determined by
analysis of the experimental data. The discrepancy is due to the fact
that the critical current density is not homogeneous in the experimental
sample and the analysis used in the experiment it would be valid for a
larger length junction. An exact knowledge of the inhomogeneity can
give a more accurate pro�le.

Besides the relatively good agreement of the maximum current Imax

value for each H, that veri�es our numerical and theoretical analysis
we can also make the following observations: The experimental data
for Imax seems to try to follow the stable branches. After crossing
of Imax lines it seems to approach some "bifurcation" points where
it becomes easy to fall in another branch, but a careful experimental
quasistatic scanning of the magnetic �eld and current ( as was done
in the numerical simulations used to obtain the displayed data), will
enable to successfully trace the whole stable branch experimentally.
Then one can pass over these 'fuzzy' bifurcation points and be able
to select the appropriate continuation branch. To work within a given
branch with low Imax is of interest for low energy (or current) devices.
The quasistatic scanning will also help to elucidate the physical nature
and the practical consequences of such bifurcation points.

There is a close relation between the experimental and the computer
simulation methodologies for determining the whole Imax line of a de-
vice. One of these methodologies is described (as a numerical scheme)
in [24, 23]. It is based on the failure of the convergence of the asso-
ciated iteration method when the bias current exceeds the maximum
valued. We should mark that in this case one has to solve a large set
of PDE problems associated with continuation points on the Imax line
through �ne tuning of I and H along the boundary line. This requires
signi�cant amounts of computer power since it is prone to the e�ect
of hysteresis. A similar approach is used in experiments. In this case
tracing Imax corresponds in con�guring the device on the border line
of the branch. Speci�cally slightly higher bias currents switch the de-
vice from the pair tunneling to quasiparticle mode. A similar approach
(used here) is to con�gure the device so it corresponds to a point on
the H-axis (I=0) and slightly increase the current until the above mode
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switch will be detected. It is possible but not easy to realize such "ini-
tial con�guration". For both cases one has to introduce some initial

ux con�guration.

The main di�culty that arises from the hysteretic behavior can be
avoided if one looks at Fig. 2.21 where we replot Fig. 2.6 but with a
rescaling of the vertical axis by K(m), so that the curves x0 = K(m)
now become horizontal lines. As we mentioned earlier the parameters
x0 andm de�ne uniquely the 
uxon distribution of the solutions. So the
area enclosed by the curve through the points a, b, and c (with upper
half I > 0 and lower half I < 0) is the stable region corresponding to
the (1 � 2) branch in the Imax(H) diagram (see the corresponding a,
b and c points). It is actually separated from the other stable regions.
One can go however from one stable region to the next, by moving
quasistatically along the x0 = K line.

Then it is clear that for an experiment one might select the starting
con�guration of his choice and follow an appropriate path quasistati-
cally to another stable region and to the maximum current so that the
whole procedure is convenient. Note that keeping H (or I) constant
corresponds on walking on a particular contour line.

For the procedure described above where the H is increased or de-
creased monotonically the scanning in the I � H plane su�ers from
strong hysteretic phenomena that are apparent in both the computer
simulations and the actual experiments. Based on the analysis pre-
sented in this chapter an alternative way free of such phenomena can
be very naturally proposed. Speci�cally, as seen in Section 2.12.2 (see
in particular Figs. 8a-c) one might consider searching for the Imax on
the I�Nf plane where it is mostly singled valued. The search method-
ology will remain the same as before and therefore it can be easily
done on computer simulations by making simple modi�cation on the
existing software. Nevertheless it is not clear how this can be done
experimentally since it requires a manipulation of both the current and
the external �eld. Another way to keep the 
ux constant and this can
be done by applying a non-constant magnetic �eld that varies trying to
keep the distance between the 
uxons constant. It remains to be seen
how easily this can be done in practice.
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Figure 2.21: Constant H and I contours in the (m, x0=K(m)) plane.
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2.15 Discussion

In the preceding sections we have presented a theoretical, numerical
and experimental study of the various static solutions of 1-D Joseph-
son junctions. Our basic approach was the use of elliptic functions to
analytically express the solutions of the associated sine{Gordon equa-
tion. The two parameters involved in the elliptic functions (m and x0)
were properly selected based on the particular form of the boundary
conditions. This let us obtain useful analytic expressions for these so-
lutions in particular for the cases of zero magnetic �eld H = 0 or zero
current I = 0. Their importance lays in the fact that one can easily
study their stability by using simple linear perturbations. This simplic-
ity in the stability analysis let us exploit the role of the geometric (w)
and physical parameters (H; I;Nf ) involved. A signi�cant outcome of
our study is the fact that the module (m) of the elliptic functions is
a good characterization parameter that greatly simpli�es the general
qualitative and quantitative pictures of the various solutions. The use
of m as a characterization parameter also leads to more stable, accu-
rate and e�cient numerical algorithms used to study various aspects of
Josephson junctions.

The analysis presented above is particularly useful to understand
the sometimes complicated behavior when we try to follow numeri-
cally the di�erent branches. In fact, this was one of the motivations
behind this work. Some the most common, annoying problems encoun-
tered (even in the case where no defects are present) are the following:
Considering bifurcation points as regular point and vice versa, miss-
ing bifurcation points, viewing certain turning or bifurcation points as
limiting points and improper branch switching (e.g. 2� jumps). The
present study gives several hints to help us overcome these di�culties.

Our original goal was the study of the in
uence of the critical cur-
rent density (Jc ! Jc(x)) inhomogeneities on the tunneling current
Imax. Two observations, however, made necessary to study the perfect
junction:

(a) We noticed that when studying window junctions, even for zero
magnetic �eld, the maximum current starting with di�erent initial
conditions, was not always the same i.e. at Imax = 4:0. Several
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times it stopped at lower values.

(b) Both numerical and experimental results show strong hysteresis
phenomena with jumps between di�erent branches when varying
the external magnetic �eld. Related to this, the question arises
whether there exists a way of analytic continuation between dif-
ferent branches? Or in more physical terms whether there is a
physical parameter (in the place of H) whose smooth variation
shows no hysteresis in Imax.

With respect to point (a), it is clear now that the second value
belongs to one of the unstable branches we discussed for w = 10. If,
however, there are defects in the junction the unstable solutions might
also become stable and therefore are of interest [4]. Another way to
stabilize solutions is by high frequency 
uctuations (of small amplitude)
in a way similar to the Kapitza inverse pendulum problem [61]. This
can also be achieved by small wavelength spatial variation of the critical
current density [55]. For remark (b) in the undefected 1�d junction one
has the advantage that the analytic solution is known and the choice
of m and xo, pin uniquely the proper solution. Thus one can follow,
smoothly the solution if we look at Imax as a function of the magnetic

ux. This way we can avoid hysteresis by choosing a proper initial
condition at I = 0 and increase I to Imax.

If, however, one uses the magnetic �eld as an input parameter,
strong hysteretic phenomena are observed, due to the non uniqueness
of the relation betweenH andm for large w. The multiple solutions (for
�xed xo due to symmetry) correspond to di�erent 
uxon content. This
non-uniqueness will disappear for large H where in fact the junction
behaves as if it is a short one and you recover the di�raction like pattern.
Also an increase of the temperature makes the junction to behave as a
short one, with non-overlapping branches.



Chapter 3

Critical currents in

Josephson junctions with

macroscopic defects

3.1 Introduction

The interaction of localized magnetic 
ux (
uxons) with defects (nat-
ural or arti�cial) or impurities in superconductors or junctions has an
important e�ect in the properties of bulk superconductors or the be-
havior of Josephson junctions correspondingly [1]. The 
ux trapping
from defects which is of major importance in Josephson junctions [14]
can modify the properties of polycrystalline materials with physical
dislocations, for example grain boundary junctions [29]. In this cat-
egory one can also consider grain boundary junctions in YBa2Cu3O7

[79] where the tunneling current is a strongly varying function along
the boundary. This strong inhomogeneity makes them good candi-
dates for SQUID type structures [40]. Phenomenologically the current-
voltage characteristics of grain boundary junctions are well described
[39] by the resistively shunted junction model [67]. The grain boundary
lines often tend to curve, while the junction is very inhomogeneous and
contains nonsuperconducting impurities and facets of di�erent length
scales[69, 8]. The linear increase of the critical current with length in
grain boundary junctions with high-Tc superconductors, which is a dif-

75



76 CHAPTER 3. CRITICAL CURRENTS ...

ferent behavior from the saturation in the inline geometry of a perfect
junction, can be explained by the presence of impurities[32]. Therefore
it is interesting to study 
ux trapping in impurities especially when it
can be controlled. Modern fabrication techniques can with relative ease
engineer any defect con�guration in an extremely controlled way.

In bulk materials are several types of defects that can in
uence the
critical current in high temperature superconductors like YBa2Cu3Ox

materials. They include 3d inclusions, 2d grain boundaries and twin
boundaries, and point defects like dopants substitutions, oxygen vacancies[1].
For example the homogeneous precipitation of �ne Y2BaCuO5 non-
superconducting particles in the melt processing of YBa2Cu3Ox leads
to high Jc values due to the particle pinning centers[72]. Similar be-
havior is observed in NdBa2Cu3Ox bulk crystals with Nd4Ba2Cu2O10

particles[94]. Of interest is also the case of the peak e�ect in twin-
free Y 123 with oxygen de�ciency. In this case, one sees a linear in-
crease (peak e�ect) of the critical current at small magnetic �elds, when
growth is under oxygen reduction[102]. For the fully oxidized crystal
one expects a decrease. The peak e�ect is attributed to 
ux trapping.
Information on the defect density and activation energies can also be
obtained from the I-V characteristics, as was the case for several types
of defects which were also compared to Au+ irradiated samples with
arti�cial columnar defects[21]. These columnar defects also act to trap

ux lines in an YBCO �lm which is considered as a network of in-
tergrain Josephson junctions modulated by the defects. In this case
assuming a distribution of contact lengths one �nds a plateau in the
critical current density vs. the logarithm of the �eld[68].

The study of long size of impurities is going to give information be-
yond theories which concern small amplitude of inhomogeneities [100].
Also it is possible for a direct comparison of the numerical results with
experiments in long junctions obtained with electron beam lithogra-
phy [59]. This is a powerful technique which allows the preparation
and control of arrays of pinning centers. Another method is the ionic
irradiation which produces a particular kind of disordered arrays, con-
sisting of nanosized columnar defects [21, 98]. The variation of the
critical current density can also occur due to temperature gradients
[58].

The activity in the area of high critical current densities in the
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presence of a magnetic �eld is hampered by defects due to the di�-
culty of having a high quality junction with a very thin intermediate
layer. Thus signi�cant activity has been devoted, since for example
the energy resolution of the SQUID [50] and the maximum operating
frequency of the single 
ux quantum logic circuit [63], to name a few
applications, depend inversely and directly respectively on the plasma
frequency !p, with !p � J1=2c . The fundamental response frequency of
Josephson devices, the Josephson frequency !J , also depends on the
critical current density. On the other hand, a drawback is that high
critical current densities lead to large subgap leakage currents [56] and
junction characteristics degrade rapidly with increasing Jc.

Variations in the critical current density also in
uence the I � V
characteristics introducing steps under the in
uence of both a static
bias current and the irradiation with microwaves [77]. In that case
the variation is quite smooth (of sech type ), so that the 
uxon and
its motion could be described by a small number of collective coordi-
nates. Interesting behavior is also seen in both the static and dynamic
properties for the case of a spatially modulated Jc with the existence
of "supersoliton" excitations [71, 62] and the case of columnar defects
[47, 12] or disordered defects [32].

The trapping of 
uxons can be seen in the Imax(H) curves where we
also expect important hysteresis phenomena when scanning the exter-
nal magnetic �eld. The hysteresis can be due to two reasons: (i) One is
due to the non-monotonic relation between 
ux and external magnetic
�eld [22] arising from the induced internal currents, and (ii) from the
trapping or detrapping of 
uxons by defects. The e�ect of a defect on
a 
uxon and the strength of the depinning �eld depends strongly in
the size of the defect, the type of defect and the position of the defect.
Here we will consider case where the widths of the defects is of the
order of the Josephson penetration depth. In this range we expect the
strongest coupling between 
uxons and defects. We will also consider
the case of a few defects in the low magnetic �eld region where pinning
and coercive e�ects are important.

The organization of the chapter is as follows. In Sec. 3.2 the sine-
Gordon model for a Josephson junction is presented. In Sec. 3.3 we
present the results of the critical current Imax versus the magnetic �eld
of a junction with an asymmetrically positioned defect. The variation of
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Figure 3.1: The geometry of the junction. The dark shaded region
marks the defect in the intermediate layer. ` is the junction length and
D the separation between the left edges of the defect and the junction.

the Imax and the 
ux content Nf with the defect critical current density
and the position are presented in sections 3.4 and 3.5 respectively. The
e�ect of multiple pinning centers is examined in sections 3.6 and 3.7.
In Sec. 3.8 we examine a defect with a smooth variation of the critical
current density. In the last section we summarize our results.

3.2 The junction geometry

The electrodynamics of a long Josephson junction is characterized from
the phase di�erence �(x) of the order parameter in the two supercon-
ducting regions. The spatial variation of �(x) induces a local magnetic
�eld given by the expression

H(x) = d�(x)

dx
: ; (3.1)

in units of H0 = �0

2�d�J
, where �0 is the quantum of 
ux, d is the

magnetic thickness and �J is the Josephson penetration depth. The
magnetic thickness is given by d = 2�L + t where �L is the London
penetration depth in the two superconductors and t is the oxide layer
thickness. The �J is also taken as the unit of length. The current
transport across the junction is taken to be along the z direction. We
describe a 1-D junction shown in Fig. 3.1 with width w (normalized
to �J ) in the y direction, small compared to unity. The normalized
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length in the x�direction is `. The superconducting phase di�erence
�(x) across the defected junction is then the solution of the sine-Gordon
equation

d2�(x)

dx2
= eJc(x) sin[�(x)]; (3.2)

with the inline boundary condition

d�

dx

���x=� `
2

= �I
2
+H; (3.3)

where I and H are the normalized bias current and external magnetic
�eld. eJc(x) is the local critical current density which is eJc = 1 in the
homogeneous part of the junction and eJc = jd in the defect. Thus the
spatially varying critical current density is normalized to its value in
the undefected part of the junction J0 and the �J used above is given
by

�J =

s
�0

2��0dJ0
;

where �0 is the free space magnetic permeability. One can also de-
�ne a spatially dependent Josephson penetration depth by introducingeJc(x) instead of J0. This is a more useful quantity in the case of weak
distributed defects.

In the case of overlap boundary conditions Eqs. (3.2) and (3.3) are
modi�ed as

d2�(x)

dx2
= eJc(x) sin[�(x)]� I; (3.4)

and
d�

dx

���x=� `
2

= H: (3.5)

We can classify the di�erent solutions obtained from Eq. (3.2) with
their magnetic 
ux content

Nf =
1

2�
(�R � �L); (3.6)

in units of �0, where �R(L) is the value of �(x) at the right(left) edge
of the junction. Knowing the magnetic 
ux one can also obtain the
magnetization from

M =
2�

`
Nf �H: (3.7)
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For the perfect junction, a quantity of interest is the critical magnetic
�eld for 
ux penetration from the edges, denoted by Hc1. For a long
junction it is equal to 2 while for a short it depends on the junction
length. Due to the existence of the defect this value can be modi�ed
since we have the possibility of trapping at the defects. For a short
junction we have penetration of the external �eld in the junction length,
so that the magnetization approaches zero. For a long junction it is a
non-monotonic function of the external �eld H.

To check the stability we consider small perturbations u(x; t) =
v(x)est on the static solution �(x), and linearize the time-dependent
sine-Gordon equation to obtain:

d2v(x)

dx2
� eJc(x) cos �(x)v(x) = �v(x); (3.8)

under the boundary conditions

dv(x)

dx
jx=� `

2

= 0;

where � = �s2. It is seen that if the eigenvalue equation has a negative
eigenvalue the static solution �(x) is unstable. There is considerable
eigenvalue crossing so that we must monitor several low eigenvalues.
This is especially true near the onset of instabilities.

3.3 Asymmetric defect

In the following we will consider the variation of the maximum critical
current as a function of the magnetic �eld for several defect structures.
We start with a long (L > �J ) junction of normalized length ` = 10
with a defect of length d = 2 which is placed D = 1:4 from the right
edge. Thus the defect is of the order of �J . We plot in Fig. 3.2a the
maximum critical current Imax variation with the magnetic �eld. The
di�erent curves correspond to phase distributions for which we have
a maximum current at a given value of the magnetic �eld H. The
overlapping curves called modes have di�erent 
ux content as seen in
Fig. 3.2b where we plot the magnetic 
ux in units of �0 for zero current
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Figure 3.2: (a) Critical current Imax and (b) magnetic 
ux at zero
current, versus the magnetic �eld H, for the di�erent modes. ` = 10
and D = 1:4. (c) The evolution of the lowest eigenvalue �1 with the
external �eld for the di�erent modes. At the extremes of each mode �1
vanishes.
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versus the external �eld. The magnetic 
ux is only a weak function of
the external current.

For the perfect junction there is no overlap in the magnetic 
ux
between the di�erent modes. In fact each mode has 
ux content be-
tween n�0 and (n+ 1)�0 and therefore is labelled the (n; n+ 1) mode
[22]. Here in the case of the defect the range (at zero current) of 
ux for
each mode can be quite di�erent and the labelling is with a single index
n = 0; 1; 2; ::: corresponding in several cases to the (0; 1), (1; 2), (2; 3),...
modes of the perfect junction. There are in several cases several modes
with similar 
ux. To distinguish them we add a letter following the
index n.

The maximum Imax is obtained for mode 1 and the increase comes
from the trapping of 
ux by the defect. We have to note that the (d; e)
part of this mode is a continuation of the (a; b) part of mode 0. In both
cases we have entrance of 
ux from the no defect part of the junction
and the instability in the critical current occurs when �(�`=2) = �.
Here and in the following we will take this to mean equal to � modulo
2�. For the maximum current (atH < 0) the equation isH�I=2 = �2.
This can be understood from the pendulum phase diagram, where the
�x = �2 is the extremum slope, and thus the relation Imax = 4 + 2H
holds. For the (b; c) part of mode 0 the 
ux enters from the right where
the defect is. This reduces the critical current compared to the perfect
junction 0 mode [22]. Note that 0-mode has its critical current Imax

peak slightly to the left of H = 0 in the Imax vs H diagram, and to
the left of Nf = 0 in an Imax vs Nf diagram (see Fig. 3.11a). Also in
the absence of current, reversing the direction of H only changes the
sign of the slope d�=dx, but the phase di�erence (in absolute value) at
the two ends will be the same. Thus the 0 mode at I = 0 extends for
�1:6 � H � 1:6. This is not clearly seen due to curve overlapping in
the left side. Comparing the Imax for the modes 1 and �1 we see that
Imax(1) > Imax(�1). In both cases a 
uxon (or anti
uxon) is trapped
in the defect. The major di�erence in the Imax comes mainly from the
phase distribution which in the mode 1 case leads to a large positive net
current in the undefected side, while in the �1 mode the net current in
the undefected side is very small.

For the mode 1, at H � 0 and zero current the instability happens
due to the competition of the slope of the phase at the defect center and
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at the right edge, while at the other end at H = 2, the �eld at the defect
center becomes equal to the external �eld applied at the boundaries
and there is no such competition. In this case the instability sets in
due to the critical value of the phase at the undefected boundary (i.e.
�x(�`=2) = 2). The situation is analogous for the mode �1. For H � 0
the instability sets in due to the depinning of the anti
uxon while for
H = �2 due to the critical value of the phase at the free defect part of
the junction. For the mode 0 we have no 
uxon trapping at the defect,
even though the instability at the two extremes with H = �1:6 at
zero current is caused from the tendency to trap a 
uxon or anti
uxon
correspondingly at the defect. At higher values of the magnetic �eld
(jHj > 1:6) we have stability for a range of non-vanishing current values
as will be discussed below. Thus this value can be considered as the
minimum value for the introduction of 
uxons in the junction. Let
as remark that for the perfect junction, or a junction with a centered
defect, the corresponding values for 
uxon introduction would be equal
to 2. Thus there is a decrease of the critical �eld as the defect moves
away from the center. For the 0 mode a centered defect would have no
in
uence on the solution.

The results for the maximum current are in agreement with the
stability analysis. In Fig. 3.2c we present the lowest eigenvalue �1
for the di�erent modes in zero external current I = 0 as a function of
the magnetic �eld H. The sudden change in slope for the modes �1; 1
is because at that point a new eigenvalue becomes lower. The �1 is
positive denoting stability and becomes zero at the critical value of the
magnetic �eld, where a mode terminates. The symmetry about zero
magnetic �eld is due to the symmetric boundary conditions for I = 0.
Change of the sign of H changes the sign of the phase distribution,
but the cos� in (3.8) remains unchanged. This symmetry is being lost
when a �nite current is also applied. Also there are solutions (not
presented in the �gure) for which the stability analysis gives negative
eigenvalues i.e instability. These solutions may be stabilized when we
insert multiple impurities.

In Fig. 3.3a we speci�cally draw only the 1 mode, to be discussed
in more detail. Here we changed the procedure, in searching for the
maximum current. Up to now we followed the standard experimental
procedure, i.e. we scan the magnetic �eld and for each value of H
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Figure 3.3: (a) Critical values of the bias current as a function of the
magnetic �eld. The solid line is drawn for the mode 1 obtained with
the usual procedure starting form zero current and increasing the cur-
rent to the critical value, while the dashed line represents the values
obtained with the reentrant procedure described in the text. (b) The
same information as in (a), but for the mode 0.
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we increase the current I, starting from I = 0, until we reach the
maximum current. Here we consider the possibility that for I > 0
there is also a lower bound in the value of the current for some values
of the magnetic �eld. This requires a search where we vary both H and
I simultaneously. Thus we see that for H < 0 there is a lower bound
given approximately by the line H + I=2 � Hcl, where Hcl � 0 is the
critical value of H at I = 0, for which we have depinning of the trapped

uxon. Over this curve the slope �x at the right end (near defect) is
kept constant and equal to Hcl and above this line the 
uxon remains
pinned and it should be stable. This line ends at H = �1, since in that
case the extremum value �x = �2 is reached in the left end. Increasing
now in that range of H the bias current we �nd that also the Imax curve
extends further to the left. The equation for this line is approximately
given by H � I=2 = �2, with an extremum at �x(�`=2) = �2. Thus
the instability on this line arises from the left side (far from the defect).
It extends up to H = �1 for a long junction and joins the other line
H + I=2 = Hcl.

The above calculations were done for a long junction so that the
�elds at the two ends do not interfere. For shorter length however
the two ends feel each other and in that case the two instabilities are
not independent. This means that the tail of the defect free side �eld
will compete with the slope of the trapped �eld. Then the two lines
H+I=2 = Hcl, and H�I=2 = �2, end before they meet (atH � �1) at
a cuto� magnetic �eld. Also for short junctions we expect the straight
lines to have some curvature. A similar discussion holds for the right
end of the 1 mode. Again there is a lower current (positive) bound given
by H � I=2 = 2 due to instability at the left end (�x(� `

2) = 2), and an
upper bound given by H + I=2 = Hcr, where Hcr � 2:8, due to 
uxon
depinning. On the same diagram, we show the lower bound for negative
currents. Thus we see that there is strong asymmetry for positive and
negative currents. Remark that for negative currents the mode 1 is very
similar to the mode (1,2) with no defect [22]. This is because the right
boundary is determined by an instability at the undefected side. The
left boundary is again very close because Hcl � 0. So an interesting
e�ect of the defect is that we have this strong asymmetry for positive
and negative currents.

We would get a similar picture if we considered the �1 mode. In
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Figure 3.4: Critical current as a function of the magnetic �eld, for the
mode 0, for di�erent values of the defect critical current density jd.

fact we get the same curves (as for mode 1) if we put I ! �I and
H ! �H. This is consistent with the �1 mode shown in Fig. 3.2a.
The discussion can also be extended to the other modes. In Fig. 3.2b
we show the result of a similar scan for the 0 mode, but for the sake
of shortness we will not discuss the �1;�2; 2 modes. In any case when
the number of 
uxons increases one must rely on numerical calculations
rather than simple arguments.

3.4 Variation with the defect critical cur-

rent

In the previous section we considered the case of a microresistance de-
fect. With present day masking techniques we can also consider any
�nite critical current (lower or higher) in the defect. This situation can
also arise very often in junctions with high critical current densities,
where small variations in the thickness can create strong critical cur-
rent density variations. Thus for the previous asymmetric defect con-



3.4. VARIATION WITH THE DEFECT CRITICAL CURRENT 87

0.0 0.5 1.0 1.5 2.0 2.5
magnetic field (H)

0.0

1.0

2.0

3.0

4.0

5.0

m
ax

im
u

m
 c

u
rr

en
t 

(I
m

ax
)

0.0
0.2
0.4
0.6
0.8
0.9
1.0
1.2
1.5
2.0

mode 1
jd

Hcd

Figure 3.5: Same as in Fig. 3.4, but for the mode 1.

�gurations we will study the e�ect of the defect critical current density
in the magnetic interference pattern Imax(H). We will concentrate on
the 0 and 1 modes.

(i) mode 0:

In Fig. 3.4 we see the Imax(H) variation for the mode 0 for decreas-
ing values of the critical current density from jd = 2, to jd = 0. Let us
discuss �rst the case for jd � 1. For the perfect junction where jd = 1
we have a symmetric distribution about H = 0. As we decrease jd
the 
ux content of this mode (and the extremum H) is symmetrically
reduced (see Fig. 3.2b). It is not apparent from the drawing, due to
the superposition of several curves on the left side of the diagram, but
as expected the range of the magnetic �eld is symmetric about H = 0
at zero current. The corresponding Imax(H) curves, however, are not
symmetric. The right hand side of the curves is displaced towards
smaller critical �elds with decreasing jd. This means that the critical
�eld at I = 0 to introduce a 
uxon from the ends is decreased due to
the existence of the defect which acts with an attractive force on the

uxon. The curves are linear and can be approximated by the equation
I(H) = 4� 2(H + �Hc), where �Hc is the decrease in the critical �eld
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Hc0 and depends on jd. A similar decrease happens for negative mag-
netic �elds where the defect tries to pin an anti
uxon. Even for higher
currents the right side critical �eld is determined by the tendency of the
defect to attract a 
uxon. The left hand side, however remains rigid
(but is shifted along the line). This is due to the entrance of magnetic

ux from that part of the junction where there is no defect. The insta-
bility in the critical current occurs when (�(�`=2) = �) for every value
of jd. From the pendulum phase diagram which is the classical analog
of the Josephson junction, the extremum occurs at @x�(� `

2
) = �2, or

H � I=2 = �2 which is the equation for this triangular side. At near
zero current the critical �eld is in
uenced from the attractive action
of the defect. At low currents and extreme negative magnetic �eld the
Imax curve shows a re-entrance behavior so that it is not stable at low
and high currents, but only for a �nite intermediate range of current
values. This way we reconcile the di�erent origins of the instability
mechanisms �(�l=2) = � at high current and the defect in
uence dis-
cussed for the right hand side of the mode.

For jd > 1 we see an increase in the Imax, while the critical magnetic
�eld at I = 0 remains almost constant at about Hcr � 1:9. The
instability at that point is due to the trapping of 
ux in the region
between the positive defect and the right edge of the junction. The
�eld for that is expected to be near H = 2 if the right undefected part
is of length of the order of Josephson length. Thus it is the same value
for 
ux penetration from the perfect junction edges. It will vary weakly
with jd.

(ii) mode 1:
The mode 1 in the perfect junction has a full 
uxon for magnetic

�eld H = 0:07. The phase distribution is about � = � where the energy
has a minimum. At the end of this mode at H = 2:07 where two 
uxons
have entered the junction the phase changes from �(�`=2) = �� to
�(`=2) = 3�. When the defect is inserted this mode is signi�cantly
modi�ed due to the 
ux trapping in the defect.

In Fig. 3.5 we see the magnetic interference pattern for this mode
for di�erent values of the defect critical current density. For 0 < jd <
0:7 the Imax vs H curves are displaced downwards, and a 
uxon is
trapped in the defect. We notice that all the curves for jd < 0:7 have
the same critical magnetic �eld H = 2 for I = 0. This is because at
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Figure 3.6: The lowest eigenvalue versus the magnetic �eld for the mode
1 for di�erent values of the defect critical current density jd.

this end of the mode, at I = 0 the instability arises at the side with no
defect where the phase reaches the critical value � = � (modulo 2�). Of
course as discussed in the previous section we have a reentrant behavior
above H = 2. At the other end for small magnetic �eld the instability
is due to depinning of the trapped 
uxon. For 0:7 < jd � 1:0 the defect
can trap the 
ux only for H < Hcd, where the value of the Hcd depends
on the defect critical current jd and in Fig. 3.5 it is shown for jd = 0:9.
Notice that for this value of jd the 
uxon is very weakly trapped, and
the untrapping process happens slowly over a range of magnetic �eld
values. For H > Hcd the 
uxon has moved away from the defect, and
for this weak defect the junction does not feel it. The critical current
goes abruptly close to the curve for the perfect junction. We conclude
that the behavior of the junction for values of jd close to jd = 1 is
determined by the ability of the defect to trap one 
uxon. This can be
seen also from the change in the lowest eigenvalue variation with the
external �eld H, at values of the critical density jd > 0:7, in Fig. 3.6.

For jd > 1 (thin lines in Fig. 3.5) the Imax vs H curve for mode 1
has a similar form as for jd = 1, i.e. there is no 
uxon trapping. Again,
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Figure 3.7: Critical current versus the defect critical current density
jd, for magnetic �eld equal to H = 1:5, for the mode 1. In the same
graph the magnetic 
ux at zero and maximum current, and the lowest
eigenvalue at I = 0 are plotted as a function of the jd.
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as in the 0 mode, the Hcr at I = 0 stays around 2:0 and is again due
to the trapping of 
ux in the right edge.

In Fig. 3.7 we present the evolution of Imax with the defect critical
current density jd for a magnetic �eld H = 1:5. For this value of the
magnetic �eld there are no solutions with trapped 
uxons for jd > 0:83.
The lowest eigenvalue at I = 0 becomes zero at this point. For jd > 0:83
and H > 1:5 there are solutions which are not trapped. For these
solutions the maximum current coincides with the one of the perfect
junction and there is a discontinuity in the curves. Notice the point at
jd = 1:0. In the same �gure we also show the magnetic 
ux at I = 0
and at Imax which is almost constant as a function of jd as expected,
with small di�erence between the two di�erent current curves.

3.5 Variation with the defect position

In Fig. 3.8a we see the evolution of the critical current at zero magnetic
�eld as we move the defect from the right edge of the junction D = 0 to
the left edge where D = 8. The position is measured from the edge of
the junction to the nearest edge of the defect. We examine the several
modes separately:

(i) mode 0
For this mode and for I = 0, we are able to �nd solutions for all

the defect positions. As we can see in Fig. 3.8b the corresponding
magnetic 
ux at Imax is slowly changing and equal to zero when the
defect is in the junction center. But when the defect is placed close
to the ends the magnetic 
ux at the maximum current deviates from
zero. The critical current for this mode is symmetric for defect positions
about the junction center, and has its maximum value when the defect
is at the center. This is because at that position it does not in
uence
the solution at the edges which is very close to the undefected case,
while near the center the phase is almost zero. But when the defect
comes close to the junction ends the defect cuts into the area by which
the current 
ows, and the critical current is reduced.

For even smaller distances D = 0:2, and D = 0 there is a jump
to solutions which correspond to a current, which is much higher than
that of the 0 mode for nearby D values. This is because the defect
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Figure 3.8: The variation of (a) the maximum current Imax and (b) the
magnetic 
ux Nf at the maximum current, versus the defect position
D, measured from the right edge of the junction, for the modes 0, 1,
�1. The crosses and stars lines are continuations of the two points at
the two ends of the graph. (c) the corresponding lowest eigenvalue at
zero current versus the defect position D, for the modes 0, 1. The �1
mode eigenvalue is the same as for the 1 mode.
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cuts negative current regions and for this position we have an increase
of the critical current. In fact these solutions (see ++ symbols in Fig.
3.8a) are very close to the solutions of a perfect junction within the
undefected area, except that now the defect at the edge can give con-
tribution to the 
ux but no contribution to the current. Thus the 
ux
is much higher than that of the 0 mode and it approaches that of mode
1. Nevertheless these points should be considered as a separate mode.
In fact they are part of a branch (crosses). In these distances there are
no other modes for H = 0. Similar results were obtained by Chow et
al: [25] where they attributed this enhancement in the Imax for small
distances to a self �eld which was generated by the current, penetrating
into the defect and resisted any further penetration of �eld. To over-
come this resistance it was necessary to apply a higher current. But
they do not distinguish between modes with di�erent 
ux content, and
their evolution with the defect position.

(ii) modes 1, �1
For these modes we do not have solutions for all the defect positions

at I = 0 and H = 0, but only in the range 1:4 < D < 6:6 as seen in Fig.
3.8c where the lowest eigenvalue is plotted as a function of the defect
position for the di�erent modes. The curves for the 1 and -1 modes
coincide, while the 0 mode shows a change of slope corresponding to
the last two points ( D = 0 and 0.2 discussed above) which belong to
another curve. Mode �1 has a trapped anti
uxon in the defect. When
the defect is to the left (4:0 < D < 6:5), then the instability in the
current of mode �1 at H = 0 is created at the right-end of the junction
when the phase reaches the critical value �(l=2) = �. This instability
occurs for currents which are less than those necessary to unpin the
anti
uxon. Notice that increasing the current there is no competition
with the slope of the anti
uxon trapped in the left end. Thus at this
point (for 4:0 < D < 6:5) the maximum current is very close to the
undefected junction mode 0, except that in this case Nf � �1 is close
to an anti
uxon. At the other end (D < 4:0) the instability for mode
�1 is caused by the depinning action of the applied current, which
takes now much smaller values (close to zero) because of competition
with the pinned 
uxon. The phase distribution at the defect free end is
that expected for H = 0 and I close to zero. The mode 1 with a 
uxon
trapped has a symmetrically re
ected (about the center) form in Imax vs
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D and the instability for D > 4:0 occurs at the left end of the junction,
which is the opposite case of mode �1. The eigenvalue becomes zero
at the positions D = 1:4 and D = 6:6. The �1(D) curve coincides for
the modes 1 and �1 due to the fact that the phase distributions for
the same D for these modes are symmetric about x = L=2, and the
cos �(x) that enters the eigenvalue equation is the same.

In the rest we examine the variation of the critical value at which
the instability sets in, as we scan the magnetic �eld in the positive
(negative) direction Hcr(Hcl) for zero current, for the di�erent modes,
as a function of defect position. This instability can be attributed to
the pinning, or the depinning �eld or to the critical value of d�

dx
at

the defect free edge, depending on the particular mode that we are
considering. Explicitly for the mode 0 the instability in the Hcl(Hcr) is
due to the pinning of a 
uxon (anti
uxon), respectively. In this mode
the defect has no in
uence for positions close to the center as seen in
Fig. 3.9a and 3.9b. However as we move the defect close to the
edges the pinning �eld Hcl(Hcr) is reduced in absolute value because
it is easier to trap a 
uxon (anti
uxon). For the mode 1 the Hcr is
constant for all defect positions. This is due to the fact that at I = 0
it is the phase distribution at the undefected edge of the junction that
determines the instability. Notice that due to the reentrant character
the critical magnetic �eld takes higher values at larger bias currents
which vary with defect position. The Hcl curve depends on the phase
distribution near the defect and therefore is strongly defect position
dependent. For the mode �1 the picture is reversed compared with
the 1 mode. In this case the Hcl is constant while the Hcr varies with
position. Note that in this mode the depinning of an anti
uxon is the
reason that causes the instability at Hcr.

3.6 Two symmetric pinning centers

As noted defects (with jd < 1) or inhomogeneities in the junction can
play the role of pinning centers for a 
uxon. In this section we discuss
more precisely the e�ect of multiple pinning centers on the magnetic
interference patterns Imax(H) and the 
ux distribution. The pinning
e�ect of the Josephson junction has also been analyzed in [107, 106],
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Figure 3.9: (a) The critical value of instability as we scan the magnetic
�eld to the rightHcr as a function of the defect position D, for the
modes 0, 1, �1. (b) The same as (a) but to the left for the Hcl.
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Figure 3.10: (a) Critical current Imax and (b) magnetic 
ux Nf , versus
the magnetic �eld H, for the di�erent modes, for a junction of length
` = 10, which contains two symmetric pinning centers of length d = 2.
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by using a simple mechanical analog. The analogies of the mixed state
of type II superconductors and vortex state of the Josephson junction
has been discussed in these references. In Fig 3.10a we present, as an
example, the critical current Imax versus the magnetic �eld for a junc-
tion which contains two defects of length d = 2 placed symmetrically at
a distance D = 2 from the junction's edges. We examine the following
modes grouped according to 
ux content:

(i) modes 0, 0a
These modes have magnetic 
ux antisymmetrical around zero �eld,

as seen form Fig. 3.10b where the magnetic 
ux is plotted versus the
magnetic �eld. At I = 0 and magnetic �eld H = �0:7, the 0a mode
contains one 
uxon trapped in the left defect, while an anti
uxon exists
at the other part of the junction. As H increases towards 0:7 the picture
changes slowly, so that the anti
uxon is pinned in the right defect. The
stability analysis shows that this mode is unstable. We remark that
there are also other unstable modes near zero 
ux, which we will not
present here. For example there is another unstable mode with the same

ux as 0a but a much higher critical current (the same as the 0 mode).
Mode 0 has phase distributions which are similar to the corresponding
mode of the homogeneous junction since it has no trapped 
ux in each
defect.

(ii) modes 1l, 1r
These modes have magnetic 
ux close to unity, and are both stable.

For the mode 1r one 
uxon has been trapped to the right defect, and
in the mode 1l, the vortex is trapped in the left defect. Due to the
symmetry this mode has the same magnetization as the mode 1r, but
the critical current is reduced. The phase distribution for the modes
1r, and 1l, at zero current are related by �1l(x) = 2� � �1r(�x). The
maximum �eld H = 1:9 (at I = 0) for both modes is determined by
an instability at the 
uxon free side. At the other extreme there is a
competition at the 
uxon side between the applied �eld and the �eld
created by the pinned 
uxon. Thus the critical �eld at H = �0:62 can
be considered as a coercive �eld and below this value the 
uxon gets
unpinned. The two modes have characteristically di�erent currents and
this depends on the current through the 
uxon free defect, since the
pinned 
uxon itself gives no major contribution. Thus the maximum
current is much larger for the 1r mode. The opposite would be true if
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we look for negative currents. There are also the symmetrically situated
modes that correspond to an anti
uxon in the left or right defect, which
are not shown in Fig. 3.10a. The respective 
ux is antisymmetric with
H around H = 0.

In Fig. 3.10a we also show the mode 2 with 
ux around 2 
uxons.
Several unstable modes are not shown, for the sake of clarity. Their
analysis however, can show the connection between di�erent modes,
while a defect in the correct place with proper characteristics can sta-
bilize these solutions. We conclude that depending on the positions
where the vortex is trapped we may have modes with the same mag-
netic 
ux content, but di�erent critical currents. Also due to soliton
localization on the defects, we may have stable states with magnetic

ux close to unity, for zero magnetic �eld. These states together with
the one existing in the homogeneous junction form a collection of stable
states in a large H interval. We must comment here that states with
unit 
ux, for zero magnetic �eld (H = 0) exist in the homogeneous
junction, as a continuation of the stable (1) mode to negative magnetic
�elds, but as we found in a previous work [22], are unstable. So we may
argue here that the presence of defects stabilizes these states.

In comparing the results for one (Fig. 3.2a) and two defects (Fig.
3.10a) we see some similarities and di�erences. In the case of two defects
new modes appear but also the region of stability of the equivalent
modes is di�erent. This is more clearly seen in Fig. 3.11 where we plot
the Imax vs Nf for both cases. This presentation is useful since the Nf

is a nonlinear function of H. This plot (Fig. 3.11a) is a combination
of Figs. 3.2a and 3.2b. We should point out that the maximum peak
in the current in both case comes due to the trapping of a 
uxon in
the defect at the right side. The maximum of 0-mode is very close in
both cases and this happens because this mode does not involve 
uxon
trapping. The 1r mode for the two defect case is very close to the 1
mode of the single defect, since in both cases there is a 
uxon trapped
in the same side. In the two defect case we see an enlargement of the
region of stability so that the modes overlap. The thin continuation
lines in modes 0 and 1 for the single defect are in the reentrant region
of 
ux as discussed in section 3.2.
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Figure 3.11: Critical current Ic, versus the magnetic 
ux Nf , at the
maximum current for the di�erent modes, for a junction of length ` =
10, (a) for the asymmetric defect case, and (b) for the two symmetric
pinning centers of length d = 2.
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3.7 Symmetric distribution of pinning cen-

ters

In this section we study as an example the case where a junction of
length ` = 14:2 contains three defects of length d = 2, and the distance
between them is 2. The length was augmented, so that we keep the
same width of the defects when we increase the number of the defects,
since we saw that the width of the order d = 2, gives the possibility
of 
uxon trapping and increased maximum current when the defect
is situated asymmetrically. We will study the phase distribution at
I = 0 and try to extract information about the critical �eld values and
magnetization. We �nd the following modes grouped according to 
ux
content:

i) modes 0, 0l, 0r, 0c

In Fig. 3.12a we present the critical current versus the magnetic
�eld for the modes with magnetic 
ux around zero (see Fig. 3.12d).
This is indicated by the 0 symbol. There are four modes belonging in
this category, which are stable. The solutions for the mode 0 are simi-
lar to the homogeneous junction mode 0, with no 
ux trapping in the
defects. The only di�erence is that the instability in the critical �eld
occurs when the phase at one edge, reaches a value, which is smaller
(due to pinning) than the corresponding value for the undefected junc-
tion, which is �(�`=2) < �. The same was true for the two defect case.
Mode 0c has the maximum critical current Imax = 5:08 for H = 0. One
anti
uxon is trapped to the leftmost defect, one 
uxon to the rightmost,
and the phase in the center defect is constant. The trapping at the edge
defects leads to a positive current distribution between them, for this
particular length, and enlarges the maximum current. The same type
of mode was not found for the two defect case (with a shorter junction
length), and we conclude that the extra defect along with the increased
junction length stabilizes this solution. For the mode 0l one 
uxon
is trapped in the left defect where the phase changes about the value
� = �. The anti
uxon is distributed at the other two defects, where
the phase is about the values 3�=2 (or �=2), and we have a cancellation
of the positive and negative current density in this region. Similar for
the mode 0r the 
uxon is trapped to the right defect, and the current



3.7. SYMMETRIC DISTRIBUTION OF PINNING CENTERS 101

−2.0 −1.0 0.0 1.0 2.0
magnetic field (H)

0.0

1.0

2.0

3.0

4.0

5.0

m
ax

im
u

m
 c

u
rr

en
t 

(I
m

ax
) 0

0r
0l
0c

a)

−2.0 −1.0 0.0 1.0 2.0
magnetic field (H)

−1.0

−0.5

0.0

0.5

1.0

m
ag

n
et

ic
 f

lu
x 

(N
f)

0
0r
0l
0c

d)

−2.0 −1.0 0.0 1.0 2.0
magnetic field (H)

0.0

1.0

2.0

3.0

4.0

5.0

m
ax

im
u

m
 c

u
rr

en
t 

(I
m

ax
) 1r

1l
1c

b)

−2.0 −1.0 0.0 1.0 2.0
magnetic field (H)

0.0

0.5

1.0

1.5

2.0
m

ag
n

et
ic

 f
lu

x 
(N

f)

1r
1l
1c

e)

−1.0 0.0 1.0 2.0 3.0
magnetic field (H)

0.0

1.0

2.0

3.0

4.0

5.0

m
ax

im
u

m
 c

u
rr

en
t 

(I
m

ax
) 2a

2
2b

c)

−1.0 0.0 1.0 2.0 3.0
magnetic field (H)

1.0

1.5

2.0

2.5

3.0

m
ag

n
et

ic
 f

lu
x 

(N
f)

2a
2

f)

Figure 3.12: Critical current Imax versus the magnetic �eld H, for the
di�erent modes (a) 0, 0l, 0r, 0c, (b) 1r, 1l, 1c, and (c) 2, 2a, 2b. for
a junction of length ` = 14:2, which contains three symmetric pinning
centers of length d = 2. The corresponding magnetic 
ux is presented
in (d), (e), (f).
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is distributed with opposite sign to the other two defects. These modes
are similar to the 0a mode for the two defect case.

ii) modes 1l, 1c, 1r

In Fig. 3.12b we see the maximum current versus the magnetic
�eld for the modes with magnetic 
ux around Nf = 1 (see Fig. 3.12e).
There are three modes with 
ux close to Nf = 1 each of which cor-
responds to the trapping of one 
uxon in one defect. In the mode 1c
the 
uxon is trapped in the center defect. In the mode 1l (1r) it has
been trapped in left (right) defect. Due to the symmetry the lowest
eigenvalue, and the magnetic 
ux coincides for these two modes, but as
we showed in the previous section, their critical currents are di�erent,
depending on the tunneling current distribution in the region with no
trapping. The 1r mode corresponds to a higher critical current.

iii) modes 2, 2a, 2b

In Fig. 3.12c we see the maximum current versus the magnetic
�eld for the modes with magnetic 
ux around Nf = 2 (see Fig. 3.12f).
Only the mode 2 corresponds to stable solutions. There we have two

uxons trapped in the side defects. In mode 2a one 
uxon is trapped
in the right defect, while in mode 2b this trapping occurs in the center
defect. We conclude that distributed pinning centers are more e�ective
in trapping the vortex, and lead to an increased critical current. Some
conclusions will continue to be valid for larger number of defects where
we keep the defect width and separation �xed. In that case we also
expect the results to change signi�cantly when there is either a peri-
odic array of defects, where we expect higher 
uxon modes to give the
highest current peak [47].

3.8 Defect with a smooth variation of cur-

rent density

Up to now we considered defects with abrupt changes in the local crit-
ical current density and the question arises whether the abruptness of
Jc variation is crucial in the signi�cant change in Imax for the n = 1
mode. We will see that similar e�ects exist for smoother variation,
where again the 
uxon pinning is an important feature. For this reason
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Figure 3.13: Inline critical current Imax versus the magnetic �eld H,
for the modes 0, 1 and 2, for the junction with an asymmetric defect
but smooth variation of the critical current density.x0 = 7:6 and � = 2.

we chose a single defect at the junction center with a smoothly varying
critical current density given by

eJc(x) = tanh2
"
2

�
(x� x0)

#
; (3.9)

where the defect is centered at x0, and the width is determined by �.
In Fig. 3.13 we show the results for the case x0 = 7:6 and � = 2,

which can be compared with the results of the asymmetric defect in Fig.
3.2a. For the modes shown the curves are very similar and thus we see
that the main results survive since the defect strengths are similar.
Of course there is a quantitative di�erence. But most of the stability
criteria described earlier are still valid.

In Fig. 3.14 we consider the e�ect of the form of current input and
compare the case of inline with overlap for a smooth defect situated at
the center of the junction i.e. x0 = 0 with � = 0:5. In Fig. 3.14a
we present the Imax for inline boundary conditions, and we show only
the �1; 0; 1 modes. The 0 mode is not in
uenced at all from the defect
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Figure 3.14: Critical current Imax versus the magnetic �eld H, for the
di�erent modes, for (a) inline current and (b) overlap current, for the
junction with a centered defect, and smooth variation of the critical
current density.
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since all the phase variation is at the boundaries. There is a strong
similarity with Imax for the 1, and �1 modes. The reason is that in
these cases there is a trapped 
uxon or anti
uxon at the center and
at zero current and magnetic �eld the phase variation dies out at the
boundaries. Thus when increasing the current at H = 0 towards Imax

we have the same situation at the boundaries as for the 0 mode and the
instability happens at close Imax values. Of course due to the pinning,
the 
uxon content is very di�erent from the 0 mode. The �1 and 1
modes have an enhanced Imax and the small di�erence in Imax from
the 0 mode is attributed to the small in
uence of the trapped 
uxon
to the boundaries. Let us remark that a similar situation was seen in
Fig. 3.8a for the square well defect, when the defect position is at the
center for H = 0. By comparing with Fig. 3.9 the Hcl and Hcr values
we see close agreement with the case of jd = 0 in the defect. These
results could change for a smaller length junction or if we move the
defect towards the edges (as seen in Fig. 3.8a).

For the same defect we also investigated the e�ect of the overlap
current input, where the current is distributed along the whole junction.
In Fig. 3.14(b) we present the maximum current per unit junction
length versus the magnetic �eld, and it should be compared to the
inline case in Fig. 3.14(a). We see a signi�cant change for the �1
and 1 modes. Of course at I = 0 both current inputs give the same
solutions, but Imax is much smaller for the overlap boundary conditions.
This is from the fact that due to the applied current the 
uxon is pushed
against the pinning barrier until it is overcome at the critical current. In
the absence of applied current the phase at the defect center is �(0) = �,
while the application of the current pushes the 
uxon to the edge of the
defect which is taken to be near the point where the curvature of the
defect critical current distribution changes sign. So we can consider in
this case this maximum current as a measure of the pinning force.

In Fig. 3.15a we plot the magnetic 
ux Nf at zero current versus
the magnetic �eld H for the inline case. The lowest eigenvalues for the
di�erent modes versus the magnetic �eld are seen in Fig. 3.15b. For
a homogeneous junction the 0 mode is the only stable state available
at H = 0. However in the problem we consider here, the mode 1(�1)
exists and it is stable for H = 0 and corresponds to the localization
of the soliton (antisoliton) in the inhomogeneity. For these modes we
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Figure 3.15: (a) Magnetic 
ux at zero current as a function of the
external �eld, for the same type of inhomogeneity as in Fig. 3.14. (b)
The corresponding evolution of the lowest eigenvalue �1 for the di�erent
modes. At the end of each mode the �1 vanishes.
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dx

, for the mode 1, as we
change the magnetic �eld at I = 0, for the same type inhomogeneity
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have pinned 
ux at H = 0, with �(0) = �, and d�
dx
= 2. In Fig. 3.16

we show the evolution of � and d�
dx
, for the mode 1, as we change the

magnetic �eld at I = 0. Near H = �1:9 the 
uxon content is near
zero and for H < �1:9 an instability sets in due to the depinning of the

uxon. This is because the slope at the pinned 
uxon competes with the
opposite slope tried to be imposed by the external negative magnetic
�eld at the boundaries. At the other end the 
ux is equal to 2, and
the instability sets in when � at the boundaries approaches � (or odd
multiplies). The range of H values for the 1 mode, when the defect is at
the center is signi�cantly broadened and gives a corresponding range
for the 
ux of two 
uxons. Usually each mode has about one extra

uxon and in particular for the perfect junction it contains only one
extra 
uxon. This is because the defect is at the center and far enough
from the edges where the magnetic �eld is applied and therefore even
for negative �elds there is no signi�cant competition, with the �eld at
the defect center. This is especially true when the distance of the defect
from the edges is grater than 2�J . When however the defect is near
the edge the instability sets in before we cross to negative magnetic
�elds. The maximum current Imax for the mode 0 is greater than in
the modes 1,�1, but is reduced compared with the Imax for the mode 0
in the homogeneous junction, in zero �eld. In [33] they approximated
this reduction in an analytical calculation using a delta function for the
defect potential, and they found �Imax = ��=2L � 0:02. In [33] they
arrived at the analytical result, by minimizing the 
uxon free energy,
for the maximum overlap current versus the magnetic �eld H, for these
modes, which is a good approximation of the numerical solution we
consider here in the limit L� 1.

3.9 Conclusions

In several applications it is desirable to work in an extremum of the
current for a region of the magnetic �eld. This can be achieved by
the appropriate distribution of defects so that the negative lobes of
the current distribution in the junction due to the 
uxons are trapped
in the defect with no contribution to the current. Of course if the
defect is isolated (far from other defects or the edges) we expect zero
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contribution to the current. Due to the e�ect of the applied current
and magnetic �eld at the boundaries in certain cases we can obtain
positive current lobes outside the defect. In several cases in section 3.3
this was the reason for the increased current. Because the control of
magnetic �eld is very easy compared to other system parameters (like
temperature, disorder, etc.) the measurement of the e�ect of magnetic
�eld on junction behavior, provides a convenient probe for the junction.
The calculation of the Imax can characterize the quality of the junction
or verify the assumed distribution of defects when they are arti�cially
produced. The spatial variation of the critical current density on low Tc-
layered junctions, and high Tc grain boundary junctions can be directly
imaged with a spatial resolution of 1�m using low temperature scanning
electron microscopy (LTSEM) [45, 36]. Information on smaller scale
inhomogeneities has to rely on the magnetic �eld dependence of the
maximum tunneling current Imax.

The purpose of this chapter is the consideration of large defects in
order to study the interaction between 
uxons and defects and give es-
timates of the coercive �eld for pinning or depinning of a 
uxon from a
defect. The region of consideration puts us far from the region of per-
turbation calculations and is amenable to direct experimental veri�ca-
tion since it is easy to design a junction with the above characteristics.
The defects in
uence strongly the low 
uxon modes. At high mag-
netic �elds larger than the depinning �eld of a single 
uxon we expect
only minor e�ect and 
uxon trapping. Of course for a large number
of defects interesting behavior can be obtained.[71, 62] The interaction
between 
uxons in the few defect case also assists to overcome coercive
�elds and untrap 
uxons. The results of two trapped 
uxons in the two
defect case show that the 
uxons are strongly coupled and one cannot
consider an exponential interaction type potential between the 
uxons.
Also the critical current in a long junction, cannot be calculated as
the Fourier transform of the spatial distribution of the critical current
density Jc(x), at least for weak magnetic �elds. For strong magnetic
�elds, where we have the �eld penetrating uniformly the junction, as is
the case for short junctions, we recover the di�raction like pattern.

In summary we saw that the bounds of the di�erent modes deter-
mined by the stability analysis depend on two factors: (i) the instability
at the boundaries away from the defect when �x reaches its extremal
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values equal to �2, and (ii) the instability due to the pinning or depin-
ning of a 
uxon by the defect. If the junction is near one end then we
saw that both criteria play a role in determining the instability, inde-
pendently in di�erent areas. In general, however, there will be coupling
between defects and the edges (surface defects) especially in the case
of multiple defects. Defects also introduce hysteresis phenomena which
are weaker in the case of smooth defects. We also saw that due to

uxon trapping in general we see a reentrant behavior, i.e. there are
regions of magnetic �eld for which there is both an upper and a lower
bound on the maximum current. We also �nd that due to the pinning
of magnetic 
ux from the defect there exist additional stable states in
a large interval of the magnetic �eld. The abrupt change in the critical
current density is not crucial for the trapping. Similar results are ex-
pected from smooth defects, with quantitative di�erences. The above
results can be checked experimentally since it is easy to design a junc-
tion with a particular defect structure, using masking techniques. In
fact a few parameters or characteristics could give at least partial infor-
mation on defect properties. In particular the measurement of Hcr or
Hcl can give some information of the defects near the edges. In addition
the measurement of the Imax vs H diagram will give us information on
the defect critical current density. Also one can imagine the situation
where we scan locally with an electron beam a�ecting thus the local
critical current and observe the variation of the Imax as we increase
the heating. Once a 
uxon is trapped we can decrease the heating
(or increase jd) and observe the variation of Imax. Thus one can have
pieces of information to put together in guessing the defect structure
that might �t the whole Imax pattern. The extension to many defects
requires considerable numerical work. It is hoped, however, that some
of the stability criteria will still be useful.



Chapter 4

Magnetic-interference

patterns in Josephson

junctions with d+ is

symmetry

4.1 Introduction

In this chapter the numerical techniques of chapter 2 and also the skills
acquired in the problem of a macroscopic defect will be applied to a
more interesting problem, which deals with the pairing symmetry of
unconventional superconductors [80, 42, 103, 97, 54].

This question is crucial since it will allow the identi�cation of the
underlying mechanism of superconductivity in cuprates. The Joseph-
son e�ect provides a unique tool in theory and experiment since it is
sensitive to the phase as well as in the magnitude of the order param-
eter.

The most possible scenario is that the bulk pairing state is an ad-
mixture of a dominant d-wave with some small s-wave component. This
fact is a direct consequence of the orthorhombic distortion of the sys-
tems which makes both the d-wave and s-wave indistinguishable (they
transform according to the identity representation of the group). There
is a basic di�erence in the physics if one takes into account the phase

111
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di�erence between the two parts of the order parameter. The mixing
due to orthorhombicity predicts a d + s or equivalently d � s order
parameter. In an orthorhombic lattice the crystal axis a and b are not
equal. The order parameter has to follow the symmetry of the lattice.
The d+ s or d� s order parameter has one lobe slightly larger than the
other and hence it is related to the crystal lattice structure. Therefore
the order parameter in orthorhombic YBCO lattice has to be d + s or
d� s. This has been analyzed within the Ginzburg-Landau framework,
valid close to Tc [17]. Experimental observation of this possibility has
been clearly realized in photoemission experiments [64] and the c-axis
tunneling [57].

In addition to the above work, calculations based in BCS weak-
coupling theory [70, 78] predict that a mixed symmetry is realized in a
certain range of interaction. This state has the time-reversal symmetry
T broken. This symmetry (d+ is) is realized in bulk calculations only
as a consequence of the absence of any orthorhombic distortion since
the orthorhombic distortion favors the d+ s or d� s order parameters.
The d+ is-wave state favors a phase di�erence of �=2 between the two
components as opposed to � in the d + s state. The Fermi surface is
either circular or tetragonal in the particular examples. In the d + is
state the dominant order parameter d is superimposed with a complex
s-wave order parameter in a sense that the shape of the d-wave lobes
is not a�ected. Hence the d + is-wave function should be related to a
crystal lattice with tetragonal symmetry.

The situation becomes more complicated if we consider surface ef-
fects. The observation of fractional vortices on the triangular grain
boundary in YBa2Cu3O7 by Kirtley et al: [51], may indicate a possible
violation of the time-reversal symmetry near grain boundary (because
the boundary breaks the bulk orthorhombic symmetry). Their experi-
mental arrangement consists of two segments of c-axes textured YBCO
�lms where one is a triangular inclusion within the other. Therefore it
is interesting to study more this symmetry in the case of interfaces.

In the present chapter we study the static properties of a one dimen-
sional junction which contains a twin boundary where the phase di�er-
ence between the two superconductors acquires an extra relative shift
in each twin. The maximum current Ic that a junction can carry versus
the external magnetic �eld H in the direction parallel to the plane of
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the junction is calculated by solving numerically the sine-Gordon equa-
tion. The stability of fractional vortices fv or antivortices fav which are
spontaneously formed as a consequence of the symmetry, is examined
in the absence of current and magnetic �eld for di�erent lengths and
relative phases.

In the T -violated state the magnetic interference pattern as has been
obtained by Zhu et al: [108] in the short-junction limit is asymmetric.
They conclude that for a long junction the magnetically modulated
critical current is basically identical to the conventional 0-0 junction
due to the formation of the spontaneous vortex near the center of the
junction. Our exact numerical calculations show that there is a \dip"
near the center of the di�raction patterns even for junctions as long as
10�J .

The rest of the chapter is organized as follows. In Sec. 4.2 we
discuss the Josephson e�ect between two superconductors with mixed
s and d-wave symmetry. In Sec. 4.3 the role of the twin boundary
is discussed. In Sec. 4.4 we present the results for the magnetic 
ux
and the interference pattern. Finally, a summary and discussion are
presented in the last section.

4.2 Josephson e�ect with mixed wave sym-

metry

The GL free-energy density in terms of two complex components of
the order parameter, n1(r) and n2(r) is given by

f(r) = a2jn2j2+a1jn1j2+�2
2
jn2j4+�1

2
jn1j4+�3jn1j2jn2j2+�4(n2�2n21+n1�2n22)

+
2j�n�2j2+ 
1j�n�1j2+ 
� [(��
xn2�xn

�
1���

zn2�zn
�
1)+ c:c:] +

(5�A)2

8�
(4.1)

where a1;2 , �i, i = 1; 2; 3; 4 and 
1;2;� are real coe�cients, and the
operator

� = �i�h5� 2e

c
A: (4.2)
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Figure 4.1: (a) A single Josephson junction between superconductors
A and B with a two component order parameter. The angle between
the crystalline a axis of A(B) and the junction interface is �1(�2). (b)
The geometry of the junction between the twinned crystal (regions A
and C) and the untwinned crystal B. The dashed line marks the twin
boundary.
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In the case where the interaction in the dominant pairing channel 1
and the subdominant 2 is attractive the phenomenological parameters
a2 and a1 are taken to be proportional to 1 � T=T2 and 1 � T=T1,
where T2, and T1 are the transition temperature for the 2 and 1 order
parameter respectively. Also the parameters 
i; i = 1; 2; � are related
to the e�ective masses in the way, 
i = 1=2m�

i .
By varying the free energy

R
f(r)dr with respect to n�1 and n

�
2, we

obtain the �eld equations for the order parameter n1 and n2,

a2n2 + �2jn2j2n2 + �3jn1j2n2 + 2�4n21n�2 + 
2�
2n2 + 
�(�

2
x ��2

z)n1 = 0
(4.3)

a1n1 + �1jn1j2n1 + �3jn2j2n1 + 2�4n22n�1 + 
1�
2n1 + 
�(�

2
x ��2

z)n2 = 0
(4.4)

The current density is given by

J = (
e

m�
2

n�2�n2 +
e

m�
1

n�1�n1 +
e

m�
�

[(n�2�xn1 + n�1�xn2)ex

�(n�2�zn1 + n�1�zn2)ey]) + c:c:: (4.5)

We consider two superconductors (A and B), with a two component

order parameter (nA(B)1 ; n
A(B)
2 ), which are separated by an intermediate

layer of thickness t in the z direction, as seen in Fig. 4.1(a). If the
angles between the crystalline a axis of each superconductor A and B
with the junction interface are de�ned as �1 and �2, respectively, the
bulk order parameters n1 for the d-wave component and n2 for the
s-wave component, near the interface can be written as

n1 =

( enA1 ei�A1 = n10 cos(2�1)ei�
A
1 ; z > tenB1 ei�B1 = n10 cos(2�2)ei�
B
1 ; z < 0

; (4.6)

and

n2 =

( enA2 ei�A2 = n20e
i�A

2 ; z > tenB2 ei�B2 = n20e
i�B

2 ; z < 0
: (4.7)

Here ��1 and �
�
2 , � = A;B, are the phases of the order parameters in

superconductors A and B.



116 CHAPTER 4. Magnetic -interference ...

The expression for the supercurrent density can be obtained by the
Ginzburg-Landau equations [108, 9] as a function of the two order pa-
rameters and evaluated at the interface to �nd the tunneling current
density. For this we need the solution of the order parameter in the
interface which is obtained by using the approximation of small thick-
ness compared to the coherence length [7], with boundary conditions
as given by Eqs. (4.6) and (4.7). The approximation leads to a lin-
ear variation of the order parameter across the interface. Applying the
boundary conditions, we obtain

n1 = (1� z=W )enB1 ei�1B + z=W enA1 ei�1A; (4.8)

n2 = (1� z=W )enB2 ei�2B + z=W enA2 ei�2A; (4.9)

Substitution of Eq. (4.8,4.9) into Eq. (4.5) gives the supercurrent
density

J =
2X

i;j=1

Jcij sin(�
B
i � �Aj ); (4.10)

where
Jc11 = (2e�h=m�

dt)enA1 enB1
Jc21 = (2e�h=m�

�t)enA1 enB2
Jc12 = (2e�h=m�

�t)enA2 enB1
Jc22 = (2e�h=m�

st)enA2 enB2
; (4.11)

are implicit functions of the orientation of the crystalline axis through
the tilded order parameters as seen in Eqs. (4.6) and (4.7); m�

d;m
�
�;m

�
s

are the e�ective masses that enter into the Ginzburg-Landau equations.
Some special cases are the following
(i) For d-wave symmetry one component of the order parameter

vanishes at the interface (n2 = 0). The Josephson current density
becomes J = jJc11j sin(� + �c) with �c = 0 for Jc11 > 0 and �c = � for
Jc11 < 0.

(ii) For d+s-wave and the restriction where �A2 ��A1 = �B2 ��B1 = �
is �xed on both sides of the interface, the current density J depends
only on one phase di�erence through the interface, say � = �B1 � �A1 ,
and

J(�) = j eJcj sin(�+ �c); (4.12)
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Figure 4.2: Magnitude and phase of the superconducting order param-
eter as a function of direction in the CuO2 planes of the cuprates for
the candidate pairing states.
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with eJc = Jc11 + Jc22 � Jc12 � Jc21: (4.13)

In Eq. (4.12) �c = 0 for eJc > 0 and �c = � for eJc < 0.
(iii) For the d + is-wave case the intrinsic phase di�erence within

each superconductor A and B can be assumed to be �A2 � �A1 = �B2 �
�B1 = �=2. The current density J is

J(�) = eJc sin(�+ �c); (4.14)

with eJc = q
(Jc11 + Jc22)2 + (Jc12 � Jc21)2; (4.15)

�c =

(
tan�1 J2

J1
; J1 > 0

� + tan�1 J2
J1
; J1 < 0

; (4.16)

where J1 = Jc11 + Jc22 ,J2 = Jc21 � Jc12. Equation (4.16), through
(4.6,4.7,4.11), de�nes the relationship, between �1, �2 and the phase
�c. In Fig. 4.2 we present the magnitude and the relative phase of the
possible pairing states.

4.3 Role of the twin boundary

We consider two superconducting sheets A and C which overlap for a
distance L with the superconducting sheet B, in the x-direction, [as
shown in Fig. 4.1(b)]. The relative phase of the s- and d-wave or-
der parameter in all three superconducting regions is assumed to be
�=2. The regions A and C are separated with a twin boundary, with
odd re
ection symmetry. At an odd re
ection symmetry twin bound-
ary, the relative orientation of the a and b axes changes by �=2 on
re
ection across the twin boundary, and the lobes of the s and d order
parameter with di�erent sign face each other along the boundary [101].
This symmetry is a consequence of the dominant d-wave order param-
eter that we have assumed, and the fact that the order parameter is
continuous and varies as little as possible at the twin boundary. Exper-
iments have shown that the transition temperature (Tc) of a twinned
crystal remains the same following the removal of the twin boundary
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[37]. We then choose the angle between the a-axis in region A, and the
x-direction to be �1 = 15�, causing the angle between the a-axis and
the junction interface in region C to be �3 = 75�. The missorientation
angle of superconductor B with the junction interface is �2 = 22:5�.
This choice of angles was made intentionally in order to compare our
results with those of Ref. [108]. With the above arrangement a simple
calculation from Eq. (4.16) yields �c1 = 0:01� in 0 < x < L=2 and
�c2 = 1:08� in L=2 < x < L. The current transport across the junction
is taken to be only along the z direction. We describe the entire junc-
tion with width w small compared to �J in the y direction, of length
L in the x direction, in external magnetic �eld H in the y direction.
We expect that experiments in Josephson junctions between twinned
and untwinned superconductors will show the results that we present.
Our analysis can equally well apply to explain the results of Ref. [51].
The superconducting phase di�erence � across the junction is then the
solution of the sine-Gordon equation

d2�(x)

dx2
=

1

�2J
sin[�(x) + �c(x)]; (4.17)

with the inline boundary conditions

d�

dx
jx=0;L = �I

2
+H: (4.18)

The Josephson penetration depth is given by

�J =

vuut �hc2

8�et eJc ;
where d is the sum of the penetration depths in two superconductors
plus the thickness of the insulator layer. We also assume that the criti-
cal current density eJc is constant within each segment of the interface.

The spatial variation of � induces a local magnetic �eld given by
the expression

H(x) = �0

2�t

d�(x)

dx
: (4.19)

We can classify the di�erent solutions obtained from Eq. (4.17) with
their magnetic 
ux content

� =
�0

2�
(�R � �L); (4.20)
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where �R(L) is the value of � at the right(left) edge of the junction, and
�0 =

hc
2e
is the 
ux quantum.

To check the stability we consider small perturbations u(x; t) =
v(x)est on the static solution �(x), and linearize the time-dependent
sine-Gordon equation to obtain:

d2v(x)

dx2
+ cos[�(x) + �c(x)]v(x) = �v(x); (4.21)

under the boundary conditions dv(x)
dx
jx=0;L = 0, where � = �s2. It is

seen that if the eigenvalue equation has a negative eigenvalue the static
solution �(x) is unstable.

We can also compute the free energy of the solution for zero current
and external magnetic �eld

F =
�h eJcw
2e

Z L

0

241� cos [�(x) + �c(x)] +
�2J
2

 
@�

@x

!235 dx: (4.22)

Note that the no vortex solution � = 0 everywhere is not a solution of
this problem.

When �c1 = �c2 = 0 we have the conventional s-wave junction.
In case �c1 = 0, �c2 = � we have the d-wave or d + s-wave junction.
The above cases have time reversal symmetry (T -conservation). When
�c1; �c2 are slightly di�erent from 0 and �, we have the d + is-wave
pairing, which is a broken time reversal symmetry state (T violation).
In this chapter, the particular parameters we use are �c1 = 0:01�,
�c2 = 1:08�, and the pairing state is d + is.

4.4 Spontaneous 
ux and interference pat-

terns

We consider �rst a symmetric 0 � � junction. Here the change of
�c from 0 to � introduces spontaneous 
ux lines i.e., vortices with half
the conventional 
ux quantum (� = ��0=2), if the junction length is
much larger then �J . We call them half-vortex (hv) and antivortex (hav)
solutions. To obtain these vortices as solutions of Eq. (4.17) for zero
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Figure 4.3: Critical current Ic versus the magnetic 
ux � (in units of
�0) for a symmetric 0 � � junction(left),and a junction with d + is
symmetry (right), for di�erent junction lengths: (a) L = 10, (b)L = 4,
(c)L = 2, (d)L = 1.
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current and magnetic �eld, a kink or antikink like initial condition is
used, which is iterated until convergence. Using the hv and hav solutions
as initial conditions and increasing the current we are able to reach the
critical current Ic for a given magnetic �eld. In Fig. 4.3(left) we plot
the critical current Ic as a function of the magnetic 
ux � (in units of
�0) for di�erent junction lengths: (a) L = 10, (b) L = 4, (c) L = 2, and
(d) L = 1 (�J = 1). The circles (squares) in this �gure correspond to
the half vortex (antivortex) branch. For most of the range of existence
of hv (hav) the magnetic 
ux is positive (negative) while there is a small
region where it turns into an antivortex (vortex). A similar calculation
has been done in Refs. [105] and [52] where they considered only the
hv solution. As we can see, there is a \dip" at � = 0, for lengths as
long as L = 10.

In the d + is-wave case, where �c1 = 0:01� and �c2 = 1:08�, the
phase � must form a kink or antikink near x = 0 in order to match the
conditions on both sides. The 
ux quantization is � = ��0 where � is
neither integer nor half-integer. We call the solution with positive 
ux
a fractional vortex (fv) while the negative 
ux solution is the fractional
antivortex (fav). Note that � is equal to 1� (�c2��c1)=2� for the (fv)
solution [108] and (��c2 + �c1)=2� for the (fav) in the long junction
limit.

In Fig. 4.3(right) we present our calculations for the T -violation
case where �c1 = 0:01� and �c2 = 1:08�. We also plot for L = 1 the
analytical result (solid line) of Zhu et al: [108]. In contrast to the pure
d-wave case, for small lengths this pattern is asymmetric and the \dip"
in the maximum current does not occur at � = 0, but at a �nite �
value. This behavior also exists for lengths as long as L = 10.

In Fig. 4.4 and 4.5 we plot Ic vs H for the d and d + is-wave
states respectively. For large lengths the fv and fav branches are almost
coincident and one might draw the conclusion that the behavior for a
long junction is the same independent of the symmetry. The proper
quantity to consider though is the total magnetic 
ux which includes
both the contribution from the external �eld and the induced self-�eld.
It should be remarked that for an s-wave junction the relation between
� and H is linear for small H so that the plot of Ic vs H or � does
not show any di�erences for small H. For higher H, however, the
overlapping branches (for long L) are unfolded. In the case of a di�erent
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symmetry even the small H form can change due to the existence of
spontaneous magnetization.

In Figs. 4.3(right)(a) and 4.3(right)(b) both fv and fav branches
are stable. There are also unstable branches which are not presented,
but are seen in Fig. 4.3(right)(c). The Ic almost coincides for two
solutions, one of which is stable and the other unstable. Still we can
distinguish the two peaks corresponding to fv and fav. As expected for
the short length (L = 1) the stable and unstable branches are exactly
coincident. These unstable branches also exist for longer lengths but
we need di�erent initial conditions to obtain them due to the strong
nonlinear dependence of � on the magnetic �eld H. In the calculations
we vary nonmonotonically the magnetic �eld, but the slope of �(H)
changes sign near the boundary separating the stable and unstable
solution.

Figure 4.6 addresses the question of spontaneous 
ux generation
in junctions with broken time reversal symmetry (T violation) as a
function of the reduced length (L) and the relative factor of s and d
components. The long-dashed line is the result of Ref. [108] which
compares with our numerical result (solid line). Both cases have �c1 =
0:01�; �c2 = 1:08�. The approximation they made is that the forma-
tion of the spontaneous vortex at the junction center simply changes
the phase in the left (right) part of the junction by �c1(�c2). This ap-
proximation is valid for long junctions but as we can see in Fig. 4.6
does not hold for junctions with lengths less than 10�J , since the ex-
ponentially decaying analytic solution does not satisfy the zero current
boundary conditions at the ends. We have also used two other values
for �c2, i.e., 0:9� (dotted line) and 0:8� (dashed line). We conclude
that as we decrease the value of �c2 the fractional vortex fv tends out
to be a 2� vortex, whereas the fractional antivortex gradually loses its

ux content.

In Fig. 4.7(a) we have plotted the magnetic 
ux � (solid line,
�0 = 1) versus the value �c2 for L = 10 and H = 0. In the limit
�c2 = 0 and �c1 = 0 the junction behaves as the usual s-type junction
[74], where the di�erent solutions are distinguished by the number of
complete vortices present in the junction. Solutions where the junction
contains more than n and less than n + 1 vortices we say that they
belong to the (n; n + 1) branch. In this case the only stable solution
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Figure 4.6: The spontaneous magnetic 
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present in the junction is that with � = 0 everywhere. This solution has
magnetic 
ux � = 0 and belongs to the (0; 1) branch. The vortex and
antivortex solutions with � = 1 and � = �1, respectively, also exists
for H = 0, but as seen in Ref. [22] are unstable. As we increase the
value �c2, the no vortex solution with � = 0 of the usual s-type junction
is transformed to the fractional antivortex fav. If we further increase
�c2 (not presented in the �gure) it will reach the full antivortex of the
s-wave junction when �c2 = 2�. Besides, the unstable vortex solution
of the s-type junction with � = 1, as we increase �c2, goes to the fv
of the d+ is junction stabilizing itself as seen by the stability analysis
from which the lowest eigenvalue is also displayed (light line). If we
continue increasing the �c2 it will go to the no vortex solution of the
usual s-type junction. The linear dependence of � from �c2 can also
be seen in the analytical result of Ref. [108] for large lengths, where
the approximation they made is valid. When we change �c1 and keep
�c2 = 0, from 0 to 2�, the (0; 1) branch goes to fv and then to the
unstable (1; 2), while the unstable (�2;�1) branch goes to fav and
then to the stable (0; 1).

The situation is a little bit di�erent for small lengths as can be seen
from Fig. 4.7(b) where L = 1, H = 0. Here the stable solution of
the s-wave junction will be transformed to the fav of the d + is-wave
junction, with the increase of �c2, while the unstable � = 0 solution of
the s-wave junction will go to the stable fv when �c2 is equal to 1:08�.
Notice that the magnetic 
ux remains almost constant - almost zero -
which can be expected since we are in the short junction limit where
self currents are neglected.

In Fig. 4.8 we plot the ratio F=F0 of the free energy of the state with
some spontaneous 
ux to the state with no 
ux. This ratio becomes
larger than 1 as we decrease the �c2, for the fv branch, for small lengths.
On the other hand, when F=F0 < 1 the no-
ux state is metastable and
the �nal state will be the one with spontaneous 
ux.

4.5 Conclusions

We have studied the static properties of a one-dimensional junction with
d + is order parameter symmetry. The magnetic interference pattern
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is asymmetric, and there exist a \dip" near � = 0 for lengths as long
as 10�J . The di�raction pattern of a junction can give us information
about the pairing symmetry, at least where junctions are formed.

We have followed the evolution of spontaneously formed vortex and
antivortex solutions for di�erent mixing between the s and d compo-
nents of the order parameter. We have shown that for small lengths the
fractional vortex becomes unstable as we decrease the extra phase of
the pair transfer integral in the right part of the junction. We conclude
that when a mixing state symmetry is realized, the fractional vortex
and antivortex solutions evolve di�erently and this characterizes the
d + is-wave pairing. We expect these �ndings to hold even if a bulk
d + s state evolves continuously as a function of distance from the in-
terface to a d+ is one, as long as the there is a well de�ned area close
to the interface where the time-reversal symmetry is not conserved and
the junction is formed.



Chapter 5

Critical currents in

Josephson junctions, with

unconventional pairing

symmetry: d
x2�y2

+ is versus

d
x2�y2

+ idxy

5.1 Introduction

One of the main questions in the research activity on high-Tc supercon-
ductors nowadays is the identi�cation of the order parameter symme-
try and its underlying mechanism[80, 42]. The most possible scenario
is that the bulk pairing state has a dx2�y2 -wave character. Theoret-
ical calculations, suggest that an imaginary s-wave component which
breaks the time reversal symmetry is induced in some cases, wherever
the dx2�y2 -wave order parameter varies spatially such as near a vortex,
or near the surface [66]. Also the observation of fractional vortices on
a triangular grain boundary in YBa2Cu3O7 by Kirtley et al: [51], may
indicate a possible violation of the time-reversal symmetry near grain
boundary. Theoretical explanation of this experiment is given by Bai-
ley et. al. in Ref. [9] where they study a triangular grain boundary in
d-wave superconductors. They conclude that under the assumption of

131
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d-wave symmetry the 
ux at the edges of this triangle can take the val-
ues ��0=2, which does not agree with the experiment. However under
the assumption of dx2�y2 + is-wave symmetry an intrinsic phase shift
�c(x) exists in each triangle edge. In turn the phase �(x) must change
in order to connect the di�erent values of �c in each segment. This
arrangement leads to fractional vortices or antivortices at each three
corners, in agreement with the experiment.

Another pairing state which breaks the time reversal symmetry is
the dx2�y2+idxy-wave. Patches of complex dxy components are induced
around magnetic impurities at low temperatures in a dx2�y2 -wave su-
perconductor forming a phase coherent state as a result of tunneling
between di�erent patches [10]. Violation of parity and time reversal
symmetry occurs in this state. Also on the high �eld region, H � Hc2

the dx2�y2 -wave state can be perturbed by the external �led, producing
a dx2�y2 + idxy state in the bulk [11].

The observation of the splitting of the zero energy peak in the con-
ductance spectra at low temperatures indicates that a secondary com-
ponent is induced which violates locally the time reversal symmetry
[26]. Theoretical explanation based on surface-induced Andreev states,
has been proposed [35]. Recently the �eld dependence of this splitting
has been observed in the tunneling spectra of YBCO [6, 60]. This ob-
servation is consistent with a dx2�y2+is surface order parameter as well
as a dx2�y2 + idxy bulk order parameter. Another question which can
be asked is to what extend, the observation of a symmetric magnetic
interference pattern in the corner junction experiments [42] is an iden-
ti�cation of dx2�y2 -wave symmetry, or could also imply a dx2�y2 + idxy
pairing state also? In this work we propose a phase sensitive experi-
ment based on the Josephson e�ect, which may be used to distinguish
which symmetry (dx2�y2 + is or dx2�y2 + idxy) the order parameter has
near the surface. We study the static properties of a frustrated junction
which is made of two one-dimensional junctions, of dx2�y2 + ix-wave,
(where x = dxy or x = s) and s-wave superconductors. By introducing
an extra relative phase in one part of this junction, the above junction
can be mapped into the corner junctions experiments[42, 99]. We ex-
amine the spontaneous 
ux and the critical current modulation of the
vortex states with the junction orientation angle �, the magnitude of
the secondary component ns, and the magnetic �eld H. In each case
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we derive simple arguments which are useful to discriminate between
the time reversal symmetry broken states. For example, when the ori-
entation is exactly such that the lobes of the dominant dx2�y2 -wave
order parameter points towards the junction interface the magnetic in-
terference pattern is symmetric (asymmetric) when the secondary order
parameter is x = dxy(s). This is veri�ed for small junctions as well as in
the long junction limit, and can be used to distinguish between broken
time reversal symmetry states.

The rest of the chapter is organized as follows. In Sec. 5.2 we
discuss the Josephson e�ect between a superconductor with broken time
reversal symmetry and an s-wave superconductor. In Sec. 5.3 the
geometry of the corner junction is discussed. In Sec. 5.4 we present
the results for the magnetic 
ux of the spontaneous vortex states in
corner junctions with some intrinsic magnetic 
ux. In Sec. 5.5 the
parameters which can modulate the spontaneous 
ux and the critical
currents are considered. In Sec. 5.6 a connection with the experiment
is made. Finally, a summary and discussion are presented in the last
section.

5.2 Josephson junction with mixed wave

symmetry

We consider the junction shown in Fig. 5.1(a), where two superconduc-
tors (A in the region z > t and B in the region z < 0), are separated by
an intermediate layer. We assume that each superconductor has a two
component order parameter. The order parameter for each component
k(k = 1; 2) in the superconductors, can be written as

nk =

( enAk ei�A
k ; z > tenBk ei�B
k ; z < 0

: (5.1)

Here �A(B)k is the phase of the order parameter nk in superconductor
A(B). Then phenomenological Ginzburg-Landau theory is used to cal-
culate the supercurrent density given by [108]

J =
2X

k;l=1

Jckl sin(�
B
k � �Al ); (5.2)
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Figure 5.1: (a) A single Josephson junction between superconductors A
and B with a two component order parameter. The angle between the
crystalline a axis of A and the junction interface is �. (b) The geometry
of the corner junction between a mixed symmetry superconductor, and
an s-wave superconductor.
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where
Jc11 = (2e�h=m�

ad)enA1 enB1
Jc21 = (2e�h=m�

�d)enA1 enB2
Jc12 = (2e�h=m�

�d)enA2 enB1
Jc22 = (2e�h=m�

bd)enA2 enB2
; (5.3)

m�
a;m

�
� ;m

�
b are the e�ective masses that enter into the Ginzburg-Landau

equations. In the following these masses are taken equal to an e�ective
mass m�.

We restrict to the case where B is s-wave. In this case enB1 = 0, andenB2 =constant. We de�ne � = �B2 � �A1 , as the relative phase di�erence
between the two superconductors. We consider the case where the
intrinsic phase di�erence within superconductor A is �A2 � �A1 = �=2.
Then the order parameter in A is complex and breaks the time reversal
symmetry. The supercurrent density can be written as:

J(�) = eJc sin(�+ �c); (5.4)

with eJc = q
J21 + J22 ; (5.5)

�c =

(
tan�1 J2

J1
; J1 > 0

� + tan�1 J2
J1
; J1 < 0

; (5.6)

where J1 = Jc21, J2 = �Jc22. The Josephson critical current density eJc
is scaled in units of Jc0 =

e�h
m�d

. Two special cases are the following:
i) For dx2�y2 + is wave case the magnitude of the dx2�y2 -wave com-

ponent in (5.1) is enA1 = n10 cos(2�) , where � is the angle of the crys-
talline a-axis of superconductor A with the junction interface. The
magnitude of the secondary order parameter in superconductor A isenA2 = n20 = 0:1n10.

ii) For dx2�y2 + idxy wave case, the magnitude of the dx2�y2 -wave
component in (5.1) is given by enA1 = n10 cos(2�), while the dxy wave
component is enA2 = n20 sin(2�), where n20 = 0:1n10. This order pa-
rameter can occur in the following way: The order parameter mag-
nitude for the d-wave state �0(�) = �0 cos(2�) is an equal admix-
ture of pairs with orbital moment Lz = �2, and can be written as
�0(�) = (�0=2)[exp(2i�)+exp(�2i�)]. In the presence of perturbation
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such as (feromagnetically) ordered impurity spins Sz the coe�cients of
Lz = �2 components will shift linearly in Sz with opposite signs. The
�nal state will be �0(�) ! �0(�) + iSz�1(�), where �1(�) = sin(2�).
The strength of the secondary component is proportional to the per-
turbation Sz.

5.3 The corner junction geometry

We consider the corner junction shown in Fig. 5.1(b), between a su-
perconductor with broken time reversal symmetry at the surface and
an s-wave superconductor. If the angle of a-axis with the interface in
the x-direction is �, then the corresponding angle in the z-direction
will be �=2 � �. We map the two segments each of length L=2 of this
junction into a one-dimensional axis. In this case the two dimensional
junction can be considered as being made of two one dimensional junc-
tions described in Sec. II connected in parallel. Their characteristic
phases �c1 and �c2 depend upon the angle �. We call this junction
frustrated since the two segments have di�erent characteristic phases
�c1; �c2. The fabrication details of corner junctions or superconducting
interference devices (SQUIDS), between sample faces at di�erent angles
can be found in Ref. [42, 99].

The superconducting phase di�erence � across the junction is then
the solution of the sine-Gordon (s-G)equation

d2�(x)

dx2
= eJc sin[�(x) + �c(x)]� Iov; (5.7)

with the boundary conditions

d�

dx
jx=0;L = H: (5.8)

The length x is scaled in units of the the Josephson penetration depth
given by

�J =

s
�hc2

8�edJc0
;

where d is the sum of the s-wave, and mixed wave �ab penetration
depths plus the thickness of the insulator layer. The relative phase



5.4. SPONTANEOUS VORTEX STATES 137

Table 5.1: The magnetic 
ux (�) in terms of �c1, �c2 for the sponta-
neous solutions that exist in the corner junction geometry between a
superconductor with time reversal broken symmetry and an s-wave su-
perconductor (�c1; �c2 is the extra phase di�erence in the two edges of
the corner junction due to the di�erent orientations, of the a-axis of the
dominant dx2�y2 -wave superconductor). We present only the minimum

ux states n = 0;�1; 1.

Vortex state n Magnetic 
ux (�)
0 (��c2 + �c1)=2�
1 (��c2 + �c1 + 2�)=2�
�1 (��c2 + �c1 � 2�)=2�

�c(x) is �c1(�c2) in the left (right) part of the junction. The external
magnetic �eld H, scaled in units of Hc =

�hc
2ed�J

is applied in the y
direction, which is considered small compared to �J . The bias current
per unit length Iov in the overlap geometry is scaled in units of c

4�Hc,
and is uniformly distributed along the entire x axis of the junction.

We can classify the di�erent solutions obtained from Eq. (5.7) with
their magnetic 
ux content

� =
1

2�
(�R � �L); (5.9)

where �R(L) is the value of � at the right(left) edge of the junction, in
units of the 
ux quantum �0 =

hc
2e .

5.4 Spontaneous vortex states

Firstly let us consider the case where the two one-dimensional junctions
of dx2�y2+ix-wave where x = s or x = dxy, and s-wave supeconductors,
each of length L=2, described in Sec. II are uncoupled. Then for
0 < x < L=2 the stable solutions for the s-G equation are �(x) =
��c1 + 2n1�, where n1 = 0;�1;�2; :::, while for L=2 < x < L the
stable solutions for the s-G equation are �(x) = ��c2 + 2n2�, where
n2 = 0;�1;�2; :::, where �c1, �c2, are the relative phases in each part of
the junction due to di�erent orientations. These solutions are plotted
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Figure 5.2: The stable solutions � = ��c1+2n1� (� = ��c2+2n2�), for
ni = 0;�1, i = 1; 2, that exist in the left(right) junction, of dx2�y2 + is-
wave and s-wave superconductors, when considered uncoupled, at zero
current, versus the orientation angle �. Each junction has length L=2,
where L = 10�J , and �c1; (�c2) is the extra phase di�erence in the left
(right) junction due to the di�erent orientations. The arrows denote the
variation of the phase � in order to connect these stable solutions in the
frustrated junction geometry. We present three possible solutions i.e.
n = 0;�1; 1, and down(up) arrow denotes negative(positive) magnetic

ux.
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in Fig. 5.2, for ni = 0;�1, i = 1; 2 as a function of the orientation angle
�. When the frustrated junction is formed, and we consider the above
junctions in parallel, the phase � is forced to change around x = L=2,
to connect these stable solutions. This variation of the phase �, along
the junction describes the Josephson vortices. The 
ux content of these
states (in units of �0) is [82]

� = [�(L)� �(0)]=2� = (��c2 + �c1 + 2n�)=2�; (5.10)

where the n-value (n = n1 � n2 = 0;�1;�2; :::) distinguishes between
solutions with di�erent 
ux content. We will concentrate to solutions
called modes with the minimum 
ux content i.e., n = 0; 1;�1. Their
magnetic 
ux in terms of �c1; �c2 is shown in table 5.1. Generally the

ux content is fractional i.e. is neither integer nor half-integer, as a
consequence of the broken time reversal symmetry of the problem.

In the actual numerical simulations, the stable solutions of the sine-
Gordon equation in the left(right) part of the junction are taken as the
initial conditions for the iteration procedure. For example for the n = 0
solution the phase �(x) is taken �(x) = ��c1 (��c2) in the left (right)
part of the junction, as an initial condition and then is iterated until
convergence. Besides if we take as initial condition , �(x) = ��c1, in
the left side, and �(x) = �2� � �c2 in the right side, the �nal state of
the system, after the iteration procedure, is the solution which we call
n = �1, with negative magnetic 
ux, and not exactly opposite to n = 0.
We comment here that the solutions after the iteration procedure have
smooth variation as a function of the position, as opposed to the step
function variation of the initial conditions.

For the 0 � 0 junction �c1 = �c2 = 0, and the 
ux becomes � = n,
so we say that the 
ux is quantized in integer units of �0. In this case,
there exist solutions with 
ux � = :::;�1; 0; 1; ::: [22]. These solutions,
when n 6= 0 are stabilized by the application of an external magnetic
�eld. In the case of a junction with some spontaneous 
ux, at least for
the modes with lower 
ux content, the external �eld is not necessary
since the spontaneous magnetization state is stable.

In the case of 0� � junction, where the intrinsic phase in the right
(left) part of the junction is �c2 = �� (�c1 = 0), the stable solutions of
the s-G equation are �(x) = 2n� for the left part, while �(x) = �(2n+1)
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Figure 5.3: The magnetic 
ux � as a function of the angle �, for the
various vortex states, n = 0;�1; 1, that exist spontaneously in a corner
junction between a dx2�y2 + is-wave and an s-wave superconductor,
with length L = 10�J . The 
ux for � = 0 is fractional.

for the right part of the junction. In this case a 0�� junction is formed.
The corresponding 
ux becomes � = (n + 1=2)�, and the particular
values of n = 0, n = �1 give the half vortex and antivortex solutions,
with opposite 
uxon content, � = 0:5 and � = �0:5 respectively.

5.5 Magnetic 
ux and critical current mod-

ulation

In the following we will describe three parameters which can alter the
spontaneous 
ux and the critical currents of the vortex states described
in the previous section, in a corner junction between a superconductor
with time reversal broken symmetry and an s-wave superconductor.
These include the orientation angle �, the magnitude of the secondary
order parameter ns, and the magnetic �eld H. In each parameter sep-
arately we will point out the di�erences between the dx2�y2 + is-wave,
and dx2�y2 + idxy-wave.
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5.5.1 Junction orientation

For the dx2�y2 + is-wave case, we consider �rst the situation where �
is varied from 0 to �=2. In Fig. 5.3 we plot the spontaneous magnetic

ux versus the angle (�) for the di�erent modes n = 0;�1; 1 in the
corner junction geometry. As we can see the magnetic 
ux changes
with orientation. For angles � close to 0 or �=2 the spontaneous modes
existing at H = 0 are separated by an integer value of the magnetic 
ux.
This is also the case in the perfect junction problem. The di�erence is
that the modes are found displaced to fractional values of magnetic 
ux,
contrary to the s-wave case where the magnetic 
ux takes on integer
values at H = 0. In particular the vortex solution in the n = 0 mode
(solid line) contains less that half a 
uxon for � = 0, and as we increase
the angle � towards �=4 it continuously reduces its 
ux, i.e. it becomes

at exactly at � = �=4 and then it reverses its sign and becomes an
antivortex with exactly opposite 
ux content at � = �=2 from that at
� = 0. In addition we have plotted in Fig. 5.4a the phase distributions
for the mode n = 0 in di�erent orientations � = 0; �=4; �=2. The
transition form the vortex to the antivortex mode as the orientation
changes is clearly seen in this �gure. Note that the solutions in this
mode remain stable for all junction orientations. This is seen in Fig.
5.5 where we plot the lowest eigenvalue (�1) of the linearized eigenvalue
problem as a function of the angle � [22]. We see that �1 > 0, denoting
stability for all values of the angle � in this mode.

Let as now examine the solution in the n = �1 mode, (dotted line
in Fig. 5.3). We see that at � = 0 it has negative 
ux, which in absolute
value is more than �0=2 and as we increase the angle � it decreases its

ux to a full anti
uxon when the orientation is slightly greater than
�=4 and than to 
ux greater than �0 when � reaches �=2. As seen in
Fig. 5.5 this solution becomes unstable at a point to the left of � = �=4
(point �) due to the abrupt change of 
ux at this angle. More strictly
the instability sets in due to the competition between the slope of the
phase at the edges of the junction and at the junction center as the
angle � approaches the value �=4. At this point the slope competition
makes the antivortex unstable. This is seen in Fig. 5.4b) (dotted line)
where the phase distribution for the n = �1 mode solution is plotted
at the point where the instability starts i.e. � = 0:242�, for L = 10�J .
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Figure 5.4: The phase distribution of the vortex solutions a) n = 0, at
� = 0, �=4, �=2; b) n = �1, at � = 0, 0:242�, where the instability
sets in, and �=2; c) n = 1, at � = 0, 0:258�, at the point where the
instability occurs, and �=2, for a corner junction of dx2�y2 + is-wave
and s-wave superconductors, with length L = 10�J , and zero overlap
external current Iov = 0.
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Figure 5.5: The lowest eigenvalue �1 of the linearized eigenvalue prob-
lem as a function of angle �, for the n = 0;�1; 1 solutions. In the range
where � is close to zero, the eigenvalues for both n = 0, and �1 are
positive and correspond to stable solutions.
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Figure 5.6: Critical overlap current Iovc per unit length versus the angle
� for a corner junction of dx2�y2 + is-wave and s-wave superconductors,
with length L = 10�J , for the vortex solutions n = 0;�1; 1 that exist
spontaneously in the junction.

Finally the solution in the n = 1 mode contains more than one

uxon at � = 0 and is clearly unstable. It becomes stable at an angle
slightly on the right of � = �=4, (point � in Fig. 5.5) where the 
ux
varies more smoothly, see � = 0:258� in Fig. 5.4c. At � = �=2 it
contains more than �0=2 in 
ux. We expect a time reversal broken
symmetry state like dx2�y2+is to be characterized by either the solution
in the fractional vortex or antivortex mode, because due to the di�erent
character of these solutions a change from one variant to the other
would demand the application of an external current or magnetic �eld
and in this sense it would cost additional energy. So since these states
are stable in external perturbations, once the system is prepared in one
of these it will remain to that state.

In general we see that for each value of � there exist in the junction
a pair of stable solutions which when applying an external bias current
will lead to observable critical currents. In Fig. 5.6 we plot the overlap
critical current per unit length Iovc as a function of �, at H = 0, for



5.5. MAGNETICFLUX ANDCRITICAL CURRENTMODULATION145

the n = 0;�1; 1-mode solutions, in the dx2�y2 + is-wave case. In the
overlap geometry the current is distributed in the entire x-axis. In
the calculations we have taken into account that the Josephson critical
current density eJc has a characteristic variation with the orientation.
We �nd that for a given orientation it is possible for the junction current
density to vary in the way that several modes with di�erent critical
currents can exist.

In Fig. 5.7 we plot the current density when the total current is
maximum, for di�erent modes, and orientations, which will give us
information about the actual shapes of the vortices. Let us consider
the situation where the junction contains a solution in the mode n = 0,
at � = 0, when the net current is maximum. The spatial variation of �
is described by a fractional vortex which is displaced around the value
� = �, from the corresponding distribution at zero current which is
around �=2 (see Fig. 5.4a). The current density distribution as seen in
Fig. 5.7a (solid line) at the maximum current is 
at above unit with
a small variation around the junction center giving rise to the large
value on the net current, seen in Fig. 5.6. Also at � = �=4 the 
at
phase distribution corresponding to the n = 0 solution at zero current
is displaced towards the value � = � when applying an external current.
The corresponding current distribution seen in Fig. 5.7a, (dotted line)
is straight line and the net current is small for this orientation. For
the n = �1 solution at the point where the instability sets in i.e.
� = 0:242�, the current density distribution is symmetric around zero
as seen in Fig. 5.7b (dotted line) and carries zero net current at this
point. Thus the instability occurs just before the angle where a full
anti
uxon enters the junction. A slightly di�erent situation occurs in
the magnetic interference pattern of a perfect junction [74] where, the
net current is zero at the magnetic �eld where a full 
uxon or antiluxon
enters the junction, in the no 
ux 0-mode. At the point � = �=2, of the
n = �1-mode the junction contains more than one 
uxon causing the
characteristic oscillations in the current density around the junction
center as seen in Fig. 5.7b (dashed line). This reduces the critical
current for this orientation.

For the dx2�y2 + idxy pairing symmetry state, we plot in Fig. 5.8a)
the 
ux content for the n = 0;�1; 1, versus the angle �. Note the half
integer or multiplies value of � at � close to 0 or �=2. For this grain



146 CHAPTER 5. CRITICAL CURRENTS ...

0.0 2.0 4.0 6.0 8.0 10.0
x

−2.0

−1.0

0.0

1.0

2.0

−2.0

−1.0

0.0

1.0

2.0

0.0

0.5

1.0

1.5

2.0

2.5

J(
x)

0 π/2

π/4

0

0.242π

π/2

0.258π

0
π/2

a)

b)

c)

Figure 5.7: The current density distribution J(x) of the vortex solutions
a) n = 0, at � = 0, �=4, �=2, b) n = �1, at � = 0, 0:242�, where
the instability sets in, and �=2, c) n = 1, at � = 0, 0:258�, at the
point where the instability occurs, and �=2, for a corner junction of
dx2�y2 + is-wave and s-wave superconductors, with length L = 10�J ,
and maximum external overlap current Iovc .
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Figure 5.8: a) The spontaneous magnetic 
ux � as a function of the
angle �, for the various vortex states, n = 0;�1; 1, for a corner junction
between a dx2�y2+idxy-wave and an s-wave superconductor, with length
L = 10�J . The 
ux for � = 0 is integer multiply of �0=2. b) The
corresponding critical current Iovc per unit length.
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orientation the magnetic 
ux is only sensitive to the real part of the
order parameter, which has a sign change but does not break time-
reversal symmetry. In the dx2�y2 + is-wave state the order parameter
is complex for all junction orientations and breaks the time-reversal
symmetry. Close to 0 or �=2 the 
ux is fractional. The 
ux quantization
at � = 0 can be used to discriminate between these states.

In Fig. 5.8b) we plot the critical current per unit length evolution
with the grain angle � in the dx2�y2 + idxy-wave state. Close to � = 0
we see that the Iovc for the n = 0;�1 solutions, coincide. This happens
also at � = �=2 for the n = 0; 1 solutions. In these orientations the
order parameter becomes pure real and does not break the time-reversal
symmetry. As a result the critical current at these angles is the same
as in a junction with pure d-wave symmetry. At � = �=4 the order
parameter is pure imaginary and has the same magnitude for both
pairing states. As a consequence for � = �=4, the critical currents for
both junctions coincide. Also the unstable part of the n = 1 branch,
in the Ic vs � is almost the same for the two symmetry states, due to
the small di�erence in the 
ux, compared with the large 
ux content
of the solutions in this region.

5.5.2 Magnitude of the secondary order parameter

In the above calculations the magnitude of the secondary order parame-
ter is small compared to the dominant (i.e. n20 = 0:1n10). However the
maximum fraction of the secondary component that has been observed
in phase coherent experiments employing di�erent materials, geome-
tries, and techniques is up to 25% of the dominant [42]. This triggered
our interest to study the magnetic 
ux and also the critical currents
as a function of the strength (ns) of the secondary order parameter,
where the magnitude of the dominant order parameter nd is also var-
ied in a way that ns + nd = 1. When ns = 0 only the dx2�y2 -wave
order parameter is present, while when ns = 1 only the s-wave order
parameter appears. This situation can be realized for example near the
surface where the dx2�y2 -wave order parameter is suppressed and the
s-wave order parameter is enhanced. The result is presented in Fig.
5.9a) and 5.9b) for the dx2�y2 + is-wave case at � = 0. We see that
when the secondary component is absent (i.e. ns = 0) the picture of
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Figure 5.9: a) The spontaneous magnetic 
ux � and b) the critical
current Iovc per unit length versus the strength ns of the secondary s-
wave component for a corner junction of dx2�y2 + is-wave and s-wave
superconductors, with length L = 10�J , for the vortex solutions n =
0;�1; 1 that exist spontaneously in the junction. The magnitude nd of
the dx2�y2 -wave order parameter is given by the relation ns + nd = 1.
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the dx2�y2 -wave state is reproduced. The same picture also holds for
the dx2�y2 + idxy-wave state at � = 0, since the order parameter for the
dx2�y2 + idxy-wave state at � = 0 is real not breaking the time-reversal
symmetry. So for � = 0 the magnetic 
ux and the critical current for
the dx2�y2 + idxy-wave state would not show any change with the vari-
ation of the secondary order parameter dxy. As ns is increasing the
modes n = 0 and n = �1 are no more degenerate, in the sense that
their 
ux deviates from the value �0=2 and ��0=2 respectively and
also their critical currents are no longer equal. The mode n = 0 has
larger critical current because it has smaller 
ux content in absolute
value. For values of ns close to unity, the di�erent modes contain inte-
ger magnetic 
ux, as in the junction between s-wave superconductors,
and also their critical currents have the same values as in the perfect
junction problem. The conclusion is that the larger the secondary com-
ponent is in a sample the easier is to be detected in a 
ux measurement
experiment.

5.5.3 Magnetic �eld

We now examine the in
uence of the magnetic �eld on the spontaneous
vortices for broken time reversal symmetry pairing states. In Fig. 5.10
we plot the magnetic 
ux at zero current versus the magnetic �eld H
for the dx2�y2 + idxy-wave state at � = 0. The corresponding critical
current as a function of the magnetic �eld is plotted in Fig. 5.11. In
the pure s-wave superconductor junction there is no overlap between
di�erent modes in the magnetic 
ux, and each mode has magnetic 
ux
which is more than n�0 and less than (n+1)�0. In this problem due to
spontaneous magnetization the range of the modes is di�erent and in
some cases overlapping, and the labeling is with a single index n, cor-
responding to the pure s-wave superconductor junction (n,n+1) mode
[74]. Moreover the range in magnetic 
ux of each mode is displaced
compared to the pure s-wave superconductor junction problem by an
amount which corresponds to the intrinsic 
ux. Also we have the exis-
tence of stable vortex states i.e. n = 0;�1, together with the unstable
ones i.e. n = 1, �2 in a large interval of the magnetic �eld, which is
almost the same. The n = �2 mode extends to zero magnetic �eld,
and the reason we didn't examine this mode in Sec. IV is because the
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Figure 5.10: Magnetic 
ux �=�0 at zero external current versus the
magnetic �eld H for a corner junction of dx2�y2 + idxy-wave and s-wave
superconductors, with length L = 10�J , for angle � = 0�. Hcl(Hcr)
denotes the critical values of the magnetic �eld where the mode n = 0,
terminates.
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Figure 5.11: Overlap critical current versus the magnetic �eld H for a
corner junction of dx2�y2 + idxy-wave and s-wave superconductors, with
length L = 10�J , for angle � = 0�.

stability analysis shows negative eigenvalues for all the range of junc-
tion orientations, at H = 0. In the long s-wave junction the extremum
of the mode (0; 1) in H is the critical �eld for one 
uxon (anti
uxon)
penetration from the edges, [denoted by Hcr (Hcl), for the right (left)
edge], and is equal to 2(�2). The solution for the phase at these ex-
tremum values of the �eld becomes unstable because the value of the
phase at the junction edges reaches a critical value. In the problem of a
junction with some spontaneous 
ux, we consider here, the range of the
corresponding mode 0 in H is signi�cantly broadened and also the in-
stability at the boundaries sets in due to di�erent reasons. In particular
the instability occurs due to the interaction of the 
ux entering from
the junction edges, when the magnetic �eld reaches the critical value
Hcr(Hcl), with the spontaneous 
ux at the center. Similar features are
encountered in the problem of 
ux pinning from a macroscopic defect
in a conventional s-wave junction. [92]

We now examine the magnetic-interference pattern for the two sym-
metries where the bias current enters in the overlap geometry. In the
dx2�y2+idxy-wave case, where � = 0, this pattern has a symmetric form
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Figure 5.12: (a) Overlap critical current Iovc per unit length versus the
magnetic 
ux � in units of �0, for a corner junction of dx2�y2 + idxy-
wave and s-wave superconductors, with length L = 10�J , for angle
� = 0�. (b) The same as in (a) but for � = 0:5. (c) The same as in (a)
but for dx2�y2 + is-wave and s-wave superconductors for angle � = 0�.
(d) The same as in (c) but for � = 0:5.
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as we can see from Fig. 5.12(a). This is because this result is only sen-
sitive to the real part of the order parameter, which has a sign change
but does not break time-reversal symmetry. For the angle � = 0:5
where the order parameter has a �nite imaginary part and breaks the
time-reversal symmetry this pattern becomes asymmetric and the "dip"
appears to a value of 
ux slightly di�erent than zero. Note that the
asymmetry refers mainly to the modes n = 0, and n = �1. The other
modes are not in
uenced much due to their higher 
ux content. Also
the critical current is suppressed compared to the case where � = 0 as
can be seen in Fig. 5.12(b), due to the drop in Jc.

In the dx2�y2 + is-wave symmetry, in the limit where � ! 0, the
order parameter is complex and the pattern is asymmetric as can be
seen in Fig. 5.12c, for the angle � = 0. This is in agreement with our
previous work for the inline current input for a junction with dx2�y2+is
symmetry [88]. There it was found that the pattern is asymmetric for
lengths as long as L = 10�J . For angles close to �=4, the magnetic
interference pattern is similar with the dx2�y2 + idxy-state. This is
because the sin(2�) dependence of the dxy component is almost unity.
This is seen in Fig. 5.12d where we present the variation of the critical
current per unit length versus the enclosed 
ux for � = 0:5, and the
symmetry state is dx2�y2 + is.

In the short junction limit L < �J the same argument can be ap-
plied without any explicit reference to fractional vortex and antivortex
solutions. However as we found in our previous work [88], both n = 0
and n = �1 (there fva; fa) exist, with reduced 
ux content, in this limit
as a continuation of the corresponding solutions in the large junction
limit. In this case the external applied magnetic �eld becomes equal to
the self �eld, and the maximum current can be calculated analytically
[108],

Im(�)

Im0
=

�����sin(��=2�0) cos[��=2�0 + (�c2 � �c1)=2]
��=2�0

����� : (5.11)

As we see at � = 0 for the dx2�y2+idxy-wave case, the relation �c2��c1 =
n� holds, and the magnetic interference pattern becomes symmetric,
while for the dx2�y2 + is, this di�erence is a fraction of � and the
pattern is asymmetric. However as we increase the junction length,
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we expect this symmetric pattern for the d-wave order parameter to
be continued. This symmetry in the large junction limit, is described
more e�ectively by the assumption of the n = 0;�1 solutions which
give a symmetric magnetic interference pattern as we presented. Also
the n = �1 solution extends to values for the magnetic 
ux, where
the n = 0 solution is absent. Eliminating one of them will break the
symmetry of the diagram.

5.6 Experimental relevance

The symmetric pattern with a minimum at zero applied �eld observed
in corner junction experiments between YBCO and Pb at � = 0 has
been interpreted as an indication of dx2�y2 -wave symmetry. [104, 103]
This result refers to short junctions where the junction size is much
smaller than the Josephson penetration depth. However as we found
here these experimental data are also consistent with an order param-
eter with dx2�y2 + idxy pairing symmetry at � = 0.

Also the critical current Ic versus the magnetic 
ux � of a SQUID,
consisting of two planar Josephson junctions on the faces of YBCO su-
perconducting crystal, connected by a loop of a second superconductor,
for � = 0 or � = �=2 is found shifted by � = 0:5�0 and has a minimum
at � = 0 (instead of a maximum as in a SQUID involving conventional
s-wave superconductors or the edge SQUID in which both junctions are
on the same crystal face) but is still symmetric. This result has been
attributed to an order parameter with dx2�y2 -wave symmetry. However
the theoretical analysis done by Beasley et al. [15] shows that it is also
consistent with an order parameter with dx2�y2+idxy-pairing symmetry
at � = 0.

In both cases of SQUID and corner junction the symmetric pattern
observed at � = 0 rules out the dx2�y2+ is-wave pairing state where the
order parameter is complex everywhere resulting in an asymmetric Ic
versus � pattern for all angles �. However the small asymmetry (less
than 2%) observed at � = 0 in some experiments can be attributed
to various complicating factors e.g. 
uxon trapping, as will discussed
latter.

The experiment proposed here to resolve ambiguity between dx2�y2+
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idxy and dx2�y2 at � = 0, is to execute the same experiments using
SQUID or corner junction at an angle between sample faces � between
0 and �=2. Our calculation predicts symmetric(asymmetric) pattern
for the dx2�y2 -wave (dx2�y2 + idxy)-wave pairing state for the corner
junction case. This kind of experiment has already been done in the
case of SQUID geometry. [99] The tunneling directions are de�ned
lithographically and patterned by ion milling of a c-axis oriented �lm. A
YBCO thin �lm is patterned into a circle with a series of Nb-Au-YBCO
edge junctions at orientations spaced every 7:5�. The measurement of
the Ic vs �, which probes mainly the magnitude of the order parameter
has an angular anisotropy, indicating an anisotropic order parameter.
Also the execution of these experiments is not easy due to the di�culty
in cleaning, polishing a crystal at angle �, between 0 and �=2.

Also in an experiment analogous to the corner junction Miller, Ying
et. al. [69] used frustrated thin-�lm tricrystal samples to probe the
pairing symmetry of YBCO. They found a minimum in the Ic vs the
externally applied 
ux �e diagram at �e = 0 in the short junction limit
and a maximum at �e = 0 for a wide junction where the junction length
is much larger than the �J . However for a wide junction the correct
quantity to be compared should be the total 
ux � which involves
contribution both from the externally applied 
ux and the intrinsic

ux.

There is a number of complicating factors in the interpretation of
the experiments involving corner junctions that could lead to an asym-
metric pattern even for � = 0. These are the asymmetry of the junc-
tion (meaning that the critical current of the two junction faces are
not equal). In the SQUID case, this asymmetry will generate circu-
lating current with its own 
ux and will modify the Ic vs � diagram.
In general the e�ects of asymmetry are to suppress, skew and shift the
SQUID 
ux modulation pattern. However in the corner junction case it
will only cause the dip to be shallower and will maintain the symmetry
of the Ic vs � diagram. In order to extract the intrinsic phase shift
of the crystal it is necessary either to reduce the asymmetry or to ex-
trapolate the results to the zero current limit. Also these experiments
are in
uenced by the sample geometry and the e�ect of 
ux trapping
i.e. there can be vortices trapped between the planes of the cuprate
superconductors that could a�ect the Ic vs � diagram. In the SQUID
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case it shifts the 
ux modulation pattern that is indistinguishable from
the intrinsic phase shift arising from the order parameter symmetry,
while in the corner junction case, it creates an asymmetry in the 
ux
modulation curves. In this regard the single corner junction experiment
may be more accurate in verifying a state with time-reversal symme-
try broken. [53] However these 
ux trapping e�ects are not su�ciently
large to change the qualitative interpretation of these experiments. The
probability of 
ux trapping is smaller for corner junctions than SQUIDs
due to the smaller junction area.

The suppression of the order parameter near (110) surfaces give way
to subdominant order parameter to be formed at low temperatures. The
presence of a subdominant order parameter can be detected by SQUID
interferometry where a phase shift between 0 and � should be observed
in interfaces in the (110) direction. The phase shift depends on the
ratio of the dx2�y2 -wave to the subdominant s or dxy order parameter,
and also on the temperature. In the absence of such a state the SQUID
will yield a phase shift of 0 or � indicating dx2�y2 -wave symmetry. Al-
ternatively these time-reversal symmetry broken states can be directly
observed by measuring the magnetic �eld distribution around the edge
of a superconductor island or hole with the edges along (100) or (110)-
directions,using a scanning SQUID microscope. In both cases vortices
are formed at the edges consistent with spontaneous currents. [99]

5.7 Conclusions

We studied numerically the possible spontaneous vortex states that
may exist in a corner junction between a superconductor with time
reversal symmetry broken, (i.e. dx2�y2 + idxy or dx2�y2 + is), and an s-
wave superconductor, in the long junction limit. We studied separately
three parameters which can be used to modulate the spontaneous 
ux.
These are the magnetic �eld H, the interface orientation �, and the
magnitude of the secondary order parameter ns. We pointed out the
di�erences between time reversal broken states under these modulation
parameters.

We found that in 
ux modulation experiments involving supercon-
ductors with some spontaneous 
ux the range in magnetic 
ux of each
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mode is displaced compared to the case of a perfect junction by an
amount which corresponds to the intrinsic 
ux. In particular when the
magnetic �eld H is considered as the modulation parameter, the range
in H of the lower 
uxon modes is signi�cantly broadened compared to
the s-wave case, and the instability at the boundary values of the �eld
sets in due to the interaction of the 
ux entering from the junction
edges with the intrinsic 
ux. In any case, for each value of the param-
eter which changes the 
ux, the modes are separated by a single 
ux
quantum.

We also derived some simple arguments to discriminate between
the di�erent pairing states that break the time reversal symmetry. For
the dx2�y2 + idxy-wave pairing state, the junction orientation where
� = 0 i.e. the lobes of the dominant dx2�y2 -wave order parameter are
at right angles for the corner junction, give 
ux quantization condition
� = n�0=2 as in the dx2�y2 -wave state, which is di�erent from the
corresponding 
ux quantization for the dx2�y2 + is-wave pairing state,
at � = 0, which is � = (n=2 + f)�0, where f is a small quantity.
These di�erent conditions provide a way experimentally to distinguish
between time reversal broken symmetry states. Note that since the
magnitude of the secondary order parameter is small compared to the
dominant, the detection of time reversal broken states requires a very
precise measurement of the spontaneous magnetic 
ux.

Also we showed that the magnetic interference pattern at � = 0 is
symmetric (asymmetric) for the dx2�y2 + idxy (dx2�y2 + is), and this
also can be used to probe which symmetry the order parameter has, at
least where the junctions are formed. We expect our �ndings, for the
magnetic �eld dependence of the critical current, to hold even in the
short junction limit, where the most experiments on corner junctions
have been performed [42, 99].



Chapter 6

Concluding remarks

In this report we discussed phase sensitive tests of the pairing symme-
try in unconventional superconductors. These tests give direct evidence
in favor of dominant d-wave pairing symmetry in cuprate superconduc-
tors. However it does not suggest a mechanism for high-temperature
superconductivity. A number of other features such as the pseudogap,
pairing interactions, the anomalous normal state and the stripe phase
should be considered in order to provide a possible mechanism. Also
this have to be established by impurity-doping experiments, and other
techniques that are sensitive to the interactions that mediate the su-
perconductivity.

The possibility of coexistence of subdominant s-wave or dxy-wave
components with the predominant bulk d-wave state near surfaces has
been extensively discussed. This subdominant order parameter breaks
the time reversal symmetry and modi�es the junction's properties.
However further experimental tests are needed to provide the origin
of such states.

Using the magnetization and critical current measurements the sig-
nature of various types of defects (twin boundaries oxygen vacancies
site defects) could be discovered, which could help to tailor devices
with the desired critical current.

Phase sensitive tests on the pairing symmetry should be carried out
in other superconducting systems such as the organic superconductors
or heavy-fermion superconductors in future experiments in order to test
for unconventional superconductivity. Also it is important to apply the
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phase sensitive techniques in other cuprate materials beyond YBCO
in order to examine whether the apparent d-wave pairing is speci�c
to YBCO or whether it also occurs in materials with similar layered
structure.

The applications of HTS include the microwave �lters for mobile
phones base stations, wires and cables for current limiters, beam-steering
magnets in high-energy accelerators and energy-storage systems. Also
the bistable magnetic-
ux state in a � ring can be used for quantum
computation. Quantum computation is based on the superposition
principle of quantum mechanics.
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